


A MANUADu 

OF 

CIVIL ENGINEERING. 



CHARLES G RIFFIN & C<il, Ltd., P UBLISHERS. 

WORKS BY W. J. MACQUORN RANKINE, CL.D., F.R.S. 

Thoroiifihly Revised by W. .T. MILLAR, C B., late Sec. Inat. Engineers and 

Shipbuilders in Scotlund. 

AMANUALOF APPLIED MECHANICS. I USEFUL RULES AND TABLES. 

SKVKATBBNTH EDWnm. 12s. (hi. | BHVBNTH EbITION. IOB. (hi. 


A MANUAL OF THE STEAM ENGINE 

AND OTHER. PRIME MOVERM. Srx- 
TKKNTH El)mO». 12s. 6«I. 

A MANUAL OF MACHINERY & MILL- 

'.work;, skvekth eiution 12 s cd. 


A MECHANICAL TEXT-BOOK. Fiftb 
Edition. Oa. 

MISCELLANEOUS SCIENTIFIC 
PAPERS. Royal 8vo, Sis. 6d. 


WORKS BY PROF. ANDREW JAMIESON, M.lNST.C.E., F.R.S.E. 

JAMIESON’S STEAM AND THE STEAM | fTAMIESON’S APPLIED MECHANICS 

ENOINB (Filenientary Manual of), (Advanced), Voi. I.—The Principle of 
Klevknth Edition. 3s. ed. Work and its Applications; Friction, 


JAMIESON’S APPLIED MECHANICS 
\ ’lomontary Manual <tf). Skvrnth 
IthimoN. 38. fld. 

JAMIESON’S MAGNETISM AND ELEC- 


fleariiig, Lubrication, &c. FlJTH 
Em; ION. Ks. «d 

Voi. II.—Motion and Energy; Strength 
of Materials; Statics; llydraulicB, «c. 
«• FJimi Edition. iSs. fkl. Each volume 


TKICITY (Practical Elemciiiuiy Manual cornjilclc in itself, and sold separately 
of). SKVNNTH EmriDN. JAMIESON’S STEAM AND STEAM 


POCKET-BOOK OF ELECTRICAL 
RULES AND TARLES. Ily Prof. 
JAMIBSON and J. MuKRo, ('■ E. Eioht- 
EBNTW Edition, Thoroughly Revised. 
Leather limp, 8a. (ki. 


ENGINES, Including Turbines and 
6oiler«. With Euldiug Plate.**, ttc., and 
all the Exams, ever set by the ]nst,C.E. 
on “Theory of Heat Engines." Fif¬ 
teenth Ejuttcn, Reviaed. IOb. fid. 


CONSTRUCTIONAL STEELWORK. By A. W. Earnswoeth, Assoc. 

.M.Inst.C.K. In yodium M'o. Handsome Cloth With ovet lOo llhistrations. 
IDS (hi. net. 

“ Valuable to all Architects and Engineers engaged in Ateolwork Oonstruction."— 
Building Newg. 

THE DESIGN OF BEAMS, GIRDERS, AND COLUMNS, in MachincB 

and .Structures, with E.vamplfs in Orapliic Statics.. By Wm. IT. Athbrton, M.So. 
With 201 Illustrations, (te. net. 

“A veiy iisi'tul source of information ... a work which we commend very 
highly.A’af w re. 

THE DESIGN OF STRUCTURES: A I'ractical Trcatiiso on the Building 

of Biidge.8, Koofa, Ac. By -S. Angmn, G.E. FOTJKTH EDITION, Revised. With 
Nuiuorous Diagnuns, Examples, and Tables; and with Additional Chapter on 
Found atiuus. 1 d.*}. 

“An exceediuglv Vit,luablc book of reforonce ."—Meehanieal World. 

A PRACTICAL TREATISE ON BRIDGE CONSTRUCTION. A Text- 

Book on the Construction of Bridges in Iron and Steel. By T. Claxton Fiddbr, 
M.INHT.C.E. TuiiiD EDitroK, Thoroughly Revised. Royal 8vo. Very fully Illus¬ 
trated. SOb. 

“One of the vert best keoknt woExa on the subject.’'— Rnigfneertnflr. 
CALCAREOUS CEMENTS: Their Nature, Preparation, and Uses, with 

some remarks upon Cement Testing. By GriiDKkT R. Rgdokavr, A8Boc.lii8t.C.E., 
and Ceas. SPAOKMAN, F.C.S, SECOND EDITION, Revised and Re-wrltten. FiUly 
Illustrated. li>s. net. 

“ We can thoroughly recummeud it as a first-class inveitmDnt.'*-—PractiouZ Engineer. 

ROAD MAKING AND MAINTENANCE. For Engmeera, Surveyors, 
and Others. With an Historical Sketch of Ancient and Modern Pra tdee. By 
JHOXAjg AlTKEN, A. M.lnst.C.E. Very fully Illustratixl. SECOND Bditiov, 
Thoroughly Revised. 

“Should be on the shelf of every Municipal and County Engineer or Stuveyor.' — 
Saroeydr (on the First Edition). 

For further Information on the above Works, and for other Engineering, Mining, and 
Teehnlgal Pubifeatfons, see Catalogue at the end ef thie volume, 

LONDON: OHABLES ORIFFIN & CO., LTD., EXETER STREET, STBANSL 



A MANUAL 


or 

GIVI-L ENGINEERIFG. 


BY 

WILLIAM JOHN MACQUORN RANKTNE, 

oiva biiOIVsrB; li i>. tuih. oolu p.r. 8 b. low amd xoiif.; vrsba.! 

l^TB RKOlUB PBOVltSSOB OV CITtL BAOlNBXBItilO AVD MB< IIAMIOS 
IN TBL UNIVBIUnTT ON OLAfiaoW, 

Kia, 


aiumeroutf ilia^Yuntier, 


TWENTY-THIRD EDITION, THOROUGHLY REVififED. 


By W. J. MILLAR, O.E., 

UVUBBB OV TUN VATBIIUTIOAX. BOCUCTT, 

lATB nOBXrAUT TO IHB IHBT OV BNSINBBBB AliN IHIVBUXSl'JEKB IN aCOT^iiN». 


LONDON: 

CHARLES GRIFFIN AND COMPANY. LIMITED; 

EXETER STREET, STRAND. 

1907 . 

[The right of IVandation reserved,'] 




PREFACE TO THE FIRST EDITION. 


This work is divided into thre©^ parts. Tke first relates to thoss 
branches of the operations of engineering which depend on 
geometrical principles alone: that is to say, Surveying, Levelling, 
and the Setting-out of works, comprehended under the general 
name of Enqineerino Geodesy, or Field-Work. The second part 
relates to the properties of the Materials used in engineering works, 
such as eariji, atone, timber, and iron, and the wkof forming them 
into Structures of different kinds, such as excavations, embank¬ 
ments, bridges, <kc. The third jiart, under the head of Combined 
Structures, sets forth the principles according to which the 
structures described in the second part are combined into extensive 
works of engineering, such as Roads, Railways, River Impi*ove- 
ments, Water-Works, Canals, Sea Defences, Harbours, &c. 

The firat chapter of the second ])art, entitled a Nummary of th 4 
Principles of StabilUy amd Strenythy forms not so much an integral 
part of the book, as a collection of mechanical principles and 
formnlee, introduced for the B.rij:e of being couvcjiniently referred to 
in the^ubsequent chapters, so |8 to prevent their being encumbered 
with mathematical investigiitious to a greater extent than is 
absolutely necessary. 

The third part, so far as the details of the designing and execution 
of works are concerned, consists, to a great extent, of references to 
the first and second parts, its special object being to plain those 
principles which are peculiar to each class of great works of 
engineering, and which regulate the general plan of such worka 
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PRSP.AOfi> 


The taV>Ies of the strength of materials at the end of the volame 
|ive, as'regards iron and stone, average and extreme results only. 
Detailed information as to the strength of different kinds of stone 
and iron is given in the course of the text, under the proper 

headings * 

* 

t f 

I have, throughout the book, adhered to a systematic arrange¬ 
ment as far as was practicable, and have only dejairt^d irom it in a 
few instances, when it became necesstiry to introduce questions that 
had arisen, or facts that had been ascci’tained, after the completion 
of the part of the work to which they pi-operly belonged. In 
drawing up the table of contents }*ju 1 the alphabetical index care 
ha.s been taken to sJiow where such detached pieces of information 
are to be found. 

W. J. M. li, 

Glasgow Collkoe, 6th January^ 1862. 


PEEFACE TO TTIE TWENTY-THIRD EDITION. 

The Twenty-Third Edition has been carefully revised, and 
additional new matter has been added bearing on Civil 
Engineering Science and Practice, 

W. J. M. 


Glasgow, Janmri^, 1907. 
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PART I. 


OF ENGINEERING GEODESY; OR, SURVEYING. 
LEVELLING, AND SETriNG-OUT. 


ClIAPTER L 

GENERAL EXPLANATIONS. 

1. Sarr« 7 inBy and «ic‘.uin|[<-oat, coinpi’ehend the priuci|[>al 

operations of Engineering Gcoclewy; the object of siii‘veying and 
levelling being to make a re[>re8entation on j>a.])(*r of the ground on 
which tlie pivposed engineei'Jug work is to b<j oxocuted; and the 
object of setting-ont being, to mark upon tlie gioiind the situation 
of the propofjpd work prepamtoiy to its execution. • 

The term' “fftirvoying,” when used in a eoinpreJiensive sense, 
includes levelling; but in a reatrict(;d sense, surveying is used to 
denote the art of ascei'taining and ropre.seuting the form of the 
ground and the relative positions of objects ui>on it, as projected on 
a horizontal sui’facc j anti levelling^ to denote the art of ascertaining 
and representing the I'elativ'e elevations of different parts of the 
ground, and of objects ujjou it. 

2. JPlan and — The results of surveying, laid down on 

paper by the opemtioiis of “plotting” and drawing, constitute a ylan 
or ground plan; those of levelling are usually laid dftwn in the form 
of a ve^'tical section,^ called more briefly a section (although there are 
other ways of representing them, as will afterwartla be exj)lained). 

A plan is a miiiiature rep#esentation of the ground and the 
objects u|Km it, and of the i>ropo.sed engineering w'ork, as pixyeetod 
on a hoi^zontal surface, that surface being represented by the sur¬ 
face of the paper on which the plan is drawn. A plan diffei’s from ^ 
a map\jhieiiy in the scale on which it is drawn, the scale of a jdan 
being large enough to serve lor the designing of engineering wt»rks, 
while that of a map is so small as to make it serviceable for the 
purposes of travelling and gecjgraphy only. 

A vertical section shows the figure of a certiiin line <!>r track on 
the natural surface of the ground, and of the jffoposed wotk to be 
executed along that line, and sometimes also that of the internal 
strata,«a projected on a vei*tical surface,—that vertical surface being 
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represented by the surface of the paper on which the section is drawn. 
A certain straight lino <»n that paper, called the **daiumrl^” 
represents a lixed horizon!al snifiico at any convenient lieight above* 
or dt^>th below some lixed and known })oiut, called the “ doiftm* 
point'' Jjines jwii’allol to the datum line represent in miniature, 
diabinces measuretl horizontalalong the line or track on the 
earth’s rurlace tovJiiclj the sc'ction re]at<‘8. Lines perj>eudiculai!» 
to the clatuindine rt'prt'SHiit in miniature, heiglas above or depths 
behiw the datum liorizont.il surtace. 'fhe natural surface of the 
gi-ound, and the projiosod work, are represented by lines, straight, 
curved, or aiignlur, yJiich at each point are at the pi*oper ver^cal 
distance from th(‘ datnni line. 

In the s,nne sci-tion tla> scale for horizontal distances and the 
scale for beiglds niav be ilitleitMit, if convenience requires it, as will 
alterwarils bo moie fully eAplaiii^d 

o. A ii«HsEOMiiti Hurfacf is a Surface which is eveiywhero perpen- 
dicul.ir to the din’clion of th(‘ force of gr.ivity; such as the surtace 
of a jiieee of still wat<‘r. its true figure is very nearly that of a 
spheroid. For a hori/ontal surhice at the mean level of the sea, the 
<limensions of that spheroid are aw ibllowh, according to recent 
calculations:—* 

1 Keet. Sratuto Milea. 

Polar a\i‘>. 4J,7o7.-,.ifii= ^^99 155 

Me.in et|u,»tt)ii.il diauuter,. 4T,S j.7,0()2 7925 694 

Differeiue, or polar ll.itteiiing,. 140,12O = 26 539 

The ]>ortu)ns of tlu‘ earth’s suiface^ representt'd by ])laus for 
fcogineeiing juirposew aie nsn.dly so sni.dl compared with Ihe whole 
earth, that a hoiizontal suilme may, in most cases, be tie.itcd as il 
it were plane, witliont an}’ error ot ]>iuctical im])ortance. In 
pl.ins, a ll.»t piece «»f p-iper, and in \eiiic.it sections, a stiaight line, 
represent, a ho»izoiital suif.ue villi as mueh accuracy as is ]>racti- 
calile. In many cases in vliicli it is necessary to l^e the earth’s 
oiiivatnre into account, the ellipticity or jiohir ilatteuiug may be 
ncgh'cted, and the liguie of a hon/ont.il surface may bo treated as 
if it wciv a sjilicre ol the s.mie 'mean diatnelet' with the spheroid 
before d<'‘*crihed ; that is to say, ve'.y nearly * 

41 , 778,000 feet 13 , 0 :l{i ,()00 yards = 7 , 912 A statute miles. 

** 4 

4 . JMvnvm'eii of iirugtii.—^The standard measure of length estab¬ 
lished by law in rJril.nu is the yant^ ''iug the distance, at the 
teinjierature of 02 ’ of Fahr(‘iiheit’s thenaoTiieter, and under the 

* According to Cafitain CLikc, in the Afemntrs of the Royal Astrono'meal 
Vol. XXIX,, the greatest and leatit equatorial axes are respectively 41,862,070 feet, 
ami 41,812,851 feet; and the hmiiitude of the greatest axis is about 14^ £. id 
Uieenwich. Thr polar axis, as Sir J. F. W. Uersibe! bus pointed out, is almost 
exactlv 60U.600.000 inches 
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mean atmospheric pi’essure, between two marks on a certain bar 
n^hich is kept in the office of tlie Exchequer, at Westmiusterf 

In addition to the^yard, the following units of length are em¬ 
ployed for purposes of civil engineering in Brifoiiu:— 

The Inch, one tliirty-sixtli part of the standai'd yard; 'with 
binary, decimal, or duodecimal 8ub<livisionM. 

The Fool, one-tliird part of the standard yard; with decimal or 
duodecimal subdivisions. 

The Fathom of twQ yards. 

The Chain of 66 feet or 22 yards; divided into four polgs ol 
54 yards, and 100 Hnl'H of 7‘02 inclics. , , 

The Nimiife iviiie of 1,700 yards-5,280 feet = 80 chains, divided 
into 8 furlongs. To t^o.so may be added, in cases of harbour 
engineering— 

The Naoticnl or Sen being the length of one minute of a 
degree of latitude at the mean level of the sea. Tiio length of 
this mile varies in difrercnt latiiiiclc.s, from about 6,107 feet 
at the poles to about 0,045 feet at the equator, its mean value 
being nearly 6,070 feet, or 1-1508 shiUite mile. A value 
commonly taken for the nautical mile is that of a minute of 
longitude at the equator, or 0080 feot= 1'1527 statute mile. 
The nautical mile is .sometimes 8\il)divided into 10 cables, and 
1,000 faiholns; the fathom thus obtained being, on an average, 
about longer than the common fathom. 

Amongst obsolete measures of diskinco the following may be 
mentioned, as they occasi(»nally occur in old plana;— 

The Irish Perch o: 7 yards, being greater than the imperial perch 
in the pi-oportion of 14 to 11. 

The Irisli J/i/e of 320 Irisli p(Tche.s = 2,240 yards-- 6,720 feet, 
bearing to the statute mile the same proportion of 14 to 11. 

The Scotti.sh Ell of 37'06 imperial inches. 

The Scottish Fall of 6 ells, or 18'53 imjierial feet? 

The Scottish Mile of 1,020 ells = 5929-6 f(!ct. 

Each of tliese miles is divided, like the statute mile, into 8 fur¬ 
longs, and 80 chains, so tliat the Irish, Scottish, pnd imperial mile, 
furlong, and chain, bear to each other the proportions— 

6720 : 5929-6 : 5280 
::1‘27: M23:1-000 

The French measures of length are all decimal multiple.^ and 
•ubmiiltiples of the metre, whicli is aj)proximately one ten-millionth 
pftrt of the distance from one of the earth’s poles to the equator. 
The value of the mdtre in British measures is 

S;2808693 feet, or 39 37043 inches. 
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The Kilometre of 1,000 radti*es, or 3280 *8^92 British feet, is 
0'621383 of a statute mile. 

For further information of the same kind, see the Compamtive*^ 
Table .of French and British Measures at the end of the volume. 

5. The irirnaurcs of Arm used ill British civil engineering ai'e— 
The Square Inch. 

The «tquare Foot of 144 square inches. t 

The Square: Var«i of 9 square le<‘t. 

The Acre of 10 square chaim, or 100,000 square links, or 4,840 
^squm'e yards, .subdivided either decimallj, or into broods of 
1,210 s(puire y|ird.s, and IGO perches of 30|^ square yards. 

The liiqnarr Mile of f)40 acres, or 3,097,600 square yards, or 
27,878,400 .square feet. 

The Irish acre, subdivide.d into 4 roods and 160 perdies, and the 
Scottish acre, .sub(livi<letl in^j 4 roods &nii falls, hear to the 
imperial acre })ro])orti«uis which are the squares of the propoi'- 
tioiis boiTie by tlje Irish and Scottish miles res])ectively to the 
statute mile j that is to say, 

Irish acre : Imperial acre : : 196 ; 121; 

Also, Irisli acre : Scottish acre : Imperial acre 
:: 1-6198 : 1-2612 : 1-0000 nearly. 

I 

6 . The ificnMireM oi'Volume u.scd in British civil engineering are— 

The fUibic Inch. 

The €7nbic Fool of 1,728 cubic inches. 

The I'ubic Vurd of 27 cubic feet. 

In the engineering of 'wutei'-works, the Gallon is used in statiup 
quantities of water. Its statutoiy value Ls 

277*274 cubic inches, or 0-16046 cubic foot; 

but it is conv<^nicnt in calculation, and in general anfficicntly acciK 
rate for purposes of water supply, to use thti approximate values, 

One j^illon ... =0-16 o-ibic foot, nearly; and 
Umi cubic foot — 6^ gallons, nearly. 

Other special measures of volume are employed for certain kinds of 
materials and woi*k; but these will be explained further oif. 

7. tsrnicii for i>inn«.—The scale on ■'•' hich a plan is drawn means 
the proportion which distances, .os repiti.sented on the plan, bear to 
the coiTesponding distances on the ground. Amongst continental 
European nations it is customary to exfircss that proportion by 
means of a fmetion, such as l-l(),000th. In Britain, it is customary 
to refer to two units of length, a short unit for the paper, and a 
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long unit for the ground. For example —“six iuches to onintile" 
•expresses the scale -^ich, according to the continental system, 
would be called 1-10,560th. Amongs^t continental nations, also, the 
scales most commonly used are those, in wliich the proportion of the 
dimensions of the plan to those of the grt)und is some exact decimal 
fraction, such as 1-10,000th -'0001, 1-2,500th - *0004, l-50()th = 


•002, &c.; in Britain, the scales most commonly used are timse in 
which a distance of a certain number of miles, cJiains, or feel on the 


ground is rej)resented by a disbince of a certain number of inches, 
or aliquot parte «f an inch, on the ])aper. , , 

The magnitude of the scale which is b{5.st suited for the plan of 
a particular survey varies according to the minuteness and com¬ 
plexity of the objects to he rei)reseute(l. Tims, a hirgei' scale 
is required in plaus of towns tlu^i in those of the open country; 
and the smaller and more intricfite the buildings and the divisions 
of pio|)erty are, the larger should the scale bo; and a jrlan to be 
used in the iinai designing and setting-out of works should be on a 
larger scale than om* to he us(;d for the selection of a 1 i ikj of communi¬ 
cation, and for preliminary or pai-liumentury jmrposes. (See p. 803.) 

The following table enumeiates some of the scales for jjlans most 
commonly u^d in Britain, togothei* with a statement of the 
purposes to whicli they are best adapted:— 


OrdUinry Oostgnation 
of Scale. 


I Ki action of 
I real 
I Dimensions. 


(1.) 1 inch to a mile,. _ 

63,360 


(2.) 4 inches to a mile,., __ 

15,840 

(3.) 6 inebea to a mile,.. _2... 

10,6U0 


<4.) 6*S8G Inches to a mile,..! ^ 

I 10,000 


I Scale of the smaller onlnance maps of 
llrilain. This scale is well adapted 
for maps to be u.sed in exploring the 
country. 

Snialhist scale permilfwl by the stand¬ 
ing orders of parliament for the de¬ 
posited plans of inoposed orks. 

Scale of the larger ordnance maps of 
tlrcat Uritiiin *and Ireland. This 
scale, being just largo enough to 
show building.^, roads, and other 
important objects distinctly in their 
true forms atnl proportions, and at 
the same time small enough to 
enable the e>'e of the engineer to 
embrace the plan of a considerable 
extent of country ut one view, is on 
the whole the best adapte<l for the 
selection of lines for engineering 
work's, and for parliameniary plans 
and preliminary estimates. 

Decimal scale possessing the same ad- . 
vantages. I 
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Ordinary Opafirnatlon 

Fraction of 
real 

Plnicnsiona 

of bcaltt. 

(6.) 400 feet to an inch,. 

1 

1 

^ 1 

4,800 

, 1 

(6.) 6 vh,iiijs to an imh,.' 

1 

1 

' 1 

4,752 

. 1 

• (7.) l.'i’Sl inches to a null',... 

1 

1 _ 

4,000 

^(8)6 chains to an inch, oi) 

1 

10 inches to a inile,) 

.1,060 ( 

(9.) 25 344 inches to a mile. 

1 

2,600 

/ 

(10 ) 200 feot to an inch....... 

1 

2,400 


1 

(11.) 3 cliains to an huh,. 

2 ,'i;g 

(12.) 100 fei t to an inch, . 

1 

1.200 

(13.) 88 feet to .an inch, ort 

1 

60 buhcb to a mile,/ 

1 ,0,')6 

•• 

1 

(14.) 63'3G imhes to a mile,.. 

1,000 

(16.) 44 feet to on inch, or) 

1 

120 iticlicr to a niUe, / 

528 

(16.) 126 72 inches to a mile, 

1 

600 

(17.) 80 feet to an inch,. 

1 


SCO 

^18*^ 20 to AD 

1 

240 

(19.) 10 feet to an inch,. 

1 

120 

&e. 

4c. 


' f 

I Une. 

I 

I SmallPiiit ficalt* (lermittecl by the staud- 
in#; orders of paihaincnt for “eii- 
]aiged pluiis'’ of buildings and of 
land within ibo eurtilago of Imildinga. 

Scale answering the same purpopo. 


I J Scnlea well suited for the working 
jr surveys and land plans of great 
# engineering works, and fur en- 
jl luiged ]iatlianientary plana 

(Seale 8 is that prescril>ed in the bland- 
iiig onlets ol pailiainent for “cro'sis 
‘•t cl ions” of pioposed ruilwaj’Sj show¬ 
ing alloratioiis u( to ids ) 

Scale of plane of part of the ordnance 
bur\ey of Britain, Irnin which the 
maps before nunitioneii ore n*duced. 
Well adapted for land plans of en¬ 
gineering woiks and plans of estates 

Scale suited for ainnlar purpose**. 

I .Simlie-,f sfale prcM tilled bylaw lor 
' laiiit or coiitriict plarib in Iieland. 

Scale ol the'fit he Commissioners’ plans. 
Suited for the .same i>iiipose.s as the 
allow. 

Scale suited lor plans of towns, when 
not \cr} iiilncatu 


S'’ale <if onlnanee plans of the less in¬ 
i'lean ly biult towns. 

Decimal scale iiaving the same piu- 
pertji's. 

oScale of ordnance idans of the more 

intricately built towns. i 

1 

/ I 

Decimal scale having the same pro* 
peidea. 

( Scales for special purposes. 
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, 8. Ec»lea for RecVinii*. —Except iu a few caees of rare occnrrentM), 
tli« 8C(de for horizorUal distances on a section should bo t^e same 
• with the scale of the* plan with which it corresponds. One of the 
exceptions is that of the parliamentary section of a road upon 
the level or position of which it is intended to make an dltsration 
for the purpose of canying a railway across it, wlmthei* over 
•or under; in this case, the horizrmtal scale of the S(‘ction, as pre- 
scribed by the standing oitlcrs, is to be Jive chains to an inch (see 
Na 8 in the table of the last article). The plan may be on the 
same scale, but not necessarily so; in hict, ite scale in general is 
much smaller. , • 

The vertical scale, or scale for heights, is •almost always much 
greater than the horiswmtsd scale, because the dilTorfmces of elevation 
between points on the gixdind are in general mncli smaller than 
their distances apart, and require to be represented on a greater 
scale on paper, in order tbit the^ may bo equally conspicuous to the 
eye; and also, because in the execution of eiigineeiing works, 
accuracy in levels is of more importance than accinucy in honzoutal 
position, and vertical heights should be rcpre,sented witli greater 
precision than horizontal distances. The piopoi-tion in which the 
vertical scale is greater ilian the horizontal scale is called the 
exaggeration of thi? scale. The following table gives sonuj examples; 


Hoi’l*onta1 Scales 
Ordtaaijr Deslfcnatlon ! ) with which tlie 


of Vertical Scale. 


tip 1 ,i Vertical Scale 1» 
iieifcijf. I ponabiiieil. 


(1.) 100 feet to an inch, 


to 

1,200 I 15,840 10,560 


(2.) 40 feet to an inch. 


4,800 


_1 

8,960 


|(8.^ 80 feet to an inch, 


1(4.) 20 feet to an inch,! 


1 

. to. 

1 

11 to 6*6 

860 3,960 


2,376 

j 

1 1 

. to 

1 1 

r 

' 16*5 to 9*9 

240 8,960 


2,876 


&o. 

&a 


&c. 


Exajif- 

gerntloii. 


From 

l.H’2 to 8'8 Smallest scale per¬ 
mitted by the 
standing; orders 
of parliament for 
sections of pro- 
^ posed works. 

10 to 8'25 "Smallest scale |)er- 
niittcd by the 
standing orders 
of parliament for 
* cross sttclions, 
showing tillera- 
tions of roads. 


Scales suitable for 
working sections. 



6 


ENOmeiSBIKO aEODE»T. 


Vertical Rections without exciggorcUim, showing the honjBontal 
awl vertical dimensions of the ground in theii* real proportions to 
each other, are required at the sites of proi^>,sed large works iii ' 
majionry, timber, and iron, such as viaducts. Tliese sections are 
in t'euei'al drawu on a larger scale than the vertical scale of the 
ord'uary working sections, 

9. III siiirreyinii.—There are two principal methods fol- • 

lowed in surveying, each characterized by the elementaiy mathe- 
naiticiJ process w'liich it involves: iJieimtliod ofdistancea midoffa^^ 
used for filling up the detoils of a survey, and the meAkod of triangles^ 
nscsd lihietiy for ascertaining the positions of certain stations^ but 
occasionally applied to filling up the details also. 


]> 


Fjkst Method—By DisTA.N(;ks and Offsets. 

In fig, 1, A is the representatiop on paper of a station, or fixed 
and marked on the ground, and A D that of a line extending 

from A ill a known direction. To 
ascertain and lay down the position 
of a ]>oirjt C relatively to A, a per- 

____ pendicular is let fall on the ground 

from C upon A D, meeting that line 
in Bj the diatawe Ji B and 
BC are measured, and these being laid down on the plan to a 
suitable scale, the point C on the plan which rojircscnts C on the 
ground is marked or plotted. In some cases the angle at B may be 
some measured oblique angle instead of a right angle; but in most 
cases it is a right angle. Thi.s is the method of surveying by 
Instances and offsets, and is that by whicli the details of a survey 
are in almost all cases filled in. 

The same figure may be taken as representing the elementary 
operation of levelling, if A D be held as marking the datum hori¬ 
zontal surface, ahd Cl B the height above that surface of a point 
C, whose horizontal distance from A, the commencement of the 
section, is A B. 

Second Metuod—I y Tkianoles. 

A and B, upon the imper, represent two 
stations or points on the ground, ^hose 
relative position—that is, their distance 
apart, and the divrotion of the line joining 
them—has been ascertained. It is re¬ 
quired to ascertain and lay down on the 
})a|>er the position of a third point C rela¬ 
tively to those two. This is to be done by measuring any two out 
of the following four quantities:— 



Fig. 2, 
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the distances A C and B C;— . 

, tliQ angles CAB and 0 B A,— 

and plotting or laying down on the paper the representation either 
of the quantities actually measured, or of others calculated fi*om 
them. The object of such calculation is in most cases to lay down 
j tiie distances A C and B C on paper, when the angles at A and B 
have been measured on the ground; for on the ground, angles are 
more easily measured with precision than distances; and on f^apor, 
distances can be laid down more accurately than angles. 

10. Vue or nnigoaiometrr.—The figure to bo measured on the 
ground and laid down on the pa])er being in «nost esuses a 

file branch of mathematics by which the necessary calculations are 
to be performed is timt whfi^h relates to the figures and dimensions 
of triangles: that is, Trigonometry. 

When the triangle formed by the three points is of such extent 
that the cuiwature of the earth may be neglected, its sides are 
sensibly straight lines, and the rules of Plam Trig(mometry are to 
be used. When the curvatui*e of the earth has a sensible effect, 
the sides of the triangle are to be considered as being nearly arcs of 
circles, of a radius equal to that of the earth, and i-ecoui'se must be 
liad to Spftericcd Trigonometry. This, however, is ol) mre occurrence 
in surveys mhdoexpressly for engineering purposes. The principles 
of spherical trigonometiy are also occasionally required, when an 
angle has been measured on an inclined plane, to compute the cor¬ 
responding angle as projected on a horizontal plane. 

in Chapter III. will be given a summary of those trigonometrical 
foimulee which are useful in surveying. ^ 

11. The Oenernl Order of Opemiioiia in Engineering Oeodeay 
is the following, or nearly so:— 

I, The ^qjinoisiSance or efcyloriTiy of the co\nitry by tlie engineer, 
with a view to ascertaining in a genoml way the facilities which 
it affords for the propokid work, and determining approximately tlie 
best site or course for that work. In this process the engineer 
will pay-attention to the geoipgical structure of the ground, and 
the sources from which useful piaterials may be obtained: he will 
be aideil by obtaining the b<ijt existing maps or plans upon a 
suitable scale, if any such are to b(i had, and by the taking of— 

II, •Fl y in g Uau dg. —These are observations for ascertaining the^ 
elevations of detached points of primary importance as regards the 
practicability and cost of the work, and the selection of the line 
for it; such as passes across ridges and valleys, and points where 
structures of magnitude may be required. 

The engineer having thus determined generally wh^re his pro¬ 
posed work will be situated, proceeds to make a more definite 
selection of its site, by the aid of-^ 
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III. f*rdiminary Tfiql i^i^^ions, made by taking oontinuona 
tines of levels in -wbicli distances as v'ell as l^eigltts are measured, 
These may, or may not, be accompanied by a rough mrvi^ xmtt 
plaTif-^t^e necessity for which will depend very much on the 
character of the existing maps. The engineer is now enabled to- 
determine the site of the work with a degree of precision depend¬ 
ing on tAe care and skill that have been bestowed on the prC- * 
liminary operations, and to fix accordingly what extent of ground 
is to be embraced in the— 

IVf Veiailed Survey and Finn, as to the conduct of whicii 
further remarks will; be made in Article 12. ThI time, labour,, 
and money expended on this survey will be the less, the greater 
the precision with which the best line has been found by means of 
the preliminary operations. 

V. Addiiiomd Trud Sections, b»tli longitudinal and transvewe, 
are now to bo made witli .the aid of the detailed j>lan, so as to 
fix exactly the best line for the proposed work that can be found. 

VI. Marking the Line. —The line so fixed is to be drawn on the 
plan, and marked on the gi'ound by stakes, or other suitable 
objeets. (See Article 13.) 

VIT. The Ddailed Section is now to be prepared by careful 
and acemnte leWlings, so as to exhibit a datum,horizontal line, 
a line representing the surtaco of the ground, and a line, or lines, 
marking the levels of tlio proposed work. Certain heights and 
other information should be marked in figures, as will afterwards 
be explained. (See Articles 14, lo, and 16.) 

. VIIL Trial-Pits and Boring.^ will be ])roceeded with, while the 
levelling for the detailed section is in jjrogress, in order to 
ascertain the strata of the ground. Borings aro the less costly, in 
time, labour, and damage to the ground; but pita are the more 
satisfactory to .the engineer and tlie contractor. The results of 
the trial-pits and borings may be marked on a plan and section 
for the use of the engineer. (See Article 17.) Furtlier remarks 
will be made on these matters under the head of earthwork. 

IX. Designs aiM Estimates. —Tip engineer will now design the 
structures required for the proposed work with sufficient m-ecision 
to enable him to estimate tlieii* probable cost. (See Article 17.) * 

X. Parliamentary Proceedings. — In the event of its ^ being 
necessary to apply for an act of parliament for tlie executhm of , 
the work, a plan and section and bot^ic of reference to Uie plan 
will be prepared, and copies of them deposited in certain public 
Oflices, in. conformity with the standing orders of the House of 
Lords, and also with those of the House of Commons. No 
attempt is made in this treatise to give any summary of those 
standing orden^ because, as they ore liable to be amended and 
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ad4i4 ^ ^ssion of parliament, t]be only means of ^stiring 

coRQ^^^ilaooe -with them is for the engineer to provide himself with a 
C^T of the standing ordei*8 for the session during which the act is 
to be applied for. Those for a previous session, even* for that 
immediately preceding, are unsafe guides. 

XL Improvm^ Lines and LevdSj under Pow&ra of Dematum .— 
In the first preparation of the plan and section of a work requiring 
tile authority of parliament, theup is seldom or never time toi select 
the best line and levels with precision. In order to afford an- 
bpportunity fqr afterwards amending the line and levels, powers of 
deviating from those shown on the parliameijtary plan and section 
axe taken, the extent of the power of lateral deviation being, 
indicated on the plan by dl)ttcd lines. The usual extent of those 
powers of deviation is, laterally, 100 yards either way in the 
country, and 10 yards either ll^ay in towns; and vertically, five 
feet upwards or downwards in the country, and two feet 
upwards or downwards in towns; but greater or less powem are 
ix^nferred in special cases. After the act of parliament has been 
obtained, the engineer will avail himself of the power of deviation 
to mtike the work more economical, or otherwise to improve it. 

The following four operations will then proceed together :— 

XII. S^Arvey for Land Flatia. —If, as is offen the case, the- 
previous survey relen-ed to under Operation IV., has been executed 
too hastily, or plotted on too small a scale, to serve for the plana 
that are to be used in the purchase of land and execution of the 
work, a more accurate survey must now be made for that purpose; 
but this new survey being confined to the ground finally selected 
for the site of the work, will be of comparatively small extent. 
(See Article 18.) 

XIII. Ramging ami Setting-mt the Line, consists in marking, by 
stakes or otherwise on the ground, the centre Jiiyj of the proposed 
work, as finally fixed. 

XIV. Working Sectiom are prepared by taking, with great care 
and precision, the levels of the ground along the finally selected 
centra line, and as many li^s of transverse*sections as may be 
necessary, plotting the restlts on a sufficiently large scale (see 
Article 8, p. 7), and drawing on the sections of the ground so- 
made, lines to represent the intended levels of the work. (Sea 


Aztufies 14, 15, and 16,) 

XV. Se^ing-out the Breadths of La/nd required for the work is 
performed both on the ground and on the land plans after those 
brea4th8 liave been calculated. 


The land required can now be fenced, and the execution of the 
work proceeded with. 

j Ovdar ef In tke JDetniledl Snrre7*-~-lt will UOW be 
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stated, greater detail, what steps are taken in making tlie survey 
referred to under Head IV. of Article 11, p. 10. 

{a.) Sdecthig Prhicipal Stations .—The surveyor, making a general 
exploration of the ground to be surveyed, will choose a series of 
stations placed generally on the liighesb and most open ground; so 
that each^ station iiiiiy cojumand as extensive a view as possible of 
the ground to be surveyed, and that a pole or other signal plawd 
at each station may be distinctly visible from the neighbouring 
stations. These stations should also Ikj chosen so that the imagi¬ 
nary IKies comiect.ing them with each other, and w^th a series of 

neighbourhood, such as towers and 
sjun?^, may cover the district to be 
surveyed Vith a uetwork of large 
triangles, having no angle less than 
30;% inore tlian 150°; two angles 
at biast of each triangle being acces¬ 
sible stations. 

With the exception of harbours, 
most great engineering works are 
long lines of communication, such 
as i7iilways, roads, and canals; and 
the survey required fbr^a work of 
that sort embmees, in general, a 
long narrow band of country, usually 
about a (juai’ter of a mile, and seldom 
moj'o tbj»n lialf-a-mile wide. I-et the 
two dotted lines in fig. 3 ixipresenb 
jtart of the band of country to Iw 
surveyed ; the princij)al stations. A, 
B, C, D, £, <fec., are to be chosen so 
as to form the junctions of a series of 
htraiglit lines running along that 
band, each line as long as may be 
practicable consistently with obtain¬ 
ing gotm f)oints for stations. These 
are called base lifies, or 
station lines. The network of tri¬ 
angles is to be completed by iaeSoct- 
ing a seri'*'"' of lateral objects, F, G, 
H, ikc., which may be high builduiga, 
conspicuous trees, &c. 

The principal stations are to be marked permanently by stakes, 
and tempoiurily, when requu'ed, by ])oles and flags. 

(6.) Raimiif}^ Principal Station Lines .—When the lines are of 
"great length, or have uneven gi*ound and other obstacles in their 


conspicuous objeefe in their 
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ooutsoi it may be necessary to mark intermediate points in them 
by stakes and poles, as well as the extremities. This iS always 
necessary when there are parts of a station line from which jts ends 
are not visible. • • ^ 

(a) Main Triangulation. Clmining Bam Lines. —The survey 
of the network of great triangles might be made by measuring one 
base line only, and finding the lengths of all the othet- sides of 
triangles by calculation from their angles. But for the purposes of 
the long narrow surveys required for engineering projects, it is 
more convenient to measure each of tlie principal station linqs AB, 
BC, CD, <fcc., by the chain, in order to asceijbain the positions of 
intermediate points suitable for secondary stations, and also of the 
points where the principal^tation-lines cross roads, fences, streams, 
and other objects on the ground. The t<,*rm “ base line” is specially 
applied to station lines which #re thus directly measured. The 
relative directions of the base lines are doteiminod by measuring 
the angles^CD E, <fcc. The measurements 
of the angles made by distant objects with the base lines, such as 
^FBC, ^BCF, ^BCC, .^GCD, 

^ D C H, &c., serve, by the aid of trigonometrical calculation, to 
check the accuracy of the other linear and anguhir measurements, 
as will afterwards be shown. • 

This combination of linear and aiig\ilar measurement is called 
traversing. It has now been described as practised on a great 
scale, with principal station lines of several miles in length; but it 
is also practised on a small scale in surveying objects which are 
long, naiTow, and binding, such as roads and streams. 

(d.) Secondary Triangles. —The surveyor 'will choose a set of 
secondary stations, some in tlie course of the principal station lines j 
as, a, 6, c, d, e,/,—others at convenient lateral points; as, g, h, i, y, 
ly m, n; the whole so situated that the lines conn'Ccting them, 
which form a network of smaller oi* secondary triangles, may lie 
sufficiently neai* to the fences, streams, buildings, and other 
objects of detail, to enable tliese to be surveyed from them by 
the first method of Article f), p. 8,—that is, by distances and 
offsets. 

(e.) 'Purvey of Details. ~ This may he performed wholly by 
meaiM of distances and offsets; but time and trouble may often ba- 
saved by the occasional use of angular measurements. 

In order to save time, trouble, and money as far as possible, the 
five operations which have just been enumerated shoald be canied 
on either together or alternately, 

13. MMataacm, IjeTeln, and other iafonnation wriueir on Plaa»’~- 
^Hien the plan shows the centre line of a railway, canal, or other 
line of oommunioatiou, a scale of distances is to be marked along 
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the whole of its length, coihmaencing at one of its ends m 
** termini.” According to standing orders which have been in ^ 
(force for many yeura, tiiat scale of diat-suices on the jdan of a pn>- 
jiosed j*a,ilway, is to show each mile, and Jarloitg from the com- 
Tneneeiiieul of the centix'-litio; all radii of curves which do not eaeceed 
09 te mile are to be written on the plan in Jit/rlongs and duxi/naf 
and the Umgtlis of pro])osed tunnels in yards. The inibrmation thus* 
written on the plan is useful to Ihe engineer, independently of 
its being pi*CHcribed. Tt is alw> useful to the engineer, although 
not proscribed, to liaic the lev<‘ls of imporbint points written on the 
plan, or shown by the aid of coatimr lines (which Ivill be further 
explained afterwards), es})ccinl]y when the plan is to be used in 
seleeting a line. • 

14. UlHtancvM, Ofunm-poiut, Ilelahtm and nilicr infomiatlnn written 
an tjhr Meciion. —The hoiizoiital datum-line of the Bcctiou should have 
marked on it a scale of distoiices corresponding with tliose marked 
altnig tho centre-line on the j»Jan, in ordt*r that eorrosponding 
points on tho jdan and section may be reatlily h)UTid; and great 
care should be taken that horizonml disbinces on the plan and 
section exactly aiiree. 

Alongside the datum-lino the section there should be a 
written stiitemeht of the elevation or deju'es.sion of t^io horizontal 
surface whicli it represents as corapar<*d with wlmt is called the 

Datum lixed poiut,” that is, a well-marked and easily found |K)int 
on some permanent object, which (as pivscribed in the standing 
otilcrs of }>nrliameui) should be “ near one of the termini ” of the 
proposed work. Tlie chief ixquisites of an object for that purpose 
ai’c, pennanenoe of jmsition and ea.sy idcnlilication; so that, on 
tlie whole, some poition of the masonry of a building (a public 
building, if possible), such as the uj)per side of a window-sill, 
plinth, or string-course, may bo considerc'd as the best. Door-sills are 
deficient in permanence because f)f their liability to be worn down by 
the feet of ])er8Dns passing iiiand out; novorthelcss, they arc frequently 
used as datum-])oints, and not obj<*cb‘d to. The up]>er surface of the 
rails of a railway Mt some sjH'ciliedT point is often referred to as 
a datum, and considered sxilBoient| although its elevation is far 
from being pei-manent. Amongst objects utterly unsuitable for 
this ]»urpose may be mentioned, all surfaces whose lovejp are 
eontinuaily changing, how slight soever the change may be, such 
as the " top water level ” of a canal, and all ideal horixontal 
surfaces. 

Amongst other information to be marked in writing on a sectioti 
are, the heights of tho princii>al parts of the pressed work above 
the horizontal datum-line, and in particular, in the case of a rail¬ 
way, those of the upper surface of the rails at the points where the 
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tnclmatioii varies; the several rates of inclinatiou of proposed raU- 
waysi and of roads to be altered for the purpose of making them; 
the greatest depths of cuttings and heights of embankments; the 
lengths of tunnels and viaducts; the alterations of level* and in¬ 
clination to bo made in existing lines of communication; the 
character of the structures to be used for passing them, whether 
"bridges over or under, or level crossings; and in thd case of 
proposed bridges for existing mads, the widtii of roadway which 
they will provide, aud if they pass over the roads, the lieight of 
headroom. So far as those items of information an* required by 
the standing dl’ders of i)arliam(‘iit, refereneq must be made for 
details to those standing orders themselves, as lias been already 
staled under Head X. of Article 11. 

A working section should state, in wiiHng, the level of the 
ground, the level of tlu‘ i)i*o])o.sed!iwork, and the height of embank¬ 
ment or depth of cutting, at ovciy point of the ground whose level 
has been taken; those (piantities being found by calculation, not 
by measnmnent on thi* paper. It should also state tlie positions 
And levels of all “ Beni‘h marks.” 

15. Bcnrh itlnriM arc fixed objects whose lcvel'^ arc known,—in 
fact, suliordinato datum-points,—distributed along the course of the 
intended woiik? i^t distances of from half-a-mile to 9, mile, and near 
the sites of all intended structures of importance, such as bridges. 
If suitable existing objects cannot be found, the heads of large 
stakes driven for the jmrpose will answer. They should be placed 
where they will not be ilisturbed during the execution of the 
work. 

16. Checking Tirrel* cunsists in taking the levels of points over 
again, tt» test the coiTectiiess of previous levelling. In preliminary 
and parliamentary sections, the levids of the moi-e important points 
only, such as summits of hills and bottoms of vall^s,'crossings of 
existing Hues of communication, and bench marks, require to be 
checked; for working sections, every level taken should be checked. 

17. Satimnicn and Boringl^t lunrkrd on PInn and hertion*—It 

is useful to the engineer to hiVo a copy of the plan and section of 
a propiKod work on which thel-esults of trial-pits and borings ’am 
marked, and the estimated cost of each part of the work written 
opposjjbo to its ]^)osirion on the paper. „ 

18. Cenive lilne an a Bniie for l^oad-Plan Anrvey.—^When the 
centre line of a proposed railway has been carefully ranged and 
staked out, it may bo used, whether stiuight or curved, as a base 
for the secondary triangulation of the auiwey for the land-plans, 
the great trian^ilation being dispensed with, and* each stake 
vegaxded as a station in the survey. 

19. ^Baoiage to Propertj to ho aroidod*—All operations of cngi- 
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neeriu^ fiold-work onght to be so conducted as to do as little 
damage as possible to the pr(>])erty traversed. r 

20. ,Ammii«iiirni of tiie «‘u»uing —The operations of 

Burveyillg, levelling, and setting-out, having been einimerated and 
explained in a geiieral way in the pi’esent chapter, the renmining 
chapters of tliis ]jart will be devoted to the exj)lanution of details^ 
relativeN ;0 certiiin hninches of the subject, in the lullowjiig 
ordt'i;: - 

Surveying witli the chain. 

Surveying by angular mt'ahurementa. 

Levelling. • • 

S**tting-out works. 

Marino suiweying. 

Copying, enlarging, and reducing plans. 

The explanation of soiin* of •the ]>eciiliariticB of surveys for 
particular classes of works will he reserved until those works them¬ 
selves come to be considered 
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CHAPTER II. 

OF SDRVEYINa WITH THE CHAIN. 

» • • 

• • 

21. BKarks and (NisaalM.—marks fivf'd at stations to enable 

them to be readily found ar8 usually stakes, of size and strength 

sufficient to guani against the risk of their being disturbed. In 

most cases they should be (hiv(*n tf^ the head, or nearly so. If, for 

a particular station-mark, great(‘r permaTienc<‘ is desired than can 

be obtained by means of a stake, a b]t)ck of stone may be u‘<<'d, 

having a ci-oss cut on its upper siirf.iee. 

When a mark tixed at tiu* station itself would be liabh* to be 

disturbed, four shikes may be driven so tJuit the intersi'otiou of tlie 

straight lines jeaning tlieju iliagonally may niaik tjio station; or 

two or more stakes may be and the distances of the station 

from them measurt*d an<l noted down ; or the disUiuce of the station 

from any two or more well-delined permanent objects, suoli as 

comers of buddings, may be measured and noted down; or if two 

permanent objects <*aii be found which lie in one stiuight liue with 

the station, that fac.< can be noted, together with the distance of 

the station finm one oj the objects The jxnnts where station-lines 

ct* 08 u fences are markinl by notches upon timber aud grooves upon 

stone. 

The signals sot up at stations to make tliisn visible from a dis¬ 
tance usually consist of poles, with or without flags. Ordinary poles, 
to be carried about in the iield, may lie fiom six to nine feet 
long, painted in alieraate lengths of black and white, and shod with 
iron. For flags, although white^ the colour that* is seen farthest, 
red is more generally employed, &s being mom easily distinguished 
fironl surrounding objects by those v ho liavo no didect in the per¬ 
ception /)f colour. To mark the ends of long stdtion-lines, poles of ^ 
greater lengths, such as twenty or tlurty feet, are often required; 
these geneimly need rope stays to keep them upright. 

Great care should be taken to set up and keep all poles in a truly 
vertioal position; and tall permanent poles should be adjusted by 
means of a plumb-line. * 

For the temporary marking of points in surveying details, bits <xf 
jmpeai are used, held in cleft sticks. These are called whites.*' 

0 
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To facilitate tho rauguig of long station-lines, it is useful to 
choose them, when opportunities occur, so as to run directly towards« 
some conspicuous existing object, such os a tree, a spire, or a large 
chimney. 

32. The Mavrefiitg €iioiii.—For mcasuniig with extraordinary 
accuracy the Iwtses of national trigonometnciil surveys, icds of glam 
and of liietal Jmvc been used—a correction for exjmnsion by hea^ 
being made either by calculation or by mechanism: also, steel 
chains, made of ilat links connected at tlie ends by pins, and sup¬ 
ported in acciimtely levelled troughs, the tension being maintained 
constant by a w^'iglft lianging over a pulley, aud the correction tpr 
expansion made by caleulatiom 

In ordinary surveys tor eiiginpt*riijg works so gi*eat a degree of 
aecumey is unnecessary j ainl the instrument gent'rally used for 
measuring distances is the commf»n surveying chain, which consists 
of one hundred straight links of iron or steel wii^c of equal length, 
having eyes on their (‘iids, and connected tog(‘tJier by oval rings. 
There are usually three of those rings between each }»air of straight 
links. The joints of the rings, and tlioso of th(» tjyes of the links, 
should b(* wehled: the chain is tlins ixmdered much less liable to 
stretch tlian if those Joints are open. Mach dibUiuoe of ten links 
from either endi of the ehnin is marked by a peculiarly shaped piece 
of biuss, so that the nuivk at ninety links frr)m one <'ud is similar 
to that at ten links, that at eiglity linkb to that at twenty, and so 
on, the middle of the chain being iiiavkcd by a round })iece of brass. 
At each end of tli<‘ ehuin is a handle. 

The rhaiii slionld meuhurc* its corr(‘ct length fiom mtHuie to oiilr 
side of tfte handles. 

As every chain which is in daily use in the field is liable to have 
its length itiereiihcd by the coiitiniiul btrain upon it, and diminished 
by the bending <f the links, and by dii*t g«4ting into 1.1ie rings, it 
ought to have its lengtli tested oAcry day by comparison with a 

standard cliaiii,” used Ibr tho sole ])uiiK)se of testing other chains, 
or with two m:u*ks on a wall, or on a paii‘ of stakes, whr>Be distance 
apart has been very accurately adj/sted. U'he length of the working 
ohaiu, when found to ))0 erruneousq can be corrected by steaigljtcn- 
ing the links and cleansing the rings, and by hammering the latter 
BO as to make them longer or shorter as may bo recpiired. • 

Tho chains most commonly used iu Brit*nn are, “Gunter’s Chain” 
of 66 feet (in which each link is ‘Gfi of a foot or 7'92 inches), and 
the chain of 100 feet The arlvantages of Gunter’s chain are, its 
being an exact decimal fi-action of a mile (one-eightieth, or ‘0125), 
and the square described uf) 0 u it being one-tenth of an acre. Hie 
100-foot chain has the advantage of giving at once dimensione in 
feet, which are convenient in the calculation of quantities of worlb 



OF THE SURVEYING CHAIN. Id 

When a ** chain” is spoken of without qualification, Oimtor’a chain 
• is nieantb 

The chain is usually accompanied by ten skewers called “art-ows,” 
made of iron or steel wire, having a point at one end and af Jai^e 
ring at the other, marked with a ]>iece of red cloth to make it 
visible from a distance, fcjomo siin'eyons prefer to use, in chaining 
long lines, nineteen arrows, nine of iron or steel, and ten of bmsa 

The chain is caiTied by two men, calli’d i^speotively the “h*4fder” 
and the “follower.” Jn measuring the length of a station-line, the 
follower, in a crouching attitude, liolds one end at the commence* 
ment of the line, and tlio leader, carrying witlfihifti all the*arrows, 
fixes his eyes on the object which marks tlie distant end of the lino, 
and walks straight towards fr, dragging the othei* end of the chain 
along with him. When the chain is tightened, tlio leader ci’oucIm'h 
down at one side of th(* line, holfliug near the ground an arrow 
exactly u])right, in tlie .same hand which grasps tlie handle of the 
chain. The follower secs tliat the chain is tight, straight, and 
uuentangled, and directs the leader by word.s or gestures so as to 
make him stick the arrow into the gi'oiuid oaetly in the align¬ 
ment.* The leader and follower then ri.se, and advance until the 
tollowcr ivaches the arrow that marks the end of J^lie first chain- 
length, and proceed to lay off a second chain length and fix a second 
arrow as before, and so on. T'he follower ])icks up the ariTiws as he 
advances, so that by counting the arrows in hia hand ho can te.U at 
any moment how many entire rhain-lcngtlis ha\e been measured. 
On tixiug the tenth a'-row, the h'ader cri<>8 in a loud voice “ ten,” 
or “chang<*;” the surveyor notes in his field-book that ton chains 
have been measured; the leader stands still until the follow(‘r has 
advanced to him and handcsl him the nine jweviously ]ncked-up 
arrows; the follower holds his end of the chain at tlie ipurk made 
by the tenth arrow, wliieh Ihe leader (if there are ten arrows 
only) then jiicks u]), and advances with all the ten arrows in his 
hand to commence the incaAiiremcnt of the next ti'n chains. If 
there are nine iron arrows and ieu brass ones, iljie leader, having 
expended all the iron aiTows in ir irking the first nine chains, m.irks 
the end ^f the tenth chain with a brass arrow; an<l when the 
follower comes up to him, takes only the nine iron arrowrs, leaving 
the brass arrow to be picked up by the follower when the next 
chain-length has beim measured. In this case the fi>llower, at any 
moment, can tell the number of entire tens of chains which have 

• Mr. Haskoll {Engineering fYeW-wori;) judiciously rrcomniends that words alon» 
bo used for this purpose, in order that tlie leader may fix his imps on the, arrow, and, 
keep it exactly vertical, the follower directing liim to nio\f it to one side or the 
other by saying “to you” and “from you,” and to fix it in the giouiid by ilie 
wosd “n^k.” 
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boen ebained by counting tho brass arrows in bis baud^ and tba 
number of chains over and ai)ovo the ontiro tens of chains by count- ^ 
ing thb iron arrows; an<l thus a chock is kept upon the number of 
cntii'o' tons of cliRins not(‘d in tho suiweyor’s field-book. At the 
Olid of each liundrod eliains tJjo loader receives back all the bra<>s 
aiTows aa well as the iron ones. ^ 

If the loader tak<*s can* while advancing to keep liis eyes fixed 
on the signal at the diKt.iut end of t1i(* line, he will be able to dtug 
the chnin forward in the tnie alignment with very little dircution 
from' the follower. 

The follower whiU* a<lvan<*ing should allow the chain to slacken^ 
and sliould tak<' c.iio to keep it clear of the iinriw, and of objects 
which may t‘iit.iiigle it. 

As tho chaiiung goes oiij the siir\eyor notes the distancos from 
tho eoraiucne('iuciit at which tiic station-line crossos all fences, 
boundaries, hunks of streams, sid(‘s of roads, and other objects to 
be shown on the plan; also where it crosses other station line.s, and 
where points occur suitable for iutc'rmcdiate stations in the auiwey. 

23. CfcainiiiK on a Drclivlej—Brdnrllon lo ibr — Til chtiill- 

ing up or down a shipe, the distance actually measured must be 
reduced on tlie«p)an to the pif)jection of tliat distance on a hori¬ 
zontal plane. The mos( convenient way of etTecteng this is by 
means of a correefiov in link.s and fi-aetioua of u link to be deductm 
from each chain. Tliis correction being known, may be applied 
mechanically during the chaining, by pulling the chain forward at 
each chain-length tiuTuigli a distfiiice equal to the required correction. 

The following are various formula* for coin|)uting the correction 

When the angle of inclinutioii has licen roeasured by a “clino¬ 
meter” or other angulai instrument; 


Correction'iu links j>cr chain, - 100 x veraeJ sine of inchiiatiou, (1.) 

When the vertical fiill in links for each chain of distance on the 
slope is known; 

CoiTcction in links per chaiw = 100 — 0,000 —fall-; (2.) 

and when the slope is gentle, the following approximate formula 
will answer; — w < r 

fall^ 

Coirection in links jicr chain - nearly.t..(3.) 


To save calculation, most clinometer.^ and theodolites have the 
correction for declivity marked on the “limb” or graduated arc 
on which angles in a vertical plane arc measured. 

Exfierienced surveyors learn to estimate this correction with 
oonsiderable accuracy by the eye. 

Its use may often be dispem^ed with by stretching the chain in a 
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horizontal position; the np-hill end touching the ground^ ^nd the 
• point on the ground exai^ly below the down-hill end bcdng found 
by means of a plumb-line, or a ranging pole held verticsillyy or by 
dropping an an'ow or a stono. This })roco8s is called stepph^, and 
may bo earned on by half-chains or shorter distances, instead of 
«whole chains, on very steep ground. ^ 

24. oamis (to which relbrenco has already been made in Article 
2, Division I., p. 8) are ordinates or transverse distances, measured 
£ram known points in a station-hike to objects whose position is to 
be ascertained^ such as bends and iiiiersectionh of fences, of the 
sides of roads, of the banks of streams, and C)f 6thvv boundaries, 
comers of buildings, and so forth. The surveyor notes in liis lield- 
book the distance in links ifom the commcDr'enieiit of the station¬ 
line at which the ofiTsf't is made ( A B, fig. 1, p. 8), and the length 
of the oflsot (B 0 in the same figin'c); tlie side of tlic page on which 
the latter is noted showing at wliicli side of the siatiou-liue the 
offset lies, as will be furiher expl.Qined in Article 28. 

Ofl&ets are almost always nt right-angles to the station-lino. To 
ensure accuracy they should seldom exceed about one chain in length 
(although ofisets of two or throe chains may be made to boundaries 
which are nearly parallel to the statioii-ljne); aiyi the sceomiary 
station-lines Aom whicli the details of the ground are surveyed 
should be laid out accordingly. The position and direction of short 
offsets may be laid ofi‘ by the eye; but the longer ofl^ts, eHj>ecially 
if they run to impottunt objects, should be laid off by letting fall a 
perpendicular from the object (at wliich, if necessary, a j)ole or a 
**w^hite” may be jikaccd) upon the station-line, by means of the 
** cross-staff” or of the “ optical scpinrc.” 

The Cross-Staff i.s .simply a slalf with a .sjiike on the lower end, 
and two paii* of sights at right angles to each other at the upper 
end. • 

The Optical Square^ which has almost snpeiscded tlio cro&s-.stafF, 
is a brass box, containing two small silvei'ed plate-ghiss Ukirroi’s, 
whose planes make wnlh e.»cli other an angle of 4r»'’; so tliat eveiy 
ray of light which falls upon tre first miri‘or, and is tl)eiK*e refleQted 
to ipeond mirror, i.s again reflected from the second mirror in a 
direcriou at right angles to its oiiginal dii'ection. A jwiiion of the 
second mirror is unsilvered, so that the 8urv(‘yor can see through* 
it. He places himself on the station-line, and looks through the 
unsiivered glass towards the signal at one end of it, and then moves 
backwards and forwtu'ds along the statiou-line until he secs the 
reflected image of the lateral object apparently coinciding in direc¬ 
tion with the signal on the station-line; the directions of those two 
■objects are then at right angles, and tlie point on the ground directly 
below«the optical square is the commencement of the offset required. 
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To adjust the optical square, Tunke a rest fur it by driving a picket 
or Rinall post (wliich may ]>e called A) four and a-half or five feet r 
high, ■^^ith a flat t<»p. Set up a pole two or thi*ee chains off in any 
conveflient direction (whieli jmle may he called B); look towards it 
thi'ougli the iinsilvored gl.iss; send au assistant to set up a second 
j)ole (C)» iu such a direeh'ojn that its reflected imago apporcntlyp 
coincides in direct ion with B. Then the lines A B and A 0 are ot 
ought to be at right angles. In the same way, let the assistant set 
up a third pole, D, at the w»me angular distance from ('', and a 
foul hi pole, K, at the same angular distance from T>. Then on 
hioking directly t'owkvds E, if the optical S(piar<* is eorreetly adjusted, 
the reflected image of B will be seen aj)])arentJy coinciding in direc¬ 
tion with E. Should it iK»t lie so, eunWt one quailer of the error 
by means of the adjusting •■orew which acts upon one of the mirrors, 
and nqieat the whole operation until the adjustment is exact. 

The ))urposc of an ojttieal s(pmi*e may bo answered by a doaj- 
sesdant, the index being set to 90\ This instrunient will bo 
desciibed in Chajitcr III. Lines at right angles to eacli other 
may sometimes be marked on the ground }>y setting out with the 
tape-liue or chain a right angled triangle of any convenient dimen¬ 
sions , the jiropcp'tifuis of the sk1(‘s being deU*rmin<id by the principle, 
that the sum of the square-, of the sides which enclose the right 
angle is equal to the square of the hypothenuse, or side opposite 
the right angle. 

Amongst the pnqiorlions of wbole numbers which fulfil that 
condition are the follow ing :— 


Sides eiidohing the 

Hypo- 

right angle 

theniise. 

3 

4 

o 

5 

13 

7 

24 

25 

8 

15 

17 

20 

21 

29 


Tlie most useful of the.se projantrolls is the first and simplest, 


• Tlie follewing i» a general method for finding any number of seta of ^hole num- 
bere winch are proportional to the aidca of right-angled tiianglea. 

Clmose an^ two numbers m lintsoever, n and n, m being the greater; anil if they 
are either both even, or both odd, make 


n? — «* 

* = «.«; y=—2- i * 


fli‘+ n* 
“ 2 “ 


but if one is oven and the other odd, multiply each of the above expreiMions by 2. 
Then, a!*+y-=s*; 

and X, y, and t are proportional to the three sides of a right-angled trianglo. s conra* 
Bitonding to the hypothenuse. 
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When two persons are available to measm*e the lengths of offsets, 
^iUier a second chain or a Tape-Hm may be n&ed. Tho surveyor 
may measure offsets without assistance with the offget-BtcLff^ —a. light 
and strong wooden pole tipped with brass or iron, ton link^ long 
from end to end, and dl\ided into links. 

2d. Obiiqne offaetM may bo made, if convenient, with the aid of 
an angtilar instrument, such as a box-sextant or a light * 
theodolite, to measure the angles which they make with 
the station-liiu*. But in surveying by linear measure¬ 
ments alone, oblique offsets are made in pairs from 
different jioints^n the statioii-liiu* to the samaol] 3 ect, 
in order to determine its position with moio accuiuey 
than is attainable by a singXi rectangular offset. For 
example (see fig. 4.), the position of tlie object D is 
found by measuring to it a pair ef offsets, B I), (J D, 
from two different points, B and C, in the station-line 
ABC. This proci‘8s, in f.iot, bi'longs to the method of 
surveying by trUiTigles, BBC being a triangle of which 
the three sides are measured. 

The nearer tlie angle between the two offsets, ^ 

B D C, apjM’oaches to a right angle, the more accurately 
is the position of the object determined, and dhre Rg* 4. 
should therefore bi' taken to make that angle neither vciy acute 
nor veiy obtuse. 

If a check on tho accuracy of the operation is desired, a third 
offset, E D, may be nieasurod to the object from a third point, E, 
in the station-line. 

The principal objects for which the additional accuracy given by 
oblique offsets is desirable, are comers and inter- I 

sections of boundaries, angles of buildings, mile-posts, f 

end the like. When the object is a corner of a / 

building, such as D lu fig. 5, it is convciiieut to make / 

each of the offsets, if possible (or at all events one ^ / 
of them), lie in a straight lino with a fiice of tho 4 1 
building, and so to dc'tcrmine Ac direction of su6h A 
£ace*or :^c(^. dpi r b 

No general rules can be laid down for surveying 
the details of an intricate building, except that in 
many cases a rectanglo may be set out so as to 
enclose it, and tlie sides of that rectangle used as 
station-lines from which to take offsets to the faces 
SBd corners of the building. To aurvi^ some 
building completely it is necessary to liave access ‘ ' 

to the inside. Fig. 6. 

26. Trtoagi«a«~-lt has already been stated in Articles 
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9 and 12| that the relative positions of different station-linea, and 
of thtS stations which they connect, are determined by so arranginff 
them as to form a complete network of triangles over the distruS 
surveyed. In the absence of angular instrunienti^ the iigare ol 
each of those triangles must be determined by measuring with the 
chain the length of each of its sides. 

In lig. 6, let AB represent a statiomline whose length add 

position are known; 0, a third station lying 
ont of the lino. TJicn by measuring tbe two 
remaining sides, AO, BO, of the triangle 
A B 0, BO that the lengths of all its th^ 
sidoH may be known, the position of 0 ia 
doUTtnined. c 

Agr<‘eably to the piinciple already noted 
in tlu' la'jt article, iliat determination is the 
more accurate the less the angle A OB differs 
tmu a right angle. Hupposing a certain 
error to have been committed in measuring 
one of the lines BO or A(J, the consequent erwr in finding the 
position of 0 is equal to the original error if A 0 B is a right angle; 
but if that angle is either at'ute or obtuse, the error in tbe position 
of 0 is greater than the original ciror in the proportion of the 
cosecant of the angle A 0 B to ludiiis. 

Triangles in which the angle at the point to be deleimined is less 
than 30**, o r - mor e than 1 60*, arc said to be “ iU-condUioned” and 
are avoided by skilful sur\<‘yort.. In fm ill-conditioned triangle, the 
error in the position of (J is more than double of the corresponding 
error in the measurement' of a side of the triangle. 

The accuracy of tbe mcasmvmci'ts in evoiy im]>ortaut triangle 
should be checked by liieasuring a ‘‘ tif-Une^^ from one of its angles 
to a kuowfi point in the opposite side, sueh as (IB in fig. 6. The 
agi'eement of the length ot 1 hat lino with the result of the measure¬ 
ments of the sides may be tested on the plan when plotted. It may 
alho be tested by calculation; for if all the measurements uiv* correct 
the following equation will be verified, 



CD8: 


AC2BD + BC2AI> 
AB ' 


-AD DB..:. ...(1). 


27. la Station- ijhm.—A long station-line, otherwise well 

adapted for its puqioso, may have om o” more places in its course 
tlirough which, owing to the intervention of buildings, woodi^ 
precipices, water, swamp, or other obstacles, it may be difficult or 
impossible to chain along the line with accuracy; aud in some cases 
also it may be impossible to range the line directly across the 
obstacle. These difficulties are most readily met by the use cKf 
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angular iustruments; but in the absence of such iustniments, tha 
eham alone may be used, accoi’ding to methods which may be 
* varied to suit the circumstances of Crich particular casa 

Three kinds of cases may bo distinguished:— Firstf ’those in 
which the obstacle can bo seen over from side to side, and chained 
round, but not chained acrusa Secondly, 'those in whicli it can 
•neither be seen over nor chained across, but can be chained 
round; and Thirdly j those in which the olMtncle can be seen* over, 
but neither be chained across nor chained round. 

In each of tlie figures that illustrate this ai'ticlc, the inaccessible 
part of the stMiou-line is marked by dots, ^d* the direction in 
which the»measurement piooeeds is indicated by an arrow. 

OABEl.'~TrA67% tJue obutatfe can be seen over, the first operation 
is to plant a ranging pole in the station-line at the further side of 
the obstacle; and the problem te be solved is, to find the distance 
to that pole from some |Kunt already chained to on the nearer 
side. 

Fibst Method (By a iMirallcl line, see fig. 7). — i 

Let A and 1) be marks at the nearer and further I 


sides of the obstacle respectively. By the optical square 
or otlierwise, range A B, 1) 0, at right angles to the 
station-line; iqake these perpendiculars equal lo each 
other, and of any length that may be requisite in order to 
chain post the obstacle along B 0, which will be parallel 
and equal to A B, the distance required; that is to say, 

AB =BO.fU 


Secoitd Method (By a triangle, see fig. 8).~A and 
B as before being points in the station-line at the nearer and 
further sides of the obstacle, set out u triangle A B 0 of any form 
and size that will conveniently enclose the obstacle, 
subject only to the conditions, tliat Ji and C ai-e to 
be ranged in one $traiglit line with B, and that „ 

the angles at B and 0 are neither to be very \ ' 

acute nor very obtuse. Measui^ witli the chain tiro \ 1 / 

lengths A B, A C, B B, B 0. Then the inaccessible \ | /’ 
distance A B is given by the formula. \} / 


■V{ 


AB*CD + A02BD n 
BC ■ 


Jd};W 


the computation of which will be much fiicilitated «. , 
by the use of a table of squares. 

That distance may also be found by plotting the trtangle and 
the point B in its base on a sufficiently l^e scale, and measuring 
A B on the paper. 






ENaiNEERINQ GEODBST. 


The ^figure of the obstacle may be surveyed by offsets fi’om the 
sides of the triangle. ^ 

Tuiiu> Method (By two triangles, see fig. 9). — Jjet h and 
r ' c be points in the station-line at the nearer 

and further side of the obstacle respectively, 

' ^ Fi-om a convenient station A, chain the lines 

I A 6, A c, being two sides of the triangle Abof 

\ I ‘ connect those lines by a line B 0 in any 

\ position wliieli will form a well-conditioned 

b' ^ triangle A 11 C, of as laige a size as is 

I • f practicable: measure its tlii^e sidea llien 

A the inaccessible distance is given by tlie 

• formula, * 

6«= a / { Ai* f -a B2+AC2-B(.)*; I (3.) 

The following modificiition of this formula, though less simple in 
appeaiunce, is better adapted to comimtatioii by the help of a table 
of squares; 

c = A / i A62 f A c‘^ - ( V 6 + A c)2-(A h-Acf 

V (A IJ + A C)2-(AB-A”0f 


(AB2+AC2_.BC2). .(;JA.) 


The points B and (3 are shown in the first insUince us lying 
between A and the station-line; but if necessary, they may 
taken in the prf>longjitioiis of A c and A 6 beyond Uie station-line, as 
at B' and C', or in tlu'ir ])rolougat ions beyond A, as at B" and C", 
and the same Ibimula will still apply. 

The formula is much simplified if A B and A 0 can be laid off so 
ts to lie resjiectively proportional to A 6 and A e; for then the 
triangles ABO alid A 6 c become sitniilar, B 0 is parallel to 6 c, and 
tlie inaccessible distance is simply 

f 

.. (4.) 

In this method, as well as in tlic preceding, the inaccessible dis¬ 
tance may be found by plotting. 

Case 1£.— When ^ obstade can be chained rov/ndf hid not 
tbrnmeiL across nor seen over. 

PiBST Method (By parallel lines, see fig. 10). —From A and 
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B, two points in the station-line on the nearer side of the ob^tacl^ 
#nd at least as far apart as the distance across it is judged 
to be, lay off, by the optical stpiare or otherwise, the 
e<}ual perpendiculars A 0, B D, of length sufScieiiC to 
enable a straight line C I) £ F, parallel to the station- 
Ijnc, to bo ranged and chained past the obstacle. Oom- 
menoe the chtuning of this parallel line at B, in con- ^ 
tinuation of that of the station-lino at £. As soon as the 
obstacle is passed, lay off the j>erpendiciilar E G equal to 
A 0 and B Dj then G will be a point in the station- 
line beyond the* obstacle, and tlie inaccessibly} distance 
will be 

1) K.(.■>) 


n 


By continuing the pai*allel line a^id i-epeating the same c 
process, additional i>oints in the station-line, such as H, 
may be found. 

Second Method (By similar triangles, see fig. 11).- 
point A, as far back as practicable from the end B o^ the 
station-line on the nearer side of the obstacle, 
range two diverging lines A F, A E, jvist the 
two sides of thfe cfcstacle, in which measure the 
distances A D, A C, of two points B and 0, 
which lie in one s^aight line with B. Uon- 
tinue the chaining of A F and A E, and make 
those distances rospech vely proportional to A B 
and A C, so that ABC and A F E may he 
similar laiangles. Measure B 0, in wliieh note 
the position of B. Measure K F, in which 
take the point G, dividing E F in the sntno 
ratio in which B divides 0 B ; then G will be 
a point in the staf ion-line beyond flie obstacle ; 
and points still fiirthev on may be found, if 
necessary, by a similar process ^ 

The inaccessible distance B G is found by the fonnula, 


II 


Fig. 10. 

From a 
chained 



Fig. U. 


BG = 


ABCE 

AO 


.( 6 .) 


The boundaries of tlie obstacle can be surveyed by offsets from 
the aides of the quadrUateral 0 B F E. 

Third Method (By transvci-sals, see figs. 12, 13),—Let a and 
h be two points in the chained station-line at the near side of the 
obstacle, about as far apart as the inaccessible distance 6« is 
judged to be. Mask a station 0 so as to form a well-GOnditioned 
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tripigle with a and b; prolong the lines b C and a 0 until two 
points A and B arc reached through which a straight line can b% 
ranged^ and chained past the furthor side of the obstacle. 

In some cases it may be advisuble to begin by choosing the 
etations A and B, flien to cIiooho 0, and then to range the lines 
B C a,^aud A 06 (us in fig. 12), or A 6 0 (as in fig. 13). 




All the sides of the two triangles ABO, ab C, are to be 
measured. 

Tlicn, fo Jivd flm point c at the <nfp)section of the atatum-lvne wkh 
A B, compute the distance of that point from B by one or other of 
the following formula':— 

If 0 lies in A B produced, as in fig. 12 


Bc=r 


A B • tf B • 6 C 
a * K b ~n U • 6 0’ 



If c lies bitwcH'ii A and B, as in fig. 13, 

. Be- ABv,B-60 
Oa-Ai+aBiO 


(7 A.) 


Kext, to find the imacemihU distance h c, use the followin'^ formula 
(which is applicable to both figures) :— , 


, a6-A6-BP 
OA-o3i-.A5'BCr 


( 8 .) 


The same problems may also be solved by plotting the figure 
A 6 c A B 0 o, and pi'oducmg a h till it cuts A B, as in fig. 13, or 
A B produced, as in fig. 12. In a purely mathematieal point of 
Wew, it is unnecessary to measure both A B and a 6. as fither of 
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those lines might be calculated from the other ; but both should 
#icTerthelcs8 be chained, as a check on })ossib]e errors.* 

Case III. — W/t£/i the ohetacle can he seen ovcTy hut j^iher 
chained o/crose nm cJuiined round. This is the case of a station- 
line interrupted by a deep ravine, or a deep and 
ijtpid river. The first operation, sm in (^ase I, is to 
range and fix a pole at o (fig. 14) in the station- 
line beyond the obstacle. The next is to find 
the distance h e. 

First Method (By tmnsvorsal.s).—On the nearer 
aide of the obstacle, mnge the stations A and B5in 'gj 
a straiglit line with r, making the angle h c B 
greater than .30°, and place tfiom so tlint tlio intor- 
Hccting lines A 6, B<r, connecting them with two 
points a and h in the htation-Jiue. 'fliall form a pair 
of well-conditioned triangles « 6 (^, A B (\ as in the 
last problem. Measure the sides of these triangles, 
and comjmte the inaccessible distance h c by e(piation 8, already given. 

As a cheek upon the position thus found for the ]>oint c, com¬ 
pute also the inaccessible distance Be by ineaus of equation 7. 

This problem is solved graphically by plottiug«the figure ah 
cA B 0 a, and producing a h and A B till tln-y intersect in c.f 
Second Mf.tuod (By the optical squai-e, whi'ii the inaccessible 
distance does not much exceed three or four eliains, 
see fig. 16). B 1) being the iiiactessible distauc(‘, at 
B, with the optical wj’.are, a(‘t out B 0 ])erpendicnlar 
to the station-line, and of a length such as to make 
B 0 D a well-conditioned triangle. At C, with the 
optical square, range C A peipendieidav to 0 I), 
cutting the station-line in A. Measure A B, B C j 
then 

.V - (»•) 



' 'Ihe following are the foiinulis for oA<.ulating; A B itoni a 9:- 

InFig. 42 { |lJC"+CA^—+ 

In Kg. 13j A B ■= |b CM C (A CMCa*-o. 

To compute a h fiont A B, iuterebange the jioaitione of A and a, B end 6, through- 
oot the above formulie. 

t The eolutions of this and the preceding problem are founded on the Hist theorem 
in Careot'a edebrated eesay On Vie Theory oj 2'ransvertats ; a branch of Oeometiy 
St once simple in its principles and ubeful in its applioatione, but little known or studied. 

The calculation represented by the formula 7, when each of the clvon distances if 
•xpnna^by lour figures, has bew fiiuiid to occupy about five minutes. 
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Methods for measuring ga}»s iu statiou-linos by the aid of angulai 
instrumeiits will be explained in Cha)>ter III. • 

^8." pifld-Book.—The wi'iiing and sk(d idling in fiedd-books is 
made either with ink oi* with an indelible pencil. Tf the book ciin 
be protected from I’liin, ink is to be pi*(dejaed. 

The fiedd-hook of a survey should commence wilh a sketch 
showing the g«*neral aiTangeuient of thi* stationy and station* 
lines relafcividy to the more cons])icii()us objects on the ground to 
he surveyed, made by the sxirveyor when he explores the country, 
as mentioned under h<*ad (o) of Aitiide 1page 1 % 'fhose stations 
may be distinguish'^! by letters or by numbers. Principal stations 
are usually marked ihnw 'fhe reiuainder of the book will con¬ 
tain the detailed noU's of the distanees idiained along the several 
station-lines, and the ofTsets measured from tliem. 

In ordi'r that forward and baeknard, light and left, on the 
ground, may he ivprcyenti'd by torward and backward, right and 
left, in the hook, ilu* suee(‘s‘'iie notes written on <‘aeh j)age liegin 
at the bottom and proceed towai ds the toji; and the pages are 
nnmlx'ml from riglit to Irft. lii the middle of each page is a 
vertical column bi*oad enough to coetain uinnber.s of live or six 
figures, ^riiat column reiiri‘senfs the station-line. 

The surveyor logins at the bottom of the first i«ig\*, by writing in 
the eimtral column a letter, or otlicr mark, to diuiott* the station at 
wliioh the line about to lie chained commences, ainl beside it, a 
n<*te slating between \\liat stations the line runs: for example, 
“from A to B.” As the ehainiiig advances, hi* notes in the central 
culuiun, ])r()eecding upwards, tli<‘ distances at which the .station-line 
crosses boundaries, and 1raM*i*scs ii.tt'rmediate sUitions, and at 
which offsets an* taken. Eacli distance of an intermediate station 
from the eoinmen(*ement is distinguished by eue]r)hiug it in an 
oblong or ovtd, and writing o]»posito to it the designation of the 
station, together with a relen*iiee tf» the other pages of the field- 
book iu whicli the saini* station is referred to, and si note of its 
position njsm otlv'r station-lines which trsivcrse it. ^I’o the right 
and left of tin* central column are wTitten the offsets measured to 
the right aud left re.sjieetively, each opposite the figures ilcnoting 
its distance from the comini'ncement of tbo line ; and those ofFsots 
arc acrom])anicd by a sketch-plan of the objects to which they are 
measured, with oxplauatoiy notes when n ouired. 

On arriving at. the end of a station-line, the ridative direction 
of the next line chained may either bo stated in words—as, “turn 
to the right/’ “turn to the left”—or indicated by symbols like the 
following ; At the eomni(*nooment of each new station- 

line will be stated the jN>sitiou of the point from which it starta 
«ipoa a former station-line. 
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Oblique ofiketn, small triangles, measuroments of buildings; and 
the like, arc best recorded by sketching a diagram of the lines 
measured, and writing th<'ir lengtljs along them. • ’ 

Tlie preceding explanation shows the gen<‘i*al priiicijdes acdord- 
iiig to which 6eld-books of chained surveys are kej)t. The di'tfiils 
vary veiy much in the practice of individual sur\<‘yors. Jt i» to be 
recommended that (‘very surveyor should keej> his field-book so 
distinctly that it may be possible for a dranghtsinan to plot Iho 
fiiuvey from the field-book without receiving any explanation fi*om 
the surveyor. , , * 

29, Ploitina a rhained ftarvey.—In idotting a (Aiiwcy, great atten¬ 
tion should be paid to the abf^jdute fiatiiess of llie di-awing-board or 
table on which the pajjcr is to be strained or laid, and to the perfect 
btruigbtuess of the striiight-cdgo ly which station-linea are to be 
ruled. 

If the plan is to be mouiit(‘d on cloth, the jmper should be 
mounted befoi'e the plan is plotted; otherwise the moulding will 
alter its diuiension.s. On tlie wJiole, it is hotter »/o/ to strain ” the 
jMiper on which a survi^y is plotted on a drawung-hoai'd, in the way 
practised for arehitectuiul and inechanieai di’awings; lieeause, W’hen 
the ])aper is cut away fr<»m the boiml, and so relieved from the 
01111111 , it will contliict, and perhaps contract unequally in ditl'erent 
directions. 

Each day’s w’ork should bo plotted as soon as possible after 
having been siu'V eyed. 

The Bcalo according to which tlio survey is plotted should at 
once bo drawn on the ]>hin, whni it will contract and exjiand along 
with the pajier. 

Tho plotting is commenced by marking with a noodle or pricker 
a )ioint to rejiresent the first station; drawing a stinight line 
through that j>onit to represent the fiist station-liri^, and laying 
down cm tliat lino, with a pair of beain-coni passes, the positions of 
the other stations which it traverse's. 

The 0 [U'i'uiions which (ollow <'<%nsist chiefly in plotting triangli^, 
and jilotting distances and ofisc'ts. 

30. pifjjFiinit Trian|E(i<‘N.—The great triangh's, w’hosc sides connect 

the }uiuci|»»l stations, are to bo first plotted; then the secondary tri¬ 
angles, UJitil the w hole network is comjileted. The ^ 

operatiou of plotting a triaiigie whose three sides / \ 

have befin measured is as follows:—A and 15, / 

fig. 16, represent two stations already plotted; / \ 

the distaTices A (J, B 0, of a third station from — 

those stations ai‘c known. With these’ distances 
aa radii, describe with the beam-comjiasses a pair of small cii’cular 
VGs ab(wt A and B respectively; the iutersectiou of those arci< 
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markfiktlic required station 0 on the plaiu Then with the straight¬ 
edge rule the lines A C, B 0, and the triangle is complete. r 

It IS, usual, for the satisfaction (3f the engineer, and for futuw 
reference, to draw permanently ou the plan, in a faint red colour, 
the principal Htation-lines, fonniiig the primary network of tiianglea 
Those knes are soiuotiines called “ lines of construction.” In Bou^e 
cases it is useful to draw jjenrjaneutly in the same way a portion 
of tiie st^coml.iry ludwork of triangles: so far, at hvisfc as they can 
be used ill computing areas. 

When the plan of a survey (jvteuds over several sho(‘ts, it is 
necessary, in order to show' the connection l)(‘tw(‘eu two adjacent 
sheets, that a iX)rliou of at least one station-line, ooiitami|ig at 
least one i)riiieij)al station, should he plotted fui each of the two 
sheets. 

31. Ill IMotflnff DlMtiiiicrH* OfliirtN. and DetailM, a Hat ivory or hox- 
wood scale is laid on the ]»apcr ex.actly pandh'l to the station-line, 
and loaded to kee]>’it at rest: tlio divisions marked on its erlge 
represent distimees. A shorter flat scale, having hi’r>ad en<ls exactly 
perpendicular to its edgts, is laid on the j).iper with one end against 
the edge of the scale for distaiices: it is slid successively to the 
several distaiic‘s frern the station noted in the field-hook, mul the 
ofiscis are laid down hy pii^'king with a needle opju/sitc th(‘ preper 
graduations on one of its edgt's. Cave should be taken that the 
offset-scale is exactly rectangular. 

Oblique oflk'ts are plotted like tlie shies of triangles. 

In estate plans, on a large .se.de, diih'reut kinds of fences, such 
as stone-walls, hedges, palings, \'c , an* distinguished from each 
other by eoirtentioual mode-* of marking; hut in plans for enginrer- 
ing projects, it is sutlicieiit to distinguish Ixdween fenced and un¬ 
fenced liin*s of divisif>n of land, maiking the former hy plain and 
the latter by dotted lines. In working plans on a large scale, walls 
may be shown of their ])ro|K'r tliiekness, ami coloured red. Boun¬ 
daries of parishes, counties, boroughs, and other legal divisions of 
the country, are marked with ]K’e;,iliarly shajicd and ui’mnged dots. 
Iloads are coloured dnih; str<‘ams and ju(*ces of water light blue, 
with a darker shath* along their eilges. I)w<‘lling-house& are col* 
oured light red, out-huildiiig.s dark grey, public buildings light grey. 
In engraved jilaiw buildings are shaded by diagonal hatching. 
Bnilways are marked hy j»arallel lines iv'preHentiiig rails ; and m 
some cases these are cresst'd by sliort fine hues to indicate sleepers. 
Canals are distinguished from streams by their greater uniformity 
of width and regularity of course. Trees are indicated by sketch- 
ing small figures somewhat resembhng them. 

There are conventional modi'S of indicating the nature of the 
surface of the ground, whether gai-den ground, arable land^ pasture. 
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mai'sh, hcaLh, and the like ; hut in [dans fnr enginoei*ing i)roj<‘ct8 it 
snfficieiit to refer by imiubers written on the plan to conTSj^ond- 
\iig mtmbcrs in the })ook of refemice, in wliicJi arc stated the 
owner or reputed owner, lesst'o or reputed lessee, oceupiei^ and 
deseriptLou of ejK*h poition of j)ro]KTty sliown on the plan. 

^ 32. mieafiaring Arrnv.—Tlio elcnu'utary UK'thods of ]ia>«suring 
areas which !};re useful in surveying are of three kinds:—the 
method of triangles,—^the method of ordinaties,—and the mefliod 
by tueehaniKin. ' 

f. Mnhod of Triangles .—Let a, 6, c, denote the lengths of*the 
Bides of a triangle, and • 

a I-&4-C 
o -» 

the half-mm of those lengths; the ajjea of the triangle is given by the 
formula— 


Area - Js (s — a) (s ~b) (s — r);.(].) 

or, using logarithms— 

log. area = 9 | ® — g) + log. (« — 6 ) 4 log. (s ~ r) | (2.) 

Another formula is as follows: let a be any one of the sith's of a 

V • * 

triangle; p the perpendicular u])oii that side from the ojiposite 
angle; then— 

Area -.(3.) 

W 

Every Hght-lined hgure can have its area calculated by dividing 
it into triangles, computing tlicir aieas by one or otlur of the j)i*e- 
ceding formula', and adding them togc'tlier. 

The areas of iigures with curved outlines can be fouTyl ajiproxi- 
msitely by this nu'thod, pr<wded by the process ealle<l 
“equalizing;” which consists in drawing through tho 
curved boundaries a set of straight liiu's so as to en¬ 
close, as nearly as the eje can ji^ige, the same urea. 

11. The Afetliod of Ordinates is apjdicable to a Tong 
piece of ground of \urymg brt'adth, such as the stripe 
of land i*?(|nired for a railway, or tlio area 
seiiU'd VI tig. 17 . An axis is drawn along the greatest 
lengtli of the figure; bw'adths are measured along 
ordinates at liglit angles to that axis, snfticic'ntly close 
together to make t.he 8])aces betwei’ii them approxi¬ 
mate to trapezoids. Tlien let d be the distance along 
the axis iK'tween two adjacent ordinates, and 6, h\ tlie 
breadths of the figure at those ordinates; the area con¬ 
tained between that pair of ordinates is— 
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6 + 6 ' 

2 

and tha area of the whole figure, being the Exim of the areas of the 
pai'ts'iuto which it is divided Ijy ordinates, is exprohsed as follows:— 


Area 


.( 4 .) 


2 b^^ng a symbol of summation. 

If the ordinates ai*© at equal distances apart, all the values of d are 
equal, and the jjreceiliiig fonnulse becomes ^ 

Area - ^^ + 6^ + 60 + 63 + <kc... + ^‘^^/;... .(6.) 

6, and 6„ being tho breadths at the two einla of the figuiH}, and 6j, 
62, «fee., the inteniietliate breadtlfs. 

A modi lira tiou of ih(» last fonnula, founded on the assumption 
that the lateml bounduiies of the figure consist of short jiarabolio 
arcs, is as follow s, the nuinWr of divisions being oven;— 

Areas |6, + 6„ +2(634 64 + <fea...) + 4 ( 6 j + 6g + &c....)^ .^,..(6.) 

The most artjurate w^ay to find <;he area'? of all tlip pieces of land 
included in a surviy, is to use the dimetibions as given in flic field* 
book alone, ealeulating the areas of the friangh's l)y formula 1 or 2, 
and the areas of the stripes of land lying between tlie station-lines 
and the A‘ne<‘S snrvryod from th<*in by formula 4 , in which 6 and 6' 
are to be taken to rojiresent a jmir of adjacent olfsets, and d the 
distance betw(‘en thmn. 

This jirocess, however, is very Jabori )iis, and may in many coses 
bo dispensed with, by ecjualizing boiimluricb and taking measnve- 
ments on the ]»hjn. 

III. Mdhud hy Mechamam .—Instruments for measuring areas 

oil plans by meehanism are called “ J^laui- 
'' 5 -... meters” and “I’latomebTSj” and several 
I have bl'en contrived by diih'ivnt iu- 
; Visitors j amongst otliers, Oeuoral Mon’n 
and Mr. Sang. 

The simph'st Tlanimeter is Amsler’s, 
of which a sketch, showing its*" general 
])riuciplo, is gi't n in fig. 18 . A is a 
loaded di&c which rests on the table, 
and serves as a fixed sujijKirt for the 
instruineut. In its centre, at B, is an 
upiight pin, upon which turns the arm 
B 0 , to which at 0 is hinged the arm U X>; so that the tracing 



Fig. 18. 
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point at 1> can be moved iu all directions over the paper. Iglxaetly 
,in the straight line 0 D is the axis £ of the small wheel F, whose 
edge rests on the paper. • 

When the tracing point, D, is carried round the outline «f any 
figure, tnich as G II I, so ns to retui'n finally to the ])oint from which 
it started, it can he proved, that , 


Distmice rolled hy tits edge of ijie tvhed F = 


and consequently tliat • 

Area of Figure = C "D x Distance rolled liy tiie wheel F. 

CD is a measured constant length. The distance r«)lled hy the 
wheel is measured hy a graduated circle and vei-nier at one side ni 
the wheel; the number of com])le 4 i‘ revolutions being reeordotl by 
another wheel, driven hy an endh'ss screw on the sliaft E. This 
wheel and screw are omitted in the sketch, Jn Ilritain, the gradua¬ 
tions on the circle usually represent squats inches of area on the 
paper. 
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‘Vij. HnmmaiT of Trlgonometricnl Vormulm n«od In (4urrey(n||> 

I. Rcfntiom hHidim Angles nml Aroi .—The an^e or differmix of 
direction, li A (J, between two .stKiight linos, A 1>, A 0, which meet 
at the point A, ia expre.sse<l ns a jpinntity, as is well known, by 

stating how many of cei-tain aliquot fiarts 
ol u right angh' it eontiuns; tlmso pai’ta 
being, tJie degree, or ninetieth part of a 
right, angle, the minvle, or sixtieth jiart of 
a degree, the ntcoiu/, or sixtieth part of a 
ininnt(‘, aiirl the dociinal fractions of a 
second. This mode of expressing angles 
is th<" most conv(‘nient for trigJinometrieal 
ealeiilatioii. Another way of rej>resenting 
tlio wnin* method is to eoins'ive that a 
cirelc D K F is deaerih(‘d about A in the ])laue of A B and A 0 with 
any radius; that the cireumferenee of tliat eirclc is divided into 
300 e(pial ares called degrees, each degree into 60 minutes, each 
minute into 00 seeoiids, and so on: and that tho number of such 
divi-sions of the circle <'oiit}iiu(‘d in the arc 1) 15 which subtends tho 
angle B A 0 is ascertained. 

A see<avl inetliod of ex]»r<*ssing the angle BA<1 is to take the 
ratio wliioli ‘tlio circular arc I) E aid»teudiug it bears to tho 
radius AD. Jn tliis case the angle is said to be exjircssetl in 
terms of arc to radius vnif//, or in circular vieamre. This met,hod, 
though leas simple than the forun;y, and loss commonly employed, 
is nseful in certain cases. 

The two methods of expressing the same angle are com^iarod with 
each other by the aid of our knowledge of the ratio' which the 
cireumferenee of a cii'cle bears to its diamtster: which ratio, although 
it cannot be expressed with absolute exactness by any number of 
arithmetical figui-es, can be calculated tc ny rtquiivd degree of 
accuracy by 8uec(’.ssive aiiproximations. It has been corapuh'd to 
about 250 places of decimals; but seven places of decimals are 
sufficient for ordinary jmrjioac'a I’lie following table gives that 
ratio to eight places of decimals, with its common logarithm, and 
aeveml ratios and logaiithms deduced from it:— 
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Ratios. 

^ircurafereiiccof a circle to diaraeter 1 
s= Length of a seniicirclt* to iwliiis 1 ; V 3’i4i59265 
ssArea of a circle to radius l=<r;} 

Qnttdrftnt, or uto subtending a right 1 *■_ 

.angle, to iiidiusl; ./ jj " ‘ 

Arc suljtending one degi'co to in-)_f 

diuBl;.J -l),0-°°*?'*Sa39 

^ di^'T"”*'”® • “*’ ^ 0-000*908882 

^ ™'} o-oooools+Sis? 

Arceijualtoradius,expressed in degires, 57“'2957795 

— — — ill iui?mt»*s, 34.J7'747 

— — — ill seconds, 2 o6264"’8 

_ — — in degivos, 1 „ , „ 

minutes, and seeoudb,) 

‘— — — in decinial) ^ _ q-i- oi ri-i 

fractions of the oireuiiifereiiee,) 2 v ^oo 


Lngvithms. 

o*-t97U99 

0*1^61199 

8*2418774 

6*4637261 

4*^'>^35749 

1*7581226 

d'5362739 

5 ’ 3 M 4254 


9*2018201 


Surface of a Lemisphei'c to nidius 1 ; ... 6*2831853 0*7981799 

The indices of th^ logamthmb of fractions in the above table are 
affixed according to the bysteni 'whieh is emjdoyetl in trigonometrical 
calculations in onlci* to avoid negative indjces; that is to say, tlio 
index in each case is Jic conijilement of the pioper negative index 
to 10, or the logarithm is tliat of the product of the fraction mto 
10,000,000,000. 

The “centesimal” division of the qnadmiit into 100 degrei's or 
“grades,” 10,000 minutes, and 1,000,000 seconds js how nearly 
obsolete, even in Fitince. 

II. Zie^atiom amongst TTigono 7 )ietncaf Z'amtiom of One Angle .— 
The simplebt mode of defining tin* tngonometncul functions of a 
given angle, bueh as the bine, eoSine, «iro., is to state that they are the 
ratios to each other of the sides of a light-angled triangle containing 
the given'^gle. Another mod(‘, and the more common, is to state 
that th|iy are represiuited by lineb di-awu in particular ])08itions with 
resjiect to a circular arc of the radius unity, subtending the given 
angle. 

In fig. 20 , and also in fig. 21 , A B, A 0 , are a pair of straight 
lines making with each other an a^ule angle, B A C. 

In fig. 20 , 0 is any point whatsoever in one of those ‘lines, and 
0 £ a poipendic'ular let fall from that point upon the other line, so 
fla to form a right-angled triangle, ABO. 
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In %. 21 , a circle of tlio radius unity is described about A, 
cutting off from each of the two lines a part equal to -the radius,, 
viz.:— . 

* AD^AC= 1 . 

A F is a third radius, perpendicular to A D. 

C B and 0 H ai’c 2>erpendiculars let fall from 0 upon A I) and 



Tifr. 20 . 


Fig. 21. 


AF 1‘ospoctively; DE and F 0 are straight lines touching the 
circle at D and F (jM'rpendicular, tlu'refore, to A I) and A F), and 
cutting A 0 produced in E and (I resjieetively. 

Th(‘u the definitions of the several trigonometrical functions of 
the angle BAG, according to the two methods, arc as follows:— 


Sine, . 

Cosine. 

Versed Sine,... 
Covorsod Sine, 

I 

I 

Tangent, . 

Cotangent,. 


In Fig. 20. 

BO 

AC 

A C 

AC-AB 
AO 

A G-BJO 
AC 
BO 
AB 
AB 
B6 






Id Fig. 21. 

..BO-AH 

..AB-CH 

..B D 

..riF 

..DE 

..FG 


Secant, . 
Cosecant, 


AO 

AB 

AO 

BO 



..AG 


Tn tig. 20 , the angles BAG and BOA are complementtwry to 
eaoli other, being together equal to a right angle; so also are the 
angles B A 0 and 0 A F in fig. 21 ; and when this relation exists 
between a pair of angles, the sine of each is the cosine of the other, 
and so of all the other functions by imca. 
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Denoting the angle B A 0 for brevity’s sake by A, the following 
•equations give tho most importBiit relations amongst its trigo* 
nometiioal functions:— 


tiiu A 


1 


cos 


sin A = J 1 -^ 008^ = A — A 

sec. A cosec A 

,*A = 52^2^ = - ix 

cosoc A SCO A 

versin A=sl — cos A; ... 

coverbu? A = 1 — sin A ;. 


rJ.(!•) 

m 

;... • ( 9 .) 


( 5 .) 

(*•) 




COS A cotan A 


= sin A** sec A 


1 ; ( 6 .) 


cotan A = = L. = cos A ’cosec A = n/ cosec’^ A — 1 i ( 6 .) 

sin A tan A ' 


sec A = — —^ =! s/ i+tan 2 A: 
cos A 


coseo A s=? —= \/ 1 colan^ A. 
sin A 


( 8 .) 


Tlie trigonomotncal functions of an obtuso angle are defined as 
follows:— 

In fig. 20 , and also in fig. 21 , let A c be a straight line making 
witli the line B A •produced heyoitd A an angle 6 A c rr B A C. 
Then the obtuse angle B A c is tlio auppJemrU of the acute angle 
B A 0 , and is denoted by * 

1800 —A. 


From 0 in both figuivs lot fall c b perpendicular to A 6 . In fig. 
21 , draw c II peq)eTidicula,r t8 A F, and the tangents d e, Fp, 
cutting A c produced in e and g. 

Then Ih fig. 20 , the right-angled triangle A 6 c is similar to 
ABO; and in fig. 21 , the combination of lines on the right of A F 
is similar and equal to tho combination of lines on tlm h'ft j from 
which it appears, that all the trigonometrical functions of tho obtuse 
angle 180 ® — A (with one exception to be presently pointed out), 
are equal in nurncriccU veUt/e to tho corresponding lunctions of its 
supplementary acute angle A The one exception is the versed 
tine, which in fig. 21 is represented by D 6 s A D+ A ft ss 2 A D 
— DB 








40 


ENOINEERINQ GEODEST. 


I 


In .order the >K*tt«‘r to distinguish between trigonometrical 
functions of* acute and obtuse angles, the principle is adu]}ted,« 
th.il inasinuoli as A B and A h (m botli figures) lie in op[M)8it6 
(/irecitiout from A, tliey shall be regarded os having opposite 
signs :—that is, A B lx.'iug positive, A 6 is negative; which 
amounts to laying down the rule, that comim of obtuse anfftes ai^e 
ncyntim. The following are the relations beiw^^en the tvigo- 
noim*trical funefions of an obfuse angle 180® — A, and its siip- 
])lerneu1ary acute angle* A, which arise from that rule ;— 

bin (180® ■»- A) = f»in A; • ' 

cos (1800— — — cos A; ^ 

veiHii (180®— A) = 1 -l-c?os A = 2 —^elAin A; 

coveihiii (180® —A) = eofusin A; 

bin (180® — A) = — tan A; 

eotan (180® — A) = — cobiu A; 

sec (180® — A) = — sec A; 

cosec (180® — A) = cob(‘c A 
» 

From these equatioub ii is to be understood, that in applying to 
obtuse angles tiigononietiic.d formula? whicli were origimilly 
intended for acute angles, tho algt'hraical signs of all sines and 
cosecants of such angles are to bo kept unchanged, and those of 
eosnw's, tangents, eot.ing* uts, and secants reversed. 

Jn analytical g<‘oinetry a further dislinetion ih drawn between 
the shies of angles, whetlier acute or obtuse, lying fo the right and 
left of a fixed dim,tion, winch aie regard«‘d as jiositive and negative 
i-ospectivcl}. Ingeodfsyit is imn(‘cess.uy to introduco that dis¬ 
tinction, e\ce})t ill (mo ease, to be explained afterwjirds. 

J II .—Triyouomtfricat Functions of Teoo Angles. 


A 


2 . 


sin A = 2 bin 

2 


COb , = 
2 


cutau ^ + 

2t 


tan 




—cos 2 A 




( 10 .) 


cog A =cofe2 —siii^ o “ ^ 

2k 2 


2 sin® ^ — 2 cos® \ 
2 2 


A A 
cotan — tan 


cotan ~ tan ~ 
2 2 


■1=V 


1 + cos 2 A 


H11-) 
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taaAss , A . A 
cotan ^— tan 5 - 
« 2 

sin 2 A 

1 + cos 2 ^ “ 


E-V!- 


— COB 2 A 
+ cos 2 A 


1 — cos 2 A 
sm 2 A 


(fa) 


Lei A and B any two anglca 

sm (A + B) = sin A cos B -f- cos A sin B ^, 
sin (A*— B) = bin A <‘oa B — cos A Sin *B; 
cob (A + B) = co-^ A tos B — sm A sin B; 
cos (A — B) = cos A co^ B + sm A wn B; 

ton(A + B)= + 

' ' 1—UuA Un B ’ 


•( 13 -) 

• ( 14 -) 

• (IS.) 

• (16) 

■ ( 17 .) 




1 + t.iu A tan B ' 

sin A* -f sm B = 2 sin ^ "^1'. cos ^ ^ ; 

2 2 

tan A — sin B = 2 sin ~l2. cos4l^ ^ 


. (19.) 


. ( 20 .) 


COB A + cos B = 2 cos cos . . (21.) 

00 s B - • cob A = 2 sm ?. sm ® ■ . (22.) 

tan A + Ian B dt ; (23.) 

tan A—tan B= .( 24 .) 

cotan A + cotan B = ;. (25.) 

sm A • sm B ' ' 


ootan B—- cotan A == . 

sm A am B 


( 26 .) 
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, sin® A—an® B — cos® B— cos® A s= sin (A — B) *) f^ir \ 

sm(A+B);.f 

. ' cos® A — sin® B ss cos® B — siii® A = cos (A — B) ) /no \ 

cos(A + B);. 

taii>A_tau«B=: sin(A-B)rin(A +B.( 29 .)* 

■ cote,. 2 B^eotan* A = (30.) 

TV. Fonmilm for tha Solution of* Plane Tricmglee ^—All these 
foiinulso are dodnced from the two following principles :— 

The sum of the tliree angles of a plane tiiangle is equal to two 
right angles. 

The sides of a plane triangle ore proportional to tho sines of the 
opposite angles. 

When the computations are to be made without the aid of 
logaritinns, the simidest formnlss are the best; but when logarithms 
are used, forfaulai of greater complexity arc often, employed, in 
order, as far as possible^ to <lispen,se with additions an<l subtrac¬ 
tions, and make the calculation consist of multiplications and 
divisions. 

Fig. 22 represents a plane triangle, whoso three angles are 

denoted by A, B, C, and the three sides 
res])<‘,ctively opposite them by «, b, c. 

The following equations express in vari¬ 
ous forma the relation between the three 
nngh^w, and enable this problem to be 
solved, girenf two of tlte mujleSi or trigowh 
metrical fu/n,ciio7is of tlmn: iofmd timd 



Fig. 22. 

anghf or a trigonometrical function of it. 


(31.) 


A4-li + 0=180°;. 

I 

Let A and B be given; then 

0-180“ —A- B;.(32.) 

fidn C s= sin (A + B); cos C — cos (A + B);... (33.) 

. - tan A + tan B C A + B 

*“ j=cotaii -j-....(34.) 
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Problem First.-—W lieii the AukI*** and on« MIdo are girenf let » be 
till given side; then the other two sides are 


h^a 


sin B ^ 
sin A ^ 


a * 


sin 0 
Sin A ^ 


or By logaiithms, 

log 6^s= log a + log sin B - log bin A;) 
log c -= l(»g a + log sin 0 — log sin A. / 


(30.} 


(35 A.)* 


Problem SeOOEI).— when two Aide* and the If cli|ded Angle are 
given, let o, 6| be the given sides, 0 the given*included angle; 
then ' 


1. Tojmtl tiis tJdrd JiVe, the simplest fonimla is, 

c— + 2a6 cos C); .(36.) 

(obsemng, that if 0 is obtuse, tho third term within the bi’aokets 
is to be added instead of subtracted). 

But this formula being uusiutable for logarithmic ealculatiun, 
one or other of the following pioctsses is substituttd for it. 

First Method. •— * 

make sin D = ^ ^. cos ~ \ then 

a + 6 2 


*• = (a + 5) cos T>.(37.) 

Second Method:— 


miike tan E ^ sin 9: then 
a - 6 2 

c — (a - 6) bee E..(3S.) 

2. Tojmd the r&nahibig and B. ^ 

If the third side has been computed, 

« 

Bin A * sin C; sin B=: -•sin 0 .(39.) 

c ' c ' ' 

If the third aide has not been computed, 


. A4 B , 
tan • —x:— - cotau 


2 


A» 


A + B 


, 0 , A-B a-h , Q\ 

2 ; tan -3-=--J cot™ ^ ;i, 

A-B „ A + B A-B 
+ - g-g-, 3 
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P^IOBLEH Third.—W hon the Thrt'e Sides are gireu. 

Tojiml ant/ om of tJis angles, such as 0, the simplest formula^ 
tlie'f9Jlowing :— 




cos 0 = 


2ab ’ 


(41.) 

S 


but this formula being unsiiited for logarithmic calculation, one or 
other of the lour following foj'niulaj is employed instead when 
logarithms arc used. Lot the half-sum of the sides of the triangle 
be denoted by* • * 


8- 


a -L b + Cf 
9 * 


then 


cos 9 = W.^-yJ; ,dn 9= 4y<”-") (»-*) 
2 V ab * 2 V ab 

fotau ^ = A /‘li* -- A / (" 

touug V («-oU»-6V 2 V s(s-i)‘ 



When if^ a large argle, the expressions foi; cfis ^ and eotaii ^ 

are the most convenient ill ealeulation: when it is a small angle, 

0 ” 
those for sin ~ and tan ' ai*o to he preferred. A fifth formula, less 

used than the preceding, is 


sin C - 


2 Js (s-rt) (*~6) (s-c) , 
“ ah 


(43) 


but this is ifn-suitable if C is m !U’ly a right angle. 

Problem Fourth.— 'JTwo Niden glren, and ih« Angle oppnvite one of 
them.—In fig. 23, let A be the given angle, 
and a. r, the given sides, of which a is opposite 
A. The sine ol‘ the angle opjiosite c is given by 


A-=^ 


u 

\ • 


V 


Fig. n. 


the exjiression, 


sin A: 
a 


(14.) 


but this may a])ply either to the acute angle 0 or to its supplement, 
the obtuse angle C'=180®-0; (1 and (1 lieing the two points in 
the stj'aight line A C' 0 which are at the distance a from B. Unless, 
ther(‘fore, it is known by observation whether the angle opposite 
the side c is acute or obtuse, the solution of the problem is ambigu- 
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0118. Should that, however, be known, the angles can be com]mted, 
a^d thence the remaining side, by tho method of the first problem. 
Jn general, problems that fail under the fourth case ought to ba 
avoided in siu’veying, especially when tho angle opposite o is iieijrly 
a right angle. 

Jn all trigonometrical problems, it is to be boiue in mind,^ fchab 
small acuto angles, and largo obtuse ungh^s, are most accurately 
determined by lileans of their /tmeSf tangents^ and coaecunta, uyd 
angles apjiroaching a right angle by their cotemgentSf and 

aecemfs. 

PllOBLEM FlFTir.*—To M>lre a Kight-anglod Triai^lo«—A lithe pre¬ 
ceding fornmlip aiv applicable to this case; but they become very 
much simplified owing to th<‘ values assumed by the trigonometrical 
functions of the I’ight angle, vi/.:— 

Sin 90°=!; cos 90° =0; tan OO^nfinite; cotau 90° = 0; sec 
90° infinite; cosec 90° = 1, 

Let C denote the right angle; c tho liypotliermso ; A and B the 
two oblique angh's a and b the sides resjx'ctively o])j»oBit(‘ them. 
Then A mid I» aiv tvmplmmitttvy angUiSf mid the suie of each is 
the cosine of tlic other, .as explained under Head II. oj’ this articla 
The following eaSl‘,s-may be distinguishial:— 

1. (liven, tho right angle, another angle B, the bypotlieuuse & 
Then 

A = 90° — B; a = c ‘cos B j 5 = c sin B.0^-) 

2. Given, the right angle, another angle B, a side a. 


A = 90° — B; h=.a' tan B j c = a • sec B.(46.) 

3. Given, the right angle, and the bides a, 5, • 

f rt I 

tun A = ^-j ts»u B =^; c= .(17.) 

4. Give]^ the right angle, the hyjiothenuse c; a side a, 

sin A = cos B = ^; 5 = aK .(48.) 

c 

5. Given, tho three sides a, 6, c, which fulfilling the equation 
CP s= a® q. the triangle is known to be right-angled at C. 

4 

=^irinB = -*.(4P.) 


sin A 


4 
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PaoBTJSM Sixth. —To express the area of a plane triaugle intenai 
of its sides and angles. 

Case 1. Given, one side, e, and the anglca 


. c® sjn A Bin B 
Area = .-r , — • - am - 
2 sin C 


(60.) 


‘Case 2. Given two sides, 6, c, and the included angle A. 






Areass 


6 c • sin A 


2 




(51.) 


Case 3. Given, the three sides. ISee Article 32, page 33. 


V. Formvim for t^ie /Solution of Spherical Trianglee. 

These formulae are all conaeciuouces of the two following 
principles:— 

The sum oftlue th/ree angles of a splteriml triangle exceerh two right 
cmgles hy an angle which heiirs the same proportion to ftmr riyiu 
angles tJait the area of the triangle bears to ike surface of the hemir 
sphere, * 

The sines of the angles oj a spherical h iangh hre jvroportional to 
the sines of Hie angles subtended at the centre ig the spltere by the aides 
to ivMch Hiey are respectively opposite. 

I’aniiLFiM Jb'uiHT.— To eompule api>roxiuiatcly the angles sub¬ 
tended by arcs on the t'avih's surhic-t', and ou'e oersd. 

Ju this calculation it is Miflirietilly ucuindo for the ]mrposeB of 
engmoi'ring gcsidesy to tri'at tlu* eaiah’s surface as a sphere of the 
diameter stated in Article 3, p. 2, viz.:— 


• 41,778,000 fcet = 7U12.j staiiite miles; 


BO that, refciring to the present Aiipclc, Di\ision 1., p. 37, €or the 
proportions borpe to the radius by arcs siibtmiding various units of 
.angle, iic find, for tlic mean lengths of snch arcs on givai circles of 
the eaitli’s Mirfoce, the following values,— * 


* If i( ia doaired to compute the length<i of email arcs on circlls somewhat 
more precisely, the following formulm may be used.— 

Let % denote the difference betvreen the latitude ci ' e place and 46°, the t&ga .f 
«r — indicating whether that latitude i« gieater or lens than 46°. Then the lengOi 
in foet of an arc of the meridian which subtends one minute Is 

m=:6076*86 



( 1 .) 
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* Mean length in Feet. 

Arc'eqiial to radius,. 20,889,000 

* Vrc subtending one degree,. 3^4,5^^ 

Arc subtending one minute,. 6 oj 6 's 6 

Arc subtending one second,. 101*273 


Logarithm. 

7 *319917b 
5*5617950 

3 ' 783^>452 

2*0054925 


H0900, let a be the length in feet of an arc on the earih^s surface; 
«, the angle snb^pded by it in seconds; then 

« = a-r 101*273 hearly. .( 62 .) 

Pbobleh Seconu.—^T o compute approximately the sines of the 
angles subtended hf small arcs on the earth’s suifaBie, tCnd vice versd. 

Iiet - be the ratio of a sinal] ,arc a to the earth’s radius r : ct, the 

T 

angle subtended by it. Then it is known that the two following 


the length in feet of an arc subtending one minute, on a great circle perpeudicular to 
the meridian, is 


»»'=6076-80 



sill 2 1\ 

coo“ p 


( 2 .) 


and the length in feet of an arc subtending one nuiiute on a great circle wliicli makes 


an ajigle 4 nilb the meridian, is • 

m"=mco3V + m'hin^A ...(3.) 


The mean length of all the arcs subtending one minute ou gieal circlea which can be 
drawn throu*'h a given i>oint is 


as 6<‘76*36 

2 



1 • , hin 2 

600 - ilUO )' 


( 4 .) 


At the parallel of 80** of latitude, which divides tlie surface of the hemUpheroid into 
two nearly equal parts, the factor of this ejkpression wiiliin the braokots is reduced to 
unity, and the length of tlie arc to its mean Anlue; and the aiea of the surface of tlie 
spbeioid is almost exactly equal to that of n sphoiu of the radius of 20,88t),000 feet, 
corresponding to that value ot the arc. It is for thcbe reasons tiiat 60/6*36 lect bos 
been Copied in this work as the tiue mean length of a uautiud mile, lathor than the 
length of 01 minute of tlie equator. 

The aiea in square feet of a square, each of whose sides subtends one minute at a 
t^ven latitude, is • 

«'-(8076-86)*' .(6.) 

and this quantity also has its mean value at the parallel of 30°; viz. (6076*36)*. 

The length in feet of a minute ot longitude Is given by the formula 


cos'latitude ...(6.) 

In the preceding formulae, the dgure of a level surface is treated as if it were an 
exact spheroid of revolution with tile polar and eqnatoiial diameters in the ratio of 
699 to 601, and no account is taken of various irregularities in the form of that sur- 
iWoa, whose existmice has been proved, but which have not yet been reduced to wj 
gwieral principle.—(See •‘Addenda,’* p. 789.) 
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series give approximatioiu to the value of each of those quantiitiet 
in ^erms of the other; ^ 


a 




sin » = ^ - i-.-g.jj- •;:3 + ^ . 


-^= sin « + . sin ^ct sin *« + &o .... (54*) 

V 

In most cases which occur in (‘ngineering geodesy, the first two 
t(irms of (*ach of those spri(*H are sufficient, and they may be time 
expressed :—< , • 

sin « =r nearly ; . (55.) 


^ = sin a nearly. (56.) 


For logavitlimic calculation the following approximate formulas 
are convenient:— 


a 


0/ 


log sin « = log — • 0723824 


a* 


= log a (ill feet) - 7‘319D176 - •0723821. ^;.. (55 a.) 

log a (in feet) = 7'3] 99176 + log sin « + • 0723824 sin (56 A.) 

(• 0723H24 = modulus of the common logarithms+ 6.) 

PnOBLKAi Tiiikd. - (liv(‘u, tlje are.n, of a Hj)lierie.*il triangle on the 
caHli’s sud’ace; to find the eveess of tin* sum of the three angles 
above two right angles (<u’ as it is callo«l, the “s}»h<‘rical excess’’). 

Let S be the area of the triangle, r the earth's radius, X the 
Bjihcrical excess; then 


s 


X = 360“-, 

2cr»'2 


S 


= angle subtended by arc equal to radius * .(^7*) 

that is to say— 

. 206264 -8 S (in square feet) 

X (m seconds)- 43^3>p ^000,000 

_ S (in square feet) ^ ^ 

■“2,Tl5,ra),b00li^ly' .' 

or by logarithms, 

log X (in seconds) = log S (in square feet)— 9*3254101. .. (58 A.) 
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Ijj atatinj5 nilos for the soliitiou of spliericiil tmnglea, the won! 
••side ” is used for hi'oviiy’s sake, wlieii “ the aii^le subtended a 
side at the centi’e of the Rpliei*o” is meant, lu • ^ 

fig. iJ4, A, J), 0 are the three angles of a sjdierioal , ' V 

triangle; a, b, c, th<* si(h‘,s rosjK'ctively ojjposile ^ J 
th«in. The angles«ubtend<*d respectively by tln*se 
sides, whieji augles are oalh‘d the si»les ” iu / ,, 

stating the inles, will be d<‘iioled by «, /i 3 , 7. , 

pROHLEM FoniTii.—Given, two angh'.s of a \ 

splierical triangle,^ind the side between them; to , 'l* 

find the remaining sides and angle— * , ® 

Let A, B be tlie given angies, and 7 the given 
side. Then to find the remaining sides » ami ^— 

A-B 

a 

ban = tan „ • - , _ ^ 


« - 


2 A-tir 
cos „ 

. A-B 
sin - 

- . A^Ji- 


pi'-) 


«ef/3 at — /3. »f/(3 

3 - 2 • J 

To fiml the remainher angle (!!, we have the proportion-- 

sin « : sin a ; sin 7 : : sin A ; sin B : sin G.(HO.) 

Pkorlkm Fifth.— (fiven, tw'o sides ol a spherieal triangle and 
the angle U^twiyn them ; to find the rem.iining side and angh*— 

Let ee, 3 1«* the giv'eii sides; the given angle. 

First Method.— - find the ivm.iining side 7 ; 

cos 7 - eos «• COR 3 ^ sin .sin 3 * cos C;. (fil.) 

but this foiTinila being utisniied t(» calculation by logarithms, the* 
following hi^s been deduced fnnn it; 

Make sin D - cos^. 'y/sin sin 3 ; th<*u 

\ 

•ad to find the remaiumg angles, wo have the proportion, 

« sin 7 : sin « : sin /3 :: sin 0 : sin A : sin B. .(63.) 

E 
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Secmid Af^hod .—To fiuil the it'inaiuiug angles, A, B. 


tan 


« —^ 0 
A + B ■> •“*'‘“3 


COS 


»■{ ^ 
2 


. A-B ““ 3 ■™*^“3 

r .+a- 5 




. A A- 1{ „ A . B A-B 

A = n + I) j A) - -- 

JU M J J 

The roraainiiig siile y is fouivl by the jn-oiioition (G3). 

IbtuHiiKM Sutii.—TIu* t}jm‘ siilea of a sjiberical triangle being 
given; to tirni tho unghs - 

Let 0 lie the angle sought in the first instance. 'Phi'n 


cos C 


cos y — < os « ■ cos ^ 
SJU a • sm 0 



but as this fi nmila is not adapted for logaiitlniiic calculaliou, one 
or otli(>r of tlie following, which are deduced from it, is to be em¬ 
ployed for that pui*]>os('.— 


l<iCt 


«e 4- /8 S y 
2 


denote the half sum «)f the sides; 


f . /sin ff •‘•in (ff - y) . t’ . /am (<r — «) (siiier . 

2 V sin«-sin (3 2 V siu«'sinj8 ' ' 

(< (j (J C 

cos is lipst wlieii ap])r<MC‘hea a light angle; sin whoiir, iasmaJl, 
Z ^ J 2 2 


Thest* fovimilic will sor\e alike to C/Oin]nitc any angle. If it is 
desned to e.\])iess the angh' souglit by A or by D, the followi ng 
substitutions lUY* to bo made in the formulie: — 


For the following symbols in the fonuubc for 0, ... « 4 y 

Substitute respectively in the lonimhe for A, ... /3 y « 

— — — - fop B, .. y «e /3 

Pkohi.km Seventh.—I n a right-angled spherical triangle, the 
riglit angle and any two other parts ><*iug given, to find the I’emain* 
iiig parts. 

jjot (’ be the right angle, and y the side opposite to it 

Case 1.—Two sides being given, tlie third is found by the 
equation— 

cos »' cos ^ - oos y; .(67>) 
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and the oblique angles by the equations— • 

♦ cos A~ cotan y tan /3; cos B cotan y • tan (»; ...(GB.) 

or by the equations— • 

cotan Acotan «* bin cotan B - cotau ^ ’ siii «.. ..(G9.) 


<!as8 2.—Given, a side {») and the oi>])osito angle (A). Find 
the side fi by iht formula— • 

sin /3“ tan m 'cotan A; .(70.) 

then find y by (fij) and B by (68) or (G9). ^ • 

(Jase 3.—Given, a side («) and the adjtirent'angle (B). Find 
the side y by the formula— ^ 

cotan y — cos A * cotan /3;. .(71.) 

then find * by (G7) and B by (G8) o* (G9). 


Case 4.—Given, two angles, A, B — 

cos A - cosB . . . -n /-ox 

cos * — . : cfis iS -= - - • cos y - cotan A* cotau B. (72,) 

sin B sin A ' ' 


VI, ApproMinafe isolations of iSpherived Trianf/les, used in 
Triyowimetrical Surveyiny. , 

As tho largest triangles foinied in trigoiioim'irictil sniwcying do 
not measure more than 100 miles in the side, and the oidiiiaiy 
triangles much less, the curvatm-e of tlie ares foiniing their sides 
is \o\y slight, and their areas aiv Msy huiall fractious of that of a 
hemisphere of the earth ; and consequently approximate methods 
of calculation can be jiplied to them, by which much of the 
labour is saved that would he requiivd by a stiict adherence to the 
rul(‘.s of b])bcrical trigonometry. 

l^noBLFM Fibst, Given, in a inanglc on the earth’s surface the 
length of one bide, c, and the adjaunt angles. A, Bj to find 
Bj>proxiin.i1 ely the third angle, 0. 

Calculate, by equation oO, p. 40, the approAmafe area of the 
triangle, as if it -were plane. From that area, by equation 68, or 
68 A, j). 48, calculate the “ sjtheii^al excess ” X. Then , 

O=.l80‘» + X-A-B .(73) 

PiiOiiLEM Second.—T o find approxmi.itcly the lemaining sides, 
«, 6, of the same triangle. Let «, y be tl’ie angles subtendeil by 
the sides. 

Fmt (By spherical trigonometry).—Find the arc y sid)- 
tended by the given bide c by equation 62, ji. 47; or eke find 
sin y directly from c by equation 65 or 65 a, p. 48. Then * 


, sin A bin y . . sm B sin 
8in« = —;sm4= — . 

sin U sin C 


.(74.) 
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fiom .vrliieli find a and ^ in seconds ; then the lengths of the sides in 
feet aie— * 

a=l01-273 a; 6=10]-273/3;.(76.) 

I 

or a and b may bo calculated directly from sin a and sin ^ by equa- 
'tion r^fi or 56 a, p 'IS. 

Method Second (Dv plane trigoi.oraetry),—From each of the 
angles subtract one third of tho spberieal excess, and then treat the 
triangle as if it were plane. That is to say— 



Problem Third. —Cliv(‘u, in a tri.ingle on the earth’'^ surface, two 
sides a, h, and the included angle C; to find tlie ivni.nning side, c, 
and angles, A, JJ. 

Method First (lly apher iciil trigonometry).— As in the last prob¬ 
lem, find the angles subtendcfl by the sid<‘s, by means of 
equation 52, p 47, or the sine^ of those angles by means of equation 
56 A, p. 48. Tbf‘n solve the ti langle as a spherical triangle, by means 
of equations 62 and 63, ]>. 49, or equation 64, p, 50, Ijastly, make 

c ill feel, 101*273 y in seconds. (77.) 

Methid Sfcond (Tiy ])lan<‘ tiigonometiy).—(\mipute the approxi¬ 
mate area by ecju.ition ol, p. 46, as it the triangle were plane; 
thence eoinpiite the spluuieal exeess X hy eqinitiou 58 or 58 a, p. 
48, and deduct one-thn d of it from th<‘ given angle. Then consider 
tho triangle a.s ajd.ine tri.ingle. in whieh are given the two bides a, 5, 

and the iuclMded angh* (f -0 . Find the thiid side c by equa- 

hou 37, or equation 38, ]>. 43; and the ivinainiiig angles A', B', of 
trhc supposed plane' tri.ingle, by the equations 39 or 40, j>. 43; and 
for the remaining angles ot the rtal splu'rical triangle, take 

A= A' + ?;B = B + y ...(78.) 

Problem Fourth. —To diminish as far as possible the etfects of 
bmall en'ors in angular measuremeu+s. 

Such small err<Ji*s are detected by measuring the whole three 
angles of a spherical triangle, and adding ilii'in together. If tho 
measurements are perfectly correct, we shall find 

A + B + C=180» + X, 

(X being tlie spherical excess, if it is appreciable). Bivt« if small 
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crfors have been committed in meaBuring tlio angles, shall 
afiiid 

A' + K4C'-180“+X=±=E, 


wliere E is the total error. Then for tlie most probable volnoa of 
the corrected angles arc to bo taken ^ 


A.. = .(7il.) 

•> u o 


The correction of each angle being ono4hir<l of the total error,.and 
oj»posit(* in sign.* \ • 

‘M. The Theodolite is an instrument w hose chief use is to mojisuro 
angles in a horizoutjil plane, or “ and wliieli is oecsa- 

sionally used t-u me.isure also vortical angh*s, or akUiK/et and 
deprenniom. 

When the word Ailmuth is nsedAvithout qualification, it usuall} 
means the number of <legives, niniiites, and se<*on«lH by whieh the 
direction oi a vertical plane j)assing through a station and a given 
object deviates to tli(‘ right of a \ertical plain* pasNing through (he 
station and the Norih Pole. When “ Abiguetic Azniuidi’’ is spcci- 
ti(*d, the anguhu' deviation is reckoned from the magnetic luei'idiau 
instead of the true in(*riiliaii. 

Ihit tlie r<‘lative azimuth of any two objocis may be m<‘asured at 
ft given station; that is to sa^, the numlaT of degi'ces, ininutes, and 
seconds by which a vertical plane truNcismg the station and one of 
the ohjoeta di‘viat<*s t<* tin* right of a vertic.-il plane passing through 
tlic station and tliu oi.iei* obj(‘et. 

An azimuth exceeding ibtP di'iiotes that the dii-ection of the 
object to whieh it is measim'd lit's to (he left of the ilin'clion from 
which azimuths are measured, by an angle (‘(jual to the didereiice 
between the azimuth and .*hi()“. 


Eor example: in tig. 25, let A d(*note u station; A B the direc¬ 
tion of the ))ole, or, as the case may 
bo, of the object from which aziqiuths ‘ 

are measured, and whieh is iicld to f , 

have the azimuth 0®. 0 being aiu object ftr 

which lies to the right of A B, its '"vN 

azimntli, being the number of degrees, ^ 

•iScc., subtended by the arc b c, is equal _4*^,7 ^ 

to tlie angle B A C. On the other jAi jj 

hand, 1") being an obji'ct lying to the /J 

left of A B, its azimuth, being the / 

number of degr<*0H, &C., subtended by 
the ai*c b' </, is equal to the difl'ererico 
betweev the angle BAD and 300®. 


Kg. 26 . 
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Ijori/ontal angle betw ecu any two dircctioim is the difference 
of tlieii aziuiuthS) if that cliftoiencc is leas than 180“^ if it is greater, 

than 180®, the excess of 



3 GO® above the difference 
of the azitiuiths is the 
angle lietwecn the dirv'^ 

tlMllS 

A Itifudes^^and dqn esstona 
are the angles, always 
acute, whifh the diicctious 
ot objects, iifl M'cti fiom a 
given station, make al>ove 
and below a hoii/ontal 
p] nil*, Tbe nse of tliese 
aiighswill bo fnitber ex- 
jilained undei* iJio head of 


Lev (1 hug 


stmctiut of theo- 
v.Hi(i \(iy much 


,.. 


Tlie 

dolitts Vl4 I IV ^ V 4 JT ill US>XI |i 

but theie aif cei tain t‘bsen- 
tial paits which aic cotU' 
mon to all, aiul i\hich will 
now lie oiiinnerat(*d, coni- 
uieiK mg at tlic top, as they 
aie found m the “Tiansit 
TIk odohti'” The ubu.il 
nutdial js biass, except 
foi tin “limb” oi gmdu- 
at<d ling oi <aeh of the 
ciicles, wli*(li is of silver 
01 pallxilium 

T. The A B 

consists of two tubes, one 
sliding wxtbin the* other. 
The outer tube has, at its 
iuitbci end A, tbe object- 
glass, whieb forms at its 
locus an invoited image of 
the object looked at. The 
inner tube has, at its nearer 
end 11, a coinbination of 

f lasses called the “ eye-picco,** which magnifies that inverted imaga 
ly the use of an additional tube and certain additional glasses, an 
“ electing eye-piece” may be fonned, wlucli makes the object appear 
eixict, but this causes loss of light, and possesses no particular 



l^ig 26 . 
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advantage. Bj moving the inner tube inwards and outwiirthi by 
#raok and pinion^ turned by the milled liead 7), thu foci of the ob^ect- 
glasfl and eye>piece are adjusted till they coincide, 
which is known by the distinct and steady appear¬ 
ance of the image. 

At the common focus of the object-glass and eye- ^ 
piece, where theJnA'erted imago is seen, there is a 
**diaphragin ” or partition, witli a round hole in the 
middle crossed by three spider’s lines, or eiiuully 
fine platinum wiiys (see fig. 27); one horizontal, A B, and the 
other two, CD, EG, deviating slightly to <ipp<)stte sides of a ver¬ 
tical plane. The point F whei*e those wires cross each other should 
be exactly in the axis or “ (hte of coVimation^* of the telescope ; and 
the heads of four screws for adjusting it to that position are shown 
at a, a, a, a, in fig. 26. 

ir. The Spiritrl^vel o is attached to the outer telescope-tube 
by screws, by means of which it can be set exactly patrtllel to the 
line of collimation ; so that when tlie air-buhhle is in the centie of 



Fig. 27. 


the level, the telescope is horizontal. I’he construction and use of 
spirit-levels will be fuither explained under the head of levelling. 

IIr. The Horizontal Axis 0, when the iustiumeni is in adjint- 
ment, is exactly at nght angles to tlie line of collimation, and 
exactly level; so tliat the telcsco]io may tiiiii about on the bearings 
of that axis in a truly vertical plane. 

IV. The Frames or Sopporfs { D, D) of the horizontal axis are high 
enough, in tin* transit theodolite, to admit of the telescope b<*ing 
turned completely over in a vertical plane •, a motion ^ hich is use¬ 


ful in making certain obserMitious. Jn (Joloiiel Kverest’s tbeado- 

Ute the supports ari' made low, lor the sake of compactness; but 

the telescope ma*y bi* tunn*d eoinjdeti'lv f>ver when required, by 

lifUug the horizontal axis out f>i' its be.inngs. In 

the common theodolite the telesco]je is not fixed oo 

ill the middle of 1 hat axis, but is su])])OTted in two / ^ .^X 

foiked rests called Y’s, at the einbf of a bar which f ^ ^ \ 

is fixed at right angles to the honzcuital axis; so I * * 1, 

that the telescope can be tiinied end for end by 

lifting it out of the Y’s. When not rt*q\iired to bo x 

lifted ouu, the ti'lescope is clasped firmly in its Y’s > ^ 

by two semicircular arcs called “ clifis,” which “ 

are hinged to the Y’s at one side and fastened with pins at the 

other. 


pH?. 28 


y. Tlic l^eriiccU Circle or AltUude Circle E is fixed upon the 
horizontal axia It is divided into four quailrants, the' degix*es 
in each of which are numbered from 0® to 90®, as indi(*ated 
in the sketch, fig. 28. The two O’s ai'e at the ends of the 
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diainotcr parallel to tlio line of crJliiuation of the telescope; the 
two 90’s at the ends of the diameter [icrpendicular to the formci*. 
Theu* are two indices with verniers,* at opposite ends of a 
horizontal har, read by the microscopes s, «; when the line of col- 
liniation is honzontal, each of those indices reads, or ought to 
read, ()“. 

In dirceting the telescope to any object, it is burned at first by 
hand us nearly in the re(jnired direction as possible; then the 
vertical circle is “ clain])ed," by turning a clamp-m'ew which Jays 
hold of its low (‘I* edge; and then, by the</, a slow 
motion is gi\eii U' the eiwle and telescope until the line of colliina- 
tion points evaetly towards the objc'i^t. 

In (^>louel K\eiest’s tlieudoliti*, instead of a com}>letc vertical 
eiirle, thei'c are two op])(>sit<' seetoi^ of about 5)t)^ each, so as to be 
capable of itKasming altitmh's and depressions as far as 45®; and 
the spint-Je\el is attached to the index-bar, instead of to tlie 
telese<>p«‘. 

Jn the common theodolit»‘, iustiad of a vertie.d circle there is a 


semieii’cle only, haMiig but one imU'X and vernier. 

VI. The Veruhr IHafe F (tig. iid), is a eiieuhir jilate, fixed ou 
the top of, awfl exaeth jH'ipiMidiciilar to, the /aaer rcr/icrt/ffa’is(con¬ 
cealed ill the ligure). It caiTies at its sides the sui)poi*ts 1), I), of 
the hori/ouial u\is, in its centre n, mnijuntie compms with a glass 
toj), and near its edge a pair of bpirlJI Icceh f,J\ at right angles to 
oach otlier. At two points on its edge, diametrically ojijiosite to 
each other, are tvs(» indiet's with verniers, road by means of the 
niicroscojiesi/, g. (fu many th(*odolites tliort* is but one microscope 
for this piirpos(‘, w'liieh is slul'ted loiind to the one or the other 
vernier as reipiin'd.) 

In C\)lpn<‘l Kv ere si’s tlieislolite ihe place of the low’tn* hoiizontal 
circle is supplied by three liori/ontal arms diverging fi*om the top 
of the inner vei'tieai axis at I’tpial angles of and having indices 
and veruii'is at tludr ends; and instead of the tw^o spirit-levels^ 
there is ouo s]»irit-le\<‘l fix(*d jiaiplld to the lionzontal axis. 

VTI. The JlornoiUol Cirde (J lias its edge or limb bevelled to 
tlie figure of the frustum of a cone, and graduated; the degrees 
being numbered eontiunously round it towards the nght, up to 


According to the oiditiary coiistmctioii of a vcinicr, its total length‘"cousuta of 
a number (»r diviaioits of the piimary scale l<'ss liy one than the number ot smaller 
divisions into whieti tiioso divisions are to ix ubdividod. Suppose, An* example, 
that the Iniib of one of the ciicles of a theodolite U divided to third parts of 
a degree, or 20^ and tiiat it is to he subdivided by a vernier to thiid parts of a 
minute, or 20", each sitbdivision b<>iiig onc-sixfietfi [>art of a primary division: the 
length of the veinier will be 60 — 1 = 69 divisions of tin piimaiy swle, and it will 
be div ided into 60 equal parts, each equal to 69 -60ths of a divtsbn of the piimary 
•cals. 
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560“, as indicated by the sketch, fi#?. 29. The faces of the verniers 
afe portions of the same conical surface. An arm projecting Jl^ui 
tlie vernier-plate (or in Colonel fclv(‘r<‘st’8 theodolitf', from the inner 
verfical ajds^ carries the clamp II for laying hold of the cifelo 
after tlie telescope has been turned approximately towai-ds an 
obj#ct by hand, and the tangent-screw 1 for 
giving the veruie|;-platc a slow motion until 
Sie line of collimation points exactly towards 
th(} object. 

The size of the circles of a theodolite, both 
horizontal aiul vertical, and the minuteness 
of tlieir graduations, di'pends pn the extent 
and accuracy t)f the op^‘lVltions for which 
they ai*e intended. Four inches aiid eight 
inches in diameter are about the extreme 
liinits of diam<*ter for hori/oiital cin‘l<“K in 
those made fur any ojdinarv puri)osc, though a few have been made 
of laiger sizes. Tliose most cominojily ust'd in surv'cying have circles 
of live inches in diameter, divided into half-d«‘gi‘ees, .and subdivided 
by the \erniers to single minutes, mid by estimation with tlic eye to 
half or fpiaiter minutes. For sneh purposes as the ijirincipal tri- 
angulation of thcsinaeyfor a lim* of rMih\ay, and for ranging 
curves, a largcT theodolite is requisite: it is generally sutlicient 
to use one with circles t)l six inclics in ilianu^ter, dividtsl to twenty 
minutes, and subdivided by tb(‘ verniers to twenty scx'onds, and by 
estimation witli the e;yc f » t'-n seconds, 

VJJi. The Outer Vertical Axis K is fixed to the horizontal 
circle, and is a tube, containing witbin it and aceuratoly fitting 
the inner vertical axis. It turns round on a ball-and-socket joint 
at its lower end; and is eluinpcsl in any »*equired jHisition by 
nieaub of u collar with a tightening-screw k. Prom* the collar 
projects an arm, acted upon by mertiis of tbe tangent-screw % so 
as to give a slow motion in uziniuili to the horizontal cir<*l(* when 
the outer vertical axis is clampi'ri.^ The fixed nut tif this screw is 
attjiched to— • 

IX. Th&^flpjter Paralld Plate L, through a (yliiidrical socket in 
which the outer vertical axis passes, so as to be always at right 
angles to it. The four plate-screws I (and a fourth concealeil), 
serve to place the vertical axes truly vertical, by adjusting the 
position the plate L I’clutix ely to— 

X. The Lower Pa/raJkl Plate M, to the centre of which the outer 
vertical axis^ is attached by means of the ball-Hud-sockej; joint 
before mentioned. This plate is screwed u|Km— 

XI. The Staff-IJead N, which is sujipoj'ted by three strong 
wooden If^gs, In the middle of the lower side of the staff-head. 
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dirqptly under the vertical axis, is screwed a book (conoealed 
ill the figure), from which a plummet is hung, in order to ascertertn 
wh^fjlior the centre of the theodolite is exactly over the station 
on 4he ground, 

Jn&teud of tlie upper parallel plate, Colonel Everest's theodolite 
has «three diverging arms (hg. .*30), as in an astronomical cisclo, 
with a vertical foot-setvw snp])orting the end of ^ach. Tlie lower 
eild of each screw has a shoulder, by means of which it is held 

down to the plate which 
forms t^e top of tlie staff- 
, head ; and those shoulders 
^ form the only attachment 
between the stufif-head and 
tlio instrunieut. The chief 
advantage of this construc¬ 
tion is, that the three foot- 
HCi ewa can bt' adjusted with 
one hand; whereas the ad¬ 
justment of the four plate- 
scrows in the ordinary 
eonstruciiou requires both 
hands. * 

In some theodolites a 
second telescope is attached 
belf)w the horizontal circle, 
in order, by directing that 
telescope on an object, to 
test wlictlu‘r the circle has 



been disturbed during the interval between two obsevvatlons. 

35. AiilnitiuivntH of the 'f'ii<>o(ioiitp.- -'Ihe adjustments of the 
theodolite, as well as those of every otht‘r surveying instrument, 
may be distinguished into temporary adjustments, which arc made 
by the user of the instrument eacli tinio that it is set up, and per¬ 
manent adjustments, which aie^mude Viy the manufacturer, and 
Xmly tested and corrected occasionally by the user. 

1. The 'lempomry Atifuattnehts will now be described, on the 
supposition that tlie ])ermanent adjustments are correct. 

(1.) Place the theodolite at the station by the aid of the plumb- 
line mentioned in Division XT. of the lust article. 

(2.) To “level the instrument'’—that is, to place the vertical 
axis truly vertical—the easiest process is to make the verniei'- 
plate truly horizontal by ineaiis of the spirit-levels/,/. For that 
purpose it is to be turned into such a position that the two spirit- 
levels I shall be ])arullel resjiectively to the two diagonals of the 
square formed by the plate-screws. Then the buhbleti is to be 
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brought to the centre of each level by turning the pair of plaje- 
aci«Mr8 to whose plane the level li(‘S parallel. 

A more exact adjustment, however, can be made by mean^'of 
the level e attached to the telescope, because it is larger and more 
delicate than those attached to the vei nier ] late To effect this 
adjuitment, turn the vernier ])iafe till the ttdeseope is over one {mil’ 
ol plate screw's: tho aid of the tangent-screw d, adjust tho 

vertical circle cartu111ly to O’*; turn the pair ol plate-screws under 
the tcdescopo until the bubble is biuuglit to the centre of the spirit- 
level: turn the vcrnicr-]>late lound thiougb 180’; if the hnbbla 
now deviates from the centre of the apirit-k*\el, eoii'ec’l oiii'-lmlf of 
the deviation by the tangent aciew d, and tlie other half by tbo 
plateasciewB: turn the vcriiier-])mte through 90”, so a« to bring tbo 
telescope over the other jiair of ]»late-screw's, by means ol wh tii 
bring the bubble to the centre of the level again : the vertical axis 
is now truly vertical. 

If tho bubbles are not now at the centres of the vernier-plate 
levels,/J jf, those levels are not indy perpendicular to the viTtical 
axis ; but tbo correction of this error belongs to tbo permanent 
adjustments. 

In (Johmel K\crest’s theodolite the vertical axis is a*ljusted by 
means of the level wlrieh is jiaraliid to the horizontal axis, by tiist 
placing that level parallel to a line joining any two of the throe ioot- 
Hcrows, and bringing the bubble to tbo centre by turning one or both 
of them, and then lurning tho ujiperpait of llie iuslruinent through 
90®, and bringing tlie bubble to tb<* centre of the level in its new 
position by means of the uliird foot screw. 

(3.) To adjust tho telescojie for the ]>revention of “parallax”— 
that is, to bring the foci of the glasses to tb<‘ eroh,s-wires,—look 
through the tele,scope, and shift the eye-piece in and ouji until 
tho cross-wires are se<*n with peifeet di.stinctuess. Then dii*ect the 
telescope to some w'cll-defineil ilistaut object, and by me.an.s of the 
milled head h, shift the inner tube in and out until tho image of 
tho object is seen sharp and clear, ijpinciding ap^iaivutly with the 
cross-wires. , 

The latter jiart of this adjustment has to be made anew for each 
new object at a different distaiwe from the preceding cue. The 
uearer the ubject, the further must the iiintT tube be (Irawn out. 

>A. good test of the adjustment for pandlax is to move the lu'iid 
from side to side while looking through the te1e.Hcope. If tho ad¬ 
justment is perfect, the image of the object will seem steadily to 
coiacide with the cross-wires : if imperfect, the image will setm to 
Waver as the head is moved. If tho image seems to shift in the 
oppoBtie direction to the Lead, the innei' tube must be drawn out 
further; if in the same direction, it must be drawn inwards. 
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,11. The Permment AdjiistnheiUa should ho tosted from time to 
time; but in a wt'll-mado theodolite they will seldom require 
c^^\T(‘ction. Jiclore testing those adjiistnients, the tempomiy ad- 
ju.stmeuts should b»* made with caiti. 

(I.) The AdjmtniPut of the Line of CoUimation, in a transit thco- 
•d»?lite, and alst) in Colon<‘l Mwsrests, consists in placing thajj lino 
pns'isrly at right angles to the horizontal axis. To effect this, 
•direct tlie line of culliumtioii lowai'ds some very distinct distant 
ol>jec(, liringing, by iiu'iins of tlie t!nigeut-.s«*rew of the horizontal 
•circh*, the eioss-wires to coincide in azimuth with the image of a 
well dj'dned ]S'»int in that object. 'Die vertical circle should be 
unchiuiped. Now lift the hon7<mt4il axis out of its bearings, and 
ix'pluce it with tlu‘ ends icvi'rsed, so that tlie teh'seope is upside 
d«*wn ; if tlie eros>.-wires now I'omciih* in a/imuth with tin* same 
object, the Jme of eollimafion is pco’pt'ndieular to the hori/fiiital 
a.xis ; if not, on(‘ hall' of tin* deviation is to be eorrectcil by shifting 
the* c■ross-A^ires by mediis of the Jmrizontal adjustiiig-screw's <if the 
diaphragm,and theotlu-i-lialf by the tangent screw of the horizontal 
<‘irele. KeviTse the horizontal axis again, and repeat the opiaation 
till the adjustment is pi rfect. 

In the transit theodolite there is another inode of ivvei’sing the 
teleseojie to perform ties adjustiiusit, which consists in turning 
the telescope o\er on its jjorizontal axis, and then turning it round 
through exactly 180® in azimuth. 

In the eonimon th<‘odolile the line of collimation i.s adjusted by 
turning tb(‘ teleseopi* li.ilf round in its Y’s about its own axis, and 
observing whether the i-ross-wires eontinui' to coinchh* with the 
same olijeet. Should tliey dcMate, half tlu* d<‘viation is to be 
correeled by the diajibnigm-seKnvs, and the other half by the 
tangent seri'w of the liorizoutal eirele, Tliis adjustment jilaees the 
line of eollinaition in eoineideiiee with tJic axis of the Y’s. The 
ftdjustnv'nt of the latter line perpoudicuhir to the horizontal axis is 
left to the instrunuMit maker. 

(2.) Till' of tin' I^erel attached to the TeleHcojfe can only 

he e dec ted, in the transit theodolite, by methods which will bt 
expl.iined in treating of the adjustment of levelling instruments. 
The same may be said of the adjustment in a vertical diix^ctiou of 
the line of collimation. (See Art. />().) • 

In the common theodolite, having levelled the level attached to 
tlio telescope by the tangent-screw of «!i vertical circle, lift the 
telcscopo out of the Y’s and set it down again turned cud for end 
(f the bubble deviates fi-om the centre of tlio level, com'ct half the 
mw by the udjusting-screws which connect the level with the 
telescope, and the other half by the tangent-sciw of the vertical 
011 * 016 . 
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(3 ) To ascertaiu tho Imhx-error of tliA Vertical Cifcle^ act the 
vertical axis truly verticul with groat care, ub dohcribed un<lcr the 
head of temporary adjustments; set the spirit-level on the tcle- 
seopo exactly level; observe the reading of the veitieal circle ; if 
it is 0®, there is no eiror; if it diilm from 0®, tli<* diiference is an 
en'or^iii the position of the index of the Aertical circle, to Ji)e 
allowed for in eaeh angle ruejisured. 

(4.) The AiljmtAeiiit of the Jlorhimfnl Aacis e'xactli/ per^miiUcular, 
to the Vertical Axie is geuemlly left to the instriimc'iit iiiiikerj but 
in some theodolites there aie a<ljusting-Hm'Ws for the supports <vf 
the horizontal axis. In this <’uso the ])erpendicnlarityi of the hori¬ 
zontal to the \ertical axis may be tested by directing the telescope 
on an object whose altitude is e<hisiderable; then turning it round 
through exaetly ISO® in azimuth, and turning it ov<t in a vertical 
j)lane as to look at th(‘ wmie olijeel. If the cross-win's can 
again be brought to coincide with the object, the adjustment is 
correct; if not, half the deviation is to h<‘ <'orr<rted by the tangent,- 
scivw of the horizontal circle, and the remainder by the adjiihling- 
screws of tho hupports ^ and the ojx'iiition is to be rej)eaied till the 
adjustment is found to be <'orrect. 

This adjustment may also be tested by observing whether, when 
the instrumeut is ulam^K'd in azimuth, the cross-wirt's Tr.ivem* an 
object and its image as I’efleeled from a level .smfaee of fluid. 

36. jnrraNnrluit lff«rlBonliil Auftle* iiilth ihr Theodolite. —TomeaSUI'e 
tlie horizontal projection of the angle suhUmded at a given station 
A, by the direction of two ol»j('cts l> and (*,—in other w’ords, the 
dilPerence of azimuth of lie two ohjeots,—set u]i the theodolite at 
the station, and make the temporary a<lju''tinents as described in 
the preceding Article. The outer vertical axis heiug clumped, and 
the vornier-jilatc and vci-tical circle A unchimjMMl, direct Hu* tele- 
be<)j)e tow'ards one of the ohjeels (as as aecur.itely j^s possible 
by the hand ; clamp tlie veriiier-jilate, and by its taiigent-serew 
bring the cross w’ires to cover the object exaetly. Read the 
degi'i*es, minutes, and seconds iudi<*ated by one vernier, and the 
minute's and seconds indicated b} tlii' other, and luae them down. 
Find the mean arc indicated, by setting de)wn tlie entii'e degrees as • 
read on the first vv'rnier, and the mean between the additional ai'cs 
in rainutc‘S.aud seconds as read by I lie two verniers. 

Unclamp the vernier-plate, direct the telescope towards the other 
object (0), and proceed as iK'foro, taking care to read the <*ntiiv 
degrees on the same vernier. 

The difference between the mean arcs read off when the line of 
colliniatloii is directed tow'ards B and C respectively, is the rgcpiired 
diflerence of azimuth, or the horizontal angle BAG. 

The old^ct of reading the minutes and seconds ou both verniers. 
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and taking tlie moan, is to (jorrect tl»e ofToot of any errors whidb 
mi^ht arise fioiu tlie verfjcal axis not being exaitily 
coiircntnc with the gmduated limb of the hori¬ 
zontal cii*cle. In tig. 31, l<*t K 0 and D 11 be two 
stiviight lines ciitting eiwli other in A, a point not 
in the centre of tin* circle BOB E. The eccen¬ 
tricity of that point produces eipial and opiHXsite 
de^^ationH in the arcs B 0 afld D E from the 
arc which would subtend an angle equal to B A O at tlie centre 
of the circle ; so that the mean of those ares is exactly equal to 
file an* whkili ^comMjlly measures the angle 'B A C, how great 
fcorver the eccontrieity may la*. 

'file same object is attaiiu'd in*(’'o1onel Kverest’s theodolite by 
taking the mean of the arcs ivad oil' by tho tliree equidist^iut ver- 
nici’s, which are us»hI in ordar to give better security against errors 
in gnwlujition than two verniers give. 

In the transit theo(h)lite, errors arising from the lioririontal axis 
not being exactly p<*r]>endicnlar to the vertical axis may be elinii- 
uaied by turning the teleHCO]>e over aland the lioiizontal axis, and 
half round abmit the V{*rtical axis, repeating the measuremeut 
of the angle in this new position, and taking the mean of the 
results. . • 

When a series of liorizinital angles has Im'ou measured at a 
station between a series <if objects, retuniing at last to the object 
with which the observations eommencod, the ae^iurfuy of the obser¬ 
vations maybe tested by adding the angh‘s together; when their 
Slim onglit to be « vuctly 3(id". Should it differ by a small arefrtim 
3ti()'', the nios' ]>n)b,il)h‘ \alm*s of the Kev'orul angles will 1)0 found 
by dividing tlie total error by tlie mieiber of errors to find the 
cmreetion, wliieli is to be addtsl to or .snbinieti'd from each oftliem 
aceortliiig as tlieir sum is um> small or too large. 

WluMi very gi’i'at accnr.icv is r<'qnired in iiieiisnriiig o horizontal 
angle, the eflect of errors of gradn.itiou may be diiniiiished Jo any 
retpiired extent by the ]>rueess called LlKPUTiTtoN, which is as 
follows :— “ * 

(Main]) the. ?v'rn/Vr-p/n/B, and read the verniers. 
liiH'himp the rn'finiJ n.ri/): direct the tidescope towards 
clump the verfieal axis, and direct the line of collimatiqn exactly 
tow’anls B by the tan ;ent-screw of the rerticaf cwc/a 

Ifnehimp die ventler-phtfe : direct the * descojie towards Cj 
clamp the vernier-plate, ami diivct the line of ooUimation exactly 
towards (1 by the tangent-scivw of the %r/i’nier-pl(Ue. 
n nclamp the uf?rtkcd cu'is, Ac. (as befoixi). 

Bi'Iieat the w^hole opt'ralion as niauy times as it is required to 
reduce the eiTore of gmduutioii, oliscrving always to ^direct the 
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line of collimaiion towardH B by turning tliu vertical axis, and 
toi«eii*ds C by turning the vernier-plate. Finally, the lino of d>l- 
Umation being pointed iowardM C, irad the verniers, romemberiug 
to reclcoii 360® for each complete ix'volutiou of the verui(‘i'-pl»iyte 
Ihpou tho horiacmtal circle. 

Tl^e diflerenco between the arcs read at the beginning and at Oie 
end of the jjrocoss will be equal to the arc Bubtcnded by tho angle 
B A multiplied by tin* nunilxT of reftetifion^; aTid being divided 
by that ninriber will give the requirt'd angh‘. I’lie multiplied arc 
will 1)0 aflecled by only one eri'or of graduation, which will bo 
divided in iindiug rtie inquired aic; so that the e^ro» in the hnal 
result will bo equal to tlie origimil error diiided by the number of 
rejietitioiis. 

This ju'oeess diminishes the etfecti of eiTors of obs< rvaiion sf>me- 
what, but not in tlio same pioportiou with oiroi’s of graduation; 
because an ol>s<‘rvei* tends in general to make errois in the aune 
direction at each obsei*\atiori; and such eiToi's accumulate by 
rcjictitiou. 

37. Kpfleriiii« inNirninruiM are used eliielly lu navigation and 
marine surveying; but as tbey are c)co.isiou.illy used in land sur¬ 
veying also, a gi'iieral description of their euustructlon^and action 
will be given heie. 

The principle ujion wdiich i-eflecting instruments act is this:—that 
if theie aie lv\o jdaiie miri'ors whoso leflecting surfaces mak<* a 
giNcii angle witli ea<h other, and a lay of light, in a plane peqieii- 

tlicular to the planes of both , _ 

mirrors, is ivflected from 1 4li 
successi\e1y,itsdh*octionafler a A 

tho Rccomi ivflection makc.s ^ vAV> k ' 

with its onginal <lii*eefcion 

angle which is double of the K ~ ^ 

angle raa<le by the mirnn-s \ 

with each other, V \ 

One ajiphcation of this A W 

principle—the optical square (r / 

— has already been dcsciibed i\\V\ 

in Article 24, riage 21. ^ 4 ^' I / 

The «e*ta.,i (%. 32) is of 
the form of a sector of a circle, " 

of 60“, and souietimes rather 

more, in angular extent. A B is the graduated limb, on which the 
dogriH)s ai*e of onc-half of the extent of those on a non-refleotiiig 
so that for examjile, an exai-t sextant is dividivi} into 
120 de^>es instead of 60". (J (i is tlie index, having a vernier, 
•nd a microscope M for reading the divisions. At the back of the 
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umtriiuK'int is a clamjHscrew', not showu, for holding the index in 
axiy reqnirt*(l position, and at D is a tangent-screw for gi^'Jng 
it ^ alow motion to complete its adjustment. Tho two mirrors 
liaw their planes at right angles to the plane of the iustnimeut; 
sue of them, calh*d tho “ iiufejr-fjhsft," is can i<‘(l hy the index at 
its^ceutro of nvvCioti; tho oilier, o.illed tho honzou-gfass,** N, is 
caiTic'd hy the frame of the sector j half of it is silvereil and the 
Remainder uusilrered. Tin* urisilvered half is file fuiiher from the 
Idee of the instrument. Both minors should he made of strong 
l^ilate glass, with its suifiK'os exactly plane and ]Mn*aUeI. 

T is a telopeope d‘ w'ttd iowanls the horizonvglass. It is canued 
hy a ring K, ann eapahh' of adjustment to a gi-eater or leas distance 
from the jilaiu of Ihe insiniiiKait; Hxid the ohjeot tif that adjustment 
is, to vary tlie pi opui lions of the hghl iv'ceivtd fi*om (he silvered 
part and thiough Hi<> unsilwii'd of the lioii/on glasa, so us to 
r**uiler the images of two hnninous ohjeets seen directly ami hy 
refleetmii etpially hnght, altliongii tho ohjeets IhemseKes may he 
unequally hright. That eipialiZtition of l)riglitiie.ss is fH\our.ible to 
accuracy in ol)ser\ing angles. 

K and F are sets of darkening glasses, of various colours and 
shades, wliicli are used when required, to modei^itc the light from 
very bright^ohjeets, .su<‘J) ns the sun. 

If is the handle hy which tlie instrument is*held. 

Sexhuits for nautical purposes usually Jiave the graduated limb 
of from six to eiglit inches ladius, the graduated limb being suh- 
divided by tlu‘ veinier to 20' m the smaller sizes, and 10" in the 
larger. Tlx* ohsiivei cm ni e.ich (ase read to one half of these 
arcs by estiin.itioii. 

The luutical sextant is siddom used for land .snr^ eying. For 
that purpose the box s(xfant is employid, and for tiimigli'S of small 
extent only, not exeisshtig about a iiiiU‘ in length of side. TJio 
box-sextant is a sextant so small as to he eiitiiely oontalned within 
a eyliudiieal brass box of about three inches in diameter and two 
iuehes ill depth. It is giaduated to half-degrees, and subdivided 
hy the -verniiT to miimti’s, and by I'stimation to lialf-miiiuteB. lb 
’is usually furnished with a small teleseojie, which, however, it is 
seldom necess.iry to enqiloy, a jila.n sight-hole being used instead. 
Tho index is moved hy a pinion and toothed liK'efor. 

The l)ox-aextant has sometuiu'S a contrivance added for enabling 
it to measure aiigh*s greater than 120®. 'fbat contrivance depends 
on the principle, t/mt if two reflected rags o f ^'ght proceed in tfie same 
direction from two mirrors which make an angle with each olher, ihe 
dkr&itiom of the rays before Q'efection make doable dmt anxfle with 
each other . and it consists of a small mirror below tho indi'x-glass, 
fixed in such a position that when the index is at the mark nuni' 
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bered 180*uj>on wliatia (*u.lled the Hupplenirntaiy arc,” thosq tvo 
Airrors are at right angles to each utliei*; and the objeot<i whose 
images as seen in them appear lo coinddo in dim*tion, lie fact 
in diamotrically oj>posite duveiions. • 

Troughton’s Keflccting Circle is an instrument having the mirrors 
anil ti‘lesc(»pe of a sextant, togetlier with a comi)let(‘ly ciieular 
limb, and thive iinlieeb radiating fi’ora its centn' at angles of 121)*. 
By observing each angle with the instrument in two )wsitJ 0 ins, 
reading each angle observed iijxni the thive vernieiN, and taking 
the mean of tin* six results, some of tlie crroiis of a sextant are 
a\oidod, and others diminished. % * 

The iTnltrrNal imrtrnmriit, as iui]>i*ovcdby Ihsifeasoi* Piazzi Smyth, 
is a soil oi refleeting circle, in winch a sjurit le\el with a very small 
bubble is .so placed that by means of a l«'ns and a totally reflecting 
prism an image of the bubble is lonned at the fiM-iis <»f the telescope*, 
and the cuhicidenct* of the centtv of tliat image with the cmss-wii'es 
shows when the line of colhmaliuu tiul} horizontal. 

The Adjn»tmentH of iht* Mrxtant am an IoHowm i — 

(1.) To ])lace the index-glass exactly j)eri)endicnlar to the piano 
of the instillment This adjuAtincnt is madi* by the maker , but 
the observer may b'st it by setting tla* index to ahout OO®, and 
looking at tlie image of the limb t»f tin* instiiimeut as reflei'led in 
the index-glass , wiien the leal limb and the muige ought to seem 
to form one continuous are. 

(2.) To place the horizon-glass ex.tctly ])(‘r}iendieular to the plane 
of the instrument Tins adjustment is tested by clam]>ing the 
index near to 0"; lookiiij, at some well-defined fai distant object, 
and turning the tangent-screw of the ind(*\ till the object as aeeu 
directly and its reflected image are made to seem to coincide, if 
possible. Tf the honzon-gluss is coiTeetly ad)ust<*J, if, will bo 
possible to make the apparent roineidenee exactly; if u»t, the glass 
must be corrected by means of ailjinsting seiews with which it is fitted. 

(3.) To uscertoin the “ ii/r/cr error,” the angle marked by the 
index is to he ivad off wIkmi flie ahove-nienlioiicd coiiicid(*iiee has 
been made. If thei'e is no iiid<‘X-en'or, the index will mark exactly, 
0*': any deviation fnim this is to be noted down as the iudex-eiTor 
of the mstnlment, and allowed for in all future angular meusun*- 
raeiits. For the puqiose of measuring the index-eri-or when it is 
negative (tliat is—^when the correction for it is to he ad<Ie<I), the 
^dilations of the limb are carried a short distance back from 0®. 
In reading this paili of the limb (called the “ai'c of excess”), the 
divisions of the vernier are to bo reckoned the reverse way. 

(4.) The parallelism of the line of colliinatioii of the telescope to 
the plane of the instrument is tested by placing the index so as to 
produce ^he apparent coincidence of two distinct objects whose 
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directions make an angle IK)", or ilwroaboiils, and observing 
wheflier u slight motitni of the jihme ol the sextant ahoiifc an ax.'S 
traversing the object seen by reflection distnrbs the apjairent coin- 
cidftnce, which it should not do if tlie adjustment is correct. 

38. ir«f> of the in iSurtniiiK.'—To inensuro a horizontal or 

nearly horizontal angle with the aoxtanl.bold the instniniont so that 
the plane of its face shall ikiss through the two objects subtending 
the angh'; look tlii*ough the telescope or sight-h'olo at^ the object 
whiqh is fni’thost to the left, so us to see it through the unsilveixsl 
pavt of the horizon-glasB; move the* index by hand until the refl(‘eted 
image of the i-igbt-jiai](l object is seen in th(‘ silvered ]»jirt of the 
horizon-glass; ehim]i tin* iinh'x, and move it slowly by the tangent- 
screw till that imsigo aj»iMreiilly coinMd(‘s witli tin* h‘ft-hand object. 
(In the box-s<*xt«ut, the eniivi' lufumu of the index is produced by 
turning the ^^iiiion.) Tlien rtiid the angh* by means of the index 
and veiiiier, and add or .suldr.jct the iiidex-enx»r according as it lies 
behind or in advanci' oi 0". 

Xn tig. 32, J* ivpn'S(‘nts tlie dire<’tioii of the left-hand object; 
PS that of the right-lijind object. 'When the image of the latter 
ap{)ears to coincide with the former, the rays of light coming fi*om 
the right-luii\d obj<‘cl art' n'tlectc'd fitnn the miiror 0 to the mirror JM, 
and thence to the <'ye in the same direction with those which come 
directly from the left-hand object; and according to the principle 
stated at the beginning of tin last article, the angle made by the 
directions of the objects 8, P, IS', is double of that made by tin' jilanes 
of the mirrors. When the mirrors are })arullel to each other, the 
index points to 0" (or de\iatcs from that j)oint by tlu» index-error 
only); and the divisions marked as degn’cs on the limb are of half 
the length ot actual degrees; so that t.hc .ingle road otf on the limb 
(index-error being allowed for), is the .ingle between the directions 
of the objects. Jf Hiore is much difleii nee in the distiuotness of 
the objects, tin less distinct object sliould be looked at directly; 
and should it lie to the right of the other, the face of the sextant 
must bo timied downwards. 

In ordei* th.al the angh' measilVed may be a horizontal angle, the 
‘two objects and the observer s eye must bo at the same level. When 
this is not the case, three methods may be followed. The least 
accuratf' is, to ohooso by the eye two objects in the same vertical 
phincs with the objects whose relative azimuth is to be found, and 
as uoai'ly as ixisbiblo on a level witli the observer’s eye, and to 
measure tlie angle between those. To aluua greater accuracy, two 
I'ortical poles are to bo ranged and adjusted % the plumb-line, in 
the dii'ections of the two objects, and the angle between them 
measured with the plane of the sextant horizontal. In using the 
)>ox-8extant for the details of a survey, one or other of these me^ods 
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is in geueral solHcioutly accumte, if the gi’oiiud not very 
Villy. 

The most acemnto method is to measiu'e the angle between the 
objects themsehvs, and to take clso llio uiigJe of altitude or (feju'cs- 
sion of each. (The taking of hucli angles will be furtlwr consideivd 
under the head of levelling.) Tin* zetuth disfonee of each obj«et is 
foTind by subtracting its altitude from, or adiliug its depression 
to, 90®. • 

In fig. 33, lot 0 i*ej>resent the obsei’vt'v’s station; O B, O 0, the 
directions of the objects j B O 0 the angle between 
tbom^ t> I) E a Iftu'izout^ piano; DOB and ^ 0*0 
tbe altitudes of the objects; (J A a vertical line, and 
A D E a spherical surface. 

Then, ui the spherical tiiaiigle A B (’, the three sides 
are gi'von, viz., AB and AC, the zortith distance,, and 
B C, the angle bclwecu the objeets; and tbe horizontal 
projection of that angle, being equal to tbe angle A, 
may bo computed by th^ projHT formula. (See Aiiicle 33, Division 
V., equation 66, |>. t)f).) 

39. Une of the c'ompnM* In sinrve>inK.—It has already been men¬ 
tioned tbat the theodolite is usually ]»r<Aidod with l!om))ass, 
carried on the ceiitic of the vernier j)late. This eonqiass consists of 
a magni'tic newlle, hung by an agate <‘aj) on a point in iho centre of 
the instrument, and ot a flat siIvct ring fixed lound the inside ot the 
compass-box, and divid<‘d into degiees and luilf-degi*ees, the num¬ 
bering of which I'siially commenoes at a jioint exactly under the 
telescojie, and proccedii g towards the hfl^ goes completely round 
the circle, ending at the point wlierc it started, which is marked 
360®. Tiiei*e is a small catch, by ]>ressing whicli the magnetic 
tieodlo is lifted ofl* its bearing when not in use, to avoid unnecessary 
wear; and by which also its vibrations are gradually clseckod when 
an observation is made. To find the magnetic bearing of any object 
from a given station, the line of collimation of tbe telosco^m is 
directed towards it; and the surv^or, when tlie vjbrations of the 
needle have ceased, reads the angle io which the north end of the 
needle points, and which denotes so imny degrees to tfte east of nordC 
When the angle to the east of north exceeds 90®, it is to be observed 
that 90® post of noitih means mst^ 180® east of north, sofuJthy and 
270'* east of north, •mst. In some cases, however, the ring is 
divided into four quadrants, the points in a line directly under the 
telescope being both marked 0°, and the jioints in a line peipen- 
dioular to the telescope, 90®, as in fig. 28, p. 6/>; and then the 
bearing is read so many degrees to the east of north, west of north, 
east of south, or west of south, as the case may be. 

The compass most frequently used in surveying is the PHmnaUa 
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Coin^asSf consisting of a glass-covered box thi-ce or four inches in 
diameter, in which is hung a magnetic needle: the newlle carries 
a light ginduatod silver ring fixed upon it, and the box has sights 
fixed to its rim, Tlie fiu’tlier sight, when in use, stands upright to 
a height equal to the diameter of the box, and contains a vertical 
slit »,itli a vertical wiin in the middle. The near night has a very 
small slit to look at tlio object through, below which is a totally 
reflecting magnifying prism, so placed as to show'io the ♦'ye of the 
obticrv cr a refiecU'd and magnified image of that jMiit of the c^dge of 
th? gra<lu!iled ringwhieli is directly below th<i line of sight. He 
directs the siglit i,t)wards an object, and at the same time, and with 
the same eye, reads its bearing on the ring, lii order to show 
bearings in degi'ees to the east of iiortli, the nuinl>ering of the 
degrees on tlu* ring begins at the south end (»f the needle, proceeds 
toirurdM the r 'njht, and gof.-* completely i‘<uuid to JifiO®. 

The Chrumjhenter'’' is a eoiiipa.is with sights mounted on i> 
stand, chiefly iiH<'d in survey'- of miiM">. 

'nie horizontal angh' subtendud by two objects may be Ibuiid to 
a rough approxiniulion by taking tlio diflerenee (d' their magnetic 
bcai’iugs. 

The compjkss cannot be v(»ad in surveying to less than a quarter 
of a degree; and considemig the continual cliauges which go on in 
the earth’s magnetism, and ilu' etroets <d* local attraction, it is 
thought doubtful by the best authorities whether magiu'tic healings 
can 1 h' rehed upon even to half a degw'e. Hence, although it is 
ft convenient instrument for tilling up small details, and making 
rough surveys, it is not to he usisl wlicre accuracy is inquired. 

Tt is usual to mark the magiu'tie north upon a ]>lan, and this can 
easily he done hj taking the magn-'tic hearing of one of the principal 
atatiou-liiies. The true north onglit to he shown also, and the 
means of'fiuding its direction will be *‘xplainpd in Article 42. 

40. tnrrat Trifton«ni< trlcal Wurvej. —Tlio geneiul nature of a sur¬ 
vey of til is class has aln'ady been stated in jt\rticlc 12, Division (c), 
p. 13, viz., -measuring one bast'-line with extK*me accuraigr, and 
finding tlu' lengths ol all tlu' other sides of triangh's by calculation 
from thi'ir angles. A fi'vv sidt's of triangles may be n)e.asured in 
parts of the survey far distant from the original base,* in order to 
test the accuracy of the whole work : tliese are callodl, bases oj 
wriftcatwru 

The tiigiuiometrical calcuhitions reonired in a suiwey of this class 
consist almost entirely in computing iiie remaining sides of a 
triangle when one side and two of its angles ai'e given: as to which 
computation, if the triangle is sen.sibly j»laue, sec Article 33, 
Division lY., equation 33, p. 43, and if it is sensibly spherioal, see 
Article 33, Divudon VI., pp. 51 to 53. 
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The following points I'eqnire some further ex])ianatioxi;— , 

•I. JU-condUioned Trimujlea, that is, triangles with any angle 
of less than 30° o a» iiioi*o arc to bo avoided in suiTqying 

by angles as well as in surveying by the chain, and for the smne 
imson. (See Article 26, p. 24.) 

U. Cheching Angles .—The whole throe iingh's of each great 
triangle should be measured, in order that the accuracy of tJie 
observations mayliO checked by adding them togetlier, when thSy 
ought amount to USO® ( + the spherical excess, if sensible; see 
Articl 133, JDi vision V., equation 38, p. 48). I’ho treatment of 
unaxotdiiblc eiTors^ias been explained in Article 83, l>ivision VI., 
Pnddem 4, j>. 53. 

The accuracy of the uieayurciuent of the internal angles of any 
polygon on the cai*lh’.s surface may be checked by adding them 
together; v'^hen, if n denotes the numtjc'r of the sides of the polygon, 
the angles ought to amount to 

(w— 2) 160° 4 tlie s])herical excess, calcul.ited from the 
area of the figure as for a triangle. 


III. Cheching k^ldes ,—In a eomjilele iietwoik ('f tiiiftigh's, it will 
always be found that many of the sales are so jiliiced that their 
lengths can be caleiilated jude]»eudent]y from different sets of data, 
whicJi give.s the means of checking the iicennicy of tlie UK’asureiucuts 
and caleiilutions. 

IV. I^roionging the —As if is necessary that the base should 

be measured on a level jneee of ground, it is in geneiul of limited 
extent, and miuh shorter thnn the sides of the great triangles; and 
its ends, also, are seldom in commanding positions snit(.‘d for stations. 
Snell a base hue is ^^prolongtd^' by ranging straight lim‘« in con 
tinuation of it, at one or both ends, until a 

Bufilicient length has hei n <tl)tuiii('d and suit 
able stations reaclieil, the lengtli of such 
additional hues being eoniputej liwii angular 
measiu'Cinents, as follows;—In 6g. 31, let 
A D be the inoa.sun*d base, and Jl K a line 
innged in continuation of it. (^lioose a 
lateral stf.tiou (1, so that A B C and B C E 
shall lie well-conditioned triangles; measure 
the three angles of each of these triangles; 
from the angles A 0 B, C A B, and the Ijase 
A B, comjiato the side B O; and from that 
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side, and the angles CEB, BCE, coinfiutc the additional length 
B £. Take another lateral station I), at the opposite side of tlie liaso, 
and by staving, in the same manner, the triangles A B I), D B E, 
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compute B E from indcpoudoufc data, so as to check the previous 
determination of its length. * 

E" II lejuvseiita a larilior prolongation of tlio liawc line, and F and 
O the lateml stuiioii.s whieli form the triangles hy mean.s (>f which 
its length is oompuU'd. At t'ach of ihoHo stations angles are 
mearurod }>etw<'(*u all the pi‘<*\ioiisly (h‘tcjt mined jwin'UJ, A, B, K in 
order that tJiere may be as many ways of venfying the calculations 
aa'})ossil»lc. In the same ni.inuer the Imse may he pi‘olonge<l either 
way as far as may he thsmu'd necessaiy. 

tV. lUnlartjunj Triamjle'^.—A mode of eonneoting a compawtB ely 
short huso willi the sid(‘s of larg<‘ triangles, without prolonging it, 
or iritroducing'ill ronditifUK'd triangles, is as follows:—In fig. 115, 
, let A B n‘pi'»‘seni> the base. (Jhoose two 

^ ^ stillmns ('* and D, at o])]»osito sides of the 

, I \ . hase, and as f.ir from each i>tlu‘r as is eon* 

^ sistenl wit!) making A (‘13 and A J) B 

^ ^ well-conditioned triangles. From each ot 

those foni* points measure tJu* angles suh- 
** tended hy tJie otlier three. Then calculate 

the sid<'s A ( \ B, B I), DA; wdi<*n there 
will be data f >r computing tiie length of (11) iua vanety of difforont 
ways, which w'ill clus'k each other. Taking V 1) as a now base," 

eho(>«.t‘ a pair (d .-.tatiojis 10 ami K still f.irtlier asunder, and ]>roceod 

a.s bofore to deteuTuine tin* distance E F, and so on until a distance 


has b(‘en determined siitliciently h*ng to sev\e as the side of a Jiair 
of tnangh*« in tlie gnat tn.ingul.djon, 

41. €;:rcai TrineminK -Tlu* t!<‘mT,d nature of a sun'cy of 

this class, as usually i»‘<piin*d tor a long lim* of <*ommunicatiun, has 
been e.vphiiiied in Artich lU, p]) ll2, 1and illustrated bj figure Ji, 
p. lii. Somefurllier explanation will now he given on the follow¬ 
ing points 

1. CitecKimj Dhfancp', tnuf J >////#*.<?.—Tlu* lateral objects, such as 
F, (I, H, A'c., in fig. it, an* gener.iiJy iimcee.'isiblo or unaraiJuhlo as 
stations for tlm tlieodoliti*; so that the only angles measured for 
the main triangulation are those at the shiiions A, B, (?, ka. Jf 
errom W'ore itu]s»ssihle, the measurement of bla* base* lines A B, 
B (J, <1 D, &c , and of i lie angles between them, A B C, 13 C 1), &o,, 
would lie .sulficient to detc'rniiue th<*ir h'ngthi* and lUrectio'is. The 
use of t.ho lateml ohje<‘ts i.s to check tlio results of those measure¬ 
ments, in tht* follow’ing manner:— 

Tn the triangle A B F, the side A B, and tla* anglc.s at A and B 
having been measured, calculate the side B F. lii ilie triangle 
B P C, the side B F having been calculated, and the angles at B 
and 0 having been measured, calculate the side B (,\ the result 
being compared with the length of the same lino as measured on 
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the ground, will check the accuracy of the work so far. The process 
«f comparison is precisely similar for each successive main station* 
line of the survey. • 

11. Ga^» in tlie Alain 6*tationrline8f sucli as have alivad^l»een 
referred to in Article 27, are in most cases to be measured by the 
prpcc«*s already described in Aiiaclo 40, Division IV, p. C9, and 
illustrated by fig. 34, for prolonging a buae-line. In that figure 
A B may be held to i*epresent a ineasui*cd portion of the station^ 
line, and B E, or B 11, fho gap or inaccessible distance. The sides 
of the lateral triangles formed in order to delemiiiie that distance 
may also he used tis siatiou-lines for the details the survey. 

Fig. 3fi shows how a distai\ee O D between two objects is to be 
measured, when both ends of it aiv inacccs'iiblo. to chaining. 
Ateasiiro a Imisc A B, laiving its ends so situated 
that the six lines connecting tln*in and the 
objects C and D with each other may fonn well- 
conditioned triangles, ai\d at the stations A and 
B measmv the .'uiglos OAD, DA 15, A 15 (\ \ \ 

CBD. Jn the tiianglo TAB, compute the \ / 

sides A 0, B(l; in the friangh' D A B, coi«])Ute \/ 
the sides A D, B D. Tljen, in the tj'ianglc , 

OAD, in which the sides A 0 an<l AD, and 
the included angle at A are gi\en, coniputt* the third sid C D, as 
shown in Article 33, Di\isiou JV., Ihoblem 2. equations 37, 38; 
also com]iute 01) by the siunc process as the third side of the 
triangle <J BD; tlie two results will <heek each other. 

42. vindfnK the iTirridinn.-- For the ])uipos(‘ of laying down the 
direction of the tnie north on the plan of an eugineeiing survey, 
the angle which one of the principal st.itiou-liues Tuakes with the 
meridian must be determiiasl, though not wnth tlie s.U)ie accuracy 
that is requm'd for astronoinical and g’eogi’iiphie.iJ ])U»q>oses. The 
following are some of the methods*— 

I. Jiyihe Two greatent Elongations of a Circum^wlar AVar.—This, 
the most accurate* method, consists m oh-.er\ing the greatest and 
least horizontal angles made by a slai near the* pole with a station- 
line of the survey, when the star is ,it its gieaie.st distances ea^t 
and west of the ))ole, and taking the mt*an of those angles, which 
is the true azimutli of the station-line, or horizontal angle which it 
makes with the meridian. Jn the nortliern lieniiHjdiere the Pole- 
star, u Drsie Miiioris, is the beat for tliis purjiose. 

This method, however, is seldom practicable with an ovdinarj 
theodolite, as in general, one of the observations must be made by 
daylight. * 

II. Eg equal altitudes of a Star .—The theodolite being at a 
station ir tlie station-liuo chosen, measure the horijsontaJl angle from 
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the station-line to any htjir which is not near the highest or lowest 
point? of its ajjfiarent daily course, and take also the altitude of that 
star.- Leave the vertical circh* clamped, and let the instrument 
ivmq,ifi perfectly nudisturliod until the star is apyrnmehing the same 
altitude at the other side of its ayiiiareut circular eoui’se. Then, 
' without mo\iiig the vertical ciivle, direct the telescoj»e towards t^ie 
star, clam)) the v«‘rniei'-])bte, and by the aid of ite tangeiit-sci’ew, 
follow the star in azimuth witli the cross wii-es'until it anives 
exactly at its ftu'iner altitude, as is sbow'u by its image coinciding 
wi^b the Cl OSS wiles; then nieasnre the honzoutal angle between 
the new diiTctkm pf the star nun the station-line: ^lie mean between 
the two horizontal angles will be the true azimuth of the station- 
line* 

111 both the yu’CM'ding processes it is to be understood that the 
liKKm of two horizontal ?iieans theirwhen they are 

at the same side ol* the station line, biiL tlieir hnJf-dijference wlu*n 
they aiHi at ojiposite sides. 

The second iiu'thod may be ayiydied to tlie sun, obser^ ing the 
sun’s west limb in tin* torenoon and east limb in the aftenioon, or 
vice versd ; but in that case a coirection is required, owing to the 
sun’s change <^1*declination. When the sun’s declination is chang¬ 
ing towards the -j | » ^he tipjiroxiiualt* direction of the meri¬ 

dian, ae* found by the method just described, is too far to the 
{ ^'eft^ I ’ coiTi'ctioii lequired is given by the formula,t 

change of sun’s deelIllation i i . 1 

X ^ec latiUide X oosec—aiignlur 

2 it 

motion of sun belweim the observations .(1.) 


III. By One yrcatcH Bloin/ation oj a Oircvrnpolm’ iSfar .—To use 
this method, the dccliiiatiou of the st.ir, and tin* latitude of tho 
place, bliould be kno\Mi. Tln-n 

* sin 'azimuth of star at greatest elongalum 

- cos • decimation — cos • latitude; .(2.) 


and this azimuth, being addeil to or subtraeted from the hoHzoutal 
angle between the station-line and the st c when at its gi'eatest 
elongation (according as tlie station-line lies to tlie same side of 


* In obsenriug at night vvitb the theodolite, it i*i neceasaiy to throw, by means of a 
lamii and a small mirror, enough of light into the tahe to make tlie cross-wires vislbla 
t At the equinoxes, the rate of change of the sun’s declination is ahont 59'' per hourf 
lAd it varies nearly as the cosine of the sun's right ascent-ion. 
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tihe meridian with the star, or to the opposite side) gives the 
azimuth of the station-line.* * 

IV. By observing the Altitude of a Star, and the Borizoidai 
Angle between it and the Stationdine. —The altitude being corrected 
for refraction, the azimutli of the star is^ computed by taking the 
zenith-disiance, or (*om}ilemont of that altitude, the polar distaneef 
of tfie stjir, and the co-Jatitu<le of the place, as the three sides of 

* The following is a table of the declinations of a tew of tho more conspicMous 
stare for the 1st ol January, 18t)7, together with the annual rate at which those 
declinations are changing, + denoting increase, and — diminution:—. „ 

•NOKTIIEim HEMISPHERK. s ‘ 



SiAlU 

Andromcdic,. 

j North Declination. 

.... 28“ 31' Itf* 

lt.ite of Annual VariaUuii 
+ W'9 

a 

ITrsflt Miiioris (Pole-Slnr),. 

.... 88 

45 

.10 

+ 18 -8 

m 

Arietis,... 

.... 22 

58 

31 

+ 17 '3 

« 

Celi. 

.... :{ 

41 

8 

+ 14 -3 

a 

I’ersei,. 

.... 41) 

29 

41 

f 10 T 

A 

Tnuri (Aldebarari),. 

.... 18 

18 

9 

4 7 -5 

• 

Aurigw (Oapella),. 

.... 45 

r>3 

35 

i 1 -0 

A 

Oriunis (Betelgeuze)?. 

.... 7 

0 

10 

4 0 -9 


Geuiinorum (Castor),. 

32 

52 

— 7 31 

a 

Canis Minoii8(l'rocvon),. 

5 

« • » • 

29 

21 

— 9 -0 


Geniinorum (Pollux),. 

.... 2s 

10 

29 

~ 8 ‘5 

a 

Leoiiis (Kegnlus),. 

.... 12 

28 

14 

— 17 *5 

« 

llrsse Majuris,. 

.... 02 

18 

24 

— 19 -4 

s 

lTrs» Majuris. 

.... 41* 

49 

38 

— 38 -1 

« 

Itootis (Arcturuh),. 

.... 19 

43 

7 

— 18 -8 

a 

ephiuchi,. 

. 12 

38 

6 

— 2 *8 

m 

byrsD (Vega),. 

. 38 

41 

15 

+ 3-2 

• 

Aquilso (Altair),..... 

. 8 

.3.5 

40 

4- 9 *3 

• 

Oygni. 

. 44 

51 

44 

+ 12 -7 

• 

Pegasi (Markab), . 

. 14 

.39 

3 

+ 19 '3 

A 

SOUTHERN JIEMlSPnERE. 

Star. tsouthDuhnutioi) 

Orionie (Rigol), . 8“ 19' U" 

Kite ol Annual \ailatiou 
— 4"ri 

« 

Columbte,. 

... 34 

7 

14 

— 2 1 

M 

Argds (Canopus),. 

. . fii 

38 

22 

•+ 1 '9 

» 

Canis Majoris (Sirius),. 

.... 10 

.‘W 

32 

+ 4 *7 

« 

Hydrffi,. 

s 

12 

41 

4 15 *4 


Argds,. 

.... 

8 

34 

+ 18 *8 

« 

Crnris,. 

.... 02 

31 

41 

4 20 0 

« 

Virginia (Spica),. 

.... 10 

37 

20 

+ 18 ‘9 

• 

Centauri,. 

.... 00 

24 

'27 

+ 15 0 

m 

Scorpii (Antares),. 

.... 20 

12 

12 

+ 8-2 

m 

Trianguli Australis,. 

.... 08 

f)0 

18 

4-7 1 

m 

Pavoiiis,. 

.... 67 

3 

50 

— 11 *2 

m 

Gniis,.j. 

Piecis Auetralis (Fomalhaut),. 

.... 47 

27 

;?5 

— 17 -3 * 

— 

... 30 

10 


— 19-0 


The polar distance is the complement of the declination. 
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a spheiioal triangle; wIkmi tlie azimuth of the star will be the 
angle opposite the side ropix'senting the polar distauce. (See Article 
33, Division V., Problem 0, p, /iO.) The azimuth of the staiion- 
lin,e'i8 then to bo found as in Method III. 

^ V. Approximate Method by observing ceiiftia 

Stars .— It i^ remarked by Mi', Butler Willijama, 
that a great ciivli* travei'siug the Pole-star (<* 
ITrste ]Miuoris), .and the star iLUoth in the Gi*eat 
Bear (e Drsie Majons), passes v<)ry near the yiolo. 
TTeiu'e, in the noi-thern hemisphere, a meridian- 




T 


liuf‘ may ho fiaed approxinutitely by observing, 
^ witli tin' aid of a plumb-line, tlie instant when 
^ ■ theme t\No stars aytpoar in ilie saino verticfil plane, 

« _ as shown in tig .‘^7. ^fhe Pole-star is marked A. 

Whim two ])oints on Iheeartli’a surlacc have 
the same latitude, hut <mT<‘ivnt h>ngitud<'.s, the horizontal angle 
made b^ their iTieri<liaiis with <'ach otlier is found by the following 
er| nation; 


sin ,, horizontal angle = sin difference of long. X sin * lat. (3.) 

43. PloitiiiiK anil ProirariiiiK.—The most aceumte method of lay" 
ing down the angles ()f gi't'at triangles on paper is to caleulato the 
lengtl*s of the sides of the triangles, and plot them with beam- 
compasses like chained triangles (A.rtiele 30, ]>. .31). 

To plot, according to lliis principle, a solitary angle, like that 
between a station line and llu' meridian, a cirele is t.<» be drawn, 
with as largo a radius as is jnMctieable, round the station where the 
angle is to be hiid down. Then the distance between the points 
where tlie two lines enelo<sing the angh cut that circle is found by 
multipl^'ing the radius by <!ic rhoril of the angle—tliat is, twice the 
sine of half the aiigli*. 

But to save time wJiere Jess accuraev is required, especially in 
laying down secondary triangles and details, angles arc laid down 
at once, or “in'otiuctcd,” liy tile aid <d‘ instruments eallerl “pro- 
• tractors being Hal graduatrsl circles or parts of circles, which are 
laid on the pajier. Tliey are of various eonstniietions and various 
degrees of accuracy. 

The most aecurato Circufar Prot/ra^r has a round piece of plate- 
glass in its centre, tlii*ongh which the jt'oer can be seen. The 
under side of the glass touches the payier, and has the centre of the 

§ raduated circle marked on it by a fine cress. The cirele is 
ivitled to half-degrees, and subdivided to rainutes by the vernier 
on its index. Tlie index has two diametrically op|>osite arms, 
each of which has liingeii on its end a branch carrying a pricker, 
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wluoh is held u]) clouir of the paper by a spring. When the index 
jbdl been tnructl to any required degree and minute on the ciA>le} 
the two branches are jwssed down, and their prickers mark two 
points on the i)aper which are in th<j required direction, and whjeh 
are or oxight to be in 0 )io straight line tm versing the ecu tie of the 
cirolo. It is often convenient to draw, by tho aid of those ])rick*rs^ 
a graduated cin-h* on tho i>ap(‘r, tlii’ongli the centre of which liiws 
making any roquifed angle can bo drawn, !ind their directions trans¬ 
ferred, so as to pass through any rc(pniv(l stjition on tlie paper, by 
the aid of a large and aecmnto p.4rallel nilor. ^ 

The tSemidmilaf Proiractiir Jm a stmight sit^e, which can be 
slid along a straight-edge fixed to tlie table or drawing bofird into 
any required position. Its index has a long arm projecting beyond 
tho circle, with a straight fiducial e«lge, whieli is used to rule lines 
in any required direction through any slai,ioii on the plan. 

44. TrnTcming on n Hmnii Heuic has been referred to in Article 
12, Division (c), p. 18, as u mcan.s of surveying long, narrow, 
and winding objects in detail. Tin* nmst accurate way of perform¬ 
ing it is to form a series of triaiugh'S i)y means of lateral objects, 
as already deacril)ed in that article, atui in Ai‘ticlc 41, tl»<» chocking 
of tho aceurncy of the woik being tested by piottyig, without 
calculation, hlach lateral obj<*ct Ls traversed l»y at least three lines 
from different stations in tho survey; and those three or more lines 
will interaect each othej* in one point on the paper, if tho station- 
lines between the sudions and the angl(‘s at tho stations have boon 
correctly mesisure*! and ]»lot1ed. 

In almost all mining hurveys, and in some above gnmiid, it is 
imposailffe to take suitable angles to lalenil objects, the* only angles 
capable of b(‘iiig measured being tho.<3o N\diich the station-lines make 
witli each other. In such cases tho station-linos shoultl be laitl out 
BO as to return to the atari ing ]>oint, and form a “eloserj polygon.” 
The aoeuruey of ineasun*ment of the angh's may then he tested by 
taking tlu* sum of all tho salient” jmgles of tliat ])o]ygon--that 
is, of those which pi’ojeet outwards—and subtracling from it tho 
sum of the “ re-entering angles’ —that is, of those which project 
imrartls. Tlni result (which is the ahfehraical mm of the angles of* 
the l>olygon) ought to bo 

180" X ■j^numbor of salient angles — 2 

— number of re-entering anglcsj- ... (1.) 

Before plotting such a survey, the angle made by each station- 
Une with one fixed dh*ection ought to bo coinjaited (by successive 
additions or subtractions of the angles which those linas make 
with eacl^ other) and protracted on the paper by drawing a line to 
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re|)»*eKent that fixed placing the jcero-jjoints ol* the pro* 

tradlor on that line, and laying ofl“ tlic directions of the sovefhl 
stjition-lmes as described in Article 43. The accuracy of the meas- 
tmHiient of distancea, and of the ])lotting of distances and angles, is 
tesied by the exactness with \\hich the end of the last sbitioudiuo 
ox)«tho paper coiiaddes willi tlie Riartiug-j>oiiit of tin* first. < 

In surveying by traversing u'if/t the compass and chain, the angles 
oVserve<l at each station arc the directions whicll the Rtation<linc8 
that meet at it make A\itli a fixed or nearly fixed direction, viz., 
that of the magnetic meridian. The zero-line on the jmper, there- 
f(rt*e, ropiTseu*i;s that nuridiau; and the angles* ])rotracted from it 
are simply the seNeral magnetic hearings of the station-Unes. Tra¬ 
versing with the C(m»pass and chum i& accordingly an easy and 
rapid method of sui*\e\mg; but us explained in Article 3fi, p. 67, 
its want of acenmey makes ’'it suitable only tor wnall or rough 
Mirx'eys. 

4.^. Ploltinji by K(‘4'innKnlar Co-ordinatcM, or by Narthlnyii, fifoulh- 
liigai, KnHHugii, and WcNiingM, is th(' most accurate way of plotting a 
tmverse, because tbe })ositioij of eacli station is plotted inde- 
j)endei)itly, and not alleettsl by tin*, erj’ors committed in ph»tting 
. pivvioils stations. Jt consists in assuming two 

c fixed hues or a vet,, as O X and it Y, lig. 3fcl, 

V cn)Shing each otluT at right angh'S at a fixed 

])oint (>, eonijmiing the perjiMJudicnlar distances 
—[v' OY co-ordinates o\' each station fiom those two 

' _ , axes, and j>lotting the position of each station 

“ f " b\ the aid <4' a straight-e<lge(l scale fixed }mr- 

Yit;. 38, allel to one of tlie axe'j, aiiul a T stpiare sliding 

along it, so as to rule Hues parallel to the oilier axis, and at any 
given distance irom it, and of any given I'Uigth. When the diixic- 
tioii of the*true meridian lias b<‘eii ascertained, it is best to make 
one of the axch lejnesi'iit it; and in that case the eo ordinates par¬ 
allel to one axis v\ill be the distances of the stations to the north or 
south of the fist'd jioiut or “ origin'’ O, and those parallel to the 
other axis W'ill he their distances to the €*ast or west of the same 
^Kunt; whence llio pliiusc, ‘‘ Noi-things, Southings, Eastings, and 
Westings.” If the tnie meridian is unknown, any fixed diivction 
will answer the ])uri)Ose, and maybe called “the Meridian*” for the 
occasion, and one of its ends “the North.” The calculations to be 
peifomed are the following:—Tn the figUK, lot O Y represent “the 
IMoridian,” Y being towards “the North.” One of the stations in 
the survey is to be taken as the origin (). Let A be the next 
station, and O A its distance from O. If Y O A, as in the figure, 
is nu acute angle, A is to the northward of 0; if au obtuse angle, 
to the soutliward; if Y O A, as in the figure, lies to tht* right of 
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the meridiau, A is to the eastward of 0; if to the left, to the west* 
wsrd; aud the co-ordiuates of A are as follows dt^notiug ^he 
aogle Y 0 A):— 

Northing 0 a' - a A (or if negative, Sontliing). - () A • cos ^) y,*v 
Easting, O a -A (or if negative, Wcfcting) A • sin ^ 

In the same iimnner uix» to be corn|)ut(‘d the eo-ordintites of the 
third station II to A; viz.; , 


d V - A Ji • lOs i?'; « 6 - A B • sin . (2 ) 

(whei*o deijote.s tlN* angle made by A B with tho^meridian); 
the co-or(hnate.s of C rdatie^ji (o B, and so for each successive 
station. In the figure, it wilt be (»bs(r\ed that tbo direction of 
B C’ de\iates to the w’^estward of muth, s(( that 6 e is a Westing," 
and is to be oonsid(*ivd as negative. •^I’lie results of these calcula¬ 
tions are to be entered in a book, in four colninns—for northings, 
southings, eastings, ami westings respectively. Then in four other 
columns a»’e to be eiiti‘re<l tlie total nortJiing or southing, and cast¬ 
ing or westing, of each station from the origin m tirst station, com¬ 
puted by adding all the successive northings and subtracting the 
southings, made in traversing to the station, the iVfjiilt l)eiiig a 
northing if positive, a southing if negative; and by treating the 
eastings and westings in tlie same manner. 

Thebt‘ calculations are ex])iessed by symbols as follows —Let 

rSry denot(‘the total I i of a station, and =±: a* its total 

(sontlimg / ’ 


{ w^t*bm| ’ length of any given station line, and 9 the 

angle which it makes with the mernliaii fiYun the north; observing 

that both tfand sin ^ are | | a,cooiding as that angle lies 

i negative ) ^ 

to the f I of the meridian, and tliat cosiiK's of obtuse angles 
( west j ^ ® 

are negativ e. Th<ni 


y - 2 • L cos 9 ; I 
iT ^ 2 * L ain 9 . j 



Tins method is cliiefly useful in suiweyiiig mines, but may also 
be applied with adv’antage to some surveys above ground, ^uell as 
thoM of towns. The book forms a recoi*d of the position of each 
, station, imlepondently of the ])liui; and it may be made more coni- 
‘plete by the addition of a column containing the elevations of the 
, stations aliove a datum horizontal surface. This will bo farther 
considered under the liead of levelling. 

46. Th^ Ptaiwe-TaMe is a drawing-board, having a shoet of papenr 
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fitmilii'd uu it, mounted on a portable thi*ec-leg|^ed standjand caj^ablo 
of turning about a vertical axis, iviid of being adjusted by scrip's 
(like the azimuth cii'cle of a theodolib') to a horizontal jKisitiou, as 
slipT^^n by a spirit iovel l<iij<l on its suriaee. 

'fbe vertioal axis lias aelain]) and a tringoiil-hCTCw to adjust the 
"i, ble to au> lequmsl position. ^ 

The inOcx IS u ll.it str.iighi edged ruler, having upright sights 
at its ends. 

Tho use of tho plaiio-lablo resembles trigonometrical surveying 
on a small scab*, c*x<*ept that the nnglei', instead of being read otf 
ou a horizontal eirelo and afterwards plotted, a*e at once hiid down 
on jiaper in the tii Id ^ 

Fig. 09 illustr.ites the priiicijde or surveying w ith tho plane-table. 
The lirat opei.ition l" to nunsure can fillip a I use on the ground, 
A B, and to lay down on the pajier a stiaiglit line a 6, to ii‘j>reaent 
that base on <x suit.ible scale, 'llie instrument is then to be placed 

and It*relied til the sititiou A, the 
Y>oint (t ou the j>aper being directly 
above tho point A on the ground; 
a net die is to be fixed uprigbt at a; 
and the index being laid on the 
. , table, so that its tiflneial edge shall 
be exactly along tho lino a 6, the 
table is to be tui ned until the sights 
of tho index are in a lino with the 
fcii-tlier .station B, and adjusted 
jj <‘\aetly to that position by the 

Pig. 8j). Jangeutrsmvw. The table remain¬ 

ing ste.u1y, the index is to be turned 
fio that while its fiducial edge still touches the needle at a, its line 
of sight* shall he successively directed towards all the important 
objects whoso ])ositions jelatively to the base A B are to be found, 
such as 0 and I>; and willi a fine hard 2 > 6 Kcil lines are to be 
drawn along the edge ui‘ the index jiointing towards those objects 
from a. The 'table is now to*be shifted from A to B, and the 
• needle from a to &, the ])oiut on the paper being placed exactly 
over B on the ground; the index being laid along b a, the table is 
to be adjusted till the sights are in a line with A. Tl^ index is 
then to be 1m ned so that while its fiducial edge still touches the 
needle at ft, its line of sight shall be sue' ^.ssively directed towards 
the same objects as befoi'c, and shori lines ^lointing from ft towards 
those objects oi-e to be drawn along its edge, intersecting the lines 

* To protecl the paper agdnet the efihets of the alternate moistnre and diyneas of 
the air, Captain Sibom recommends that its lower elds should hare spread over It 
the beat-up white of an egg before it is laid on the board. 
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onsly drawn; tlie points of JuterBection, such as c and d, mark 
iihe#objeoti8 on the i>aper. The deiaih aro iilled in by sketching* 

The objects thus laid down include pol<‘s at points suited for 
additional stations. On removing the table to one of those naw 
stations, such as 0, the needle is to be fixed at tho point c reprebent- 
ing ijjat station on tlio jujior, and tho index U to he placed with 
its edge touching that net die, and traversing also a |K)iiit I'epiusent- 
ing one of the Ibrifler stations, such as a* The table is then to ha 
turned so that the sights shall be directed towards a pole fixed at 
tliat former station; and then all the lines on the pa]M»r will 
parallel to tho corr^ponding lines on the gionnil; ^ind the suiwey 
of additional objects finm the new station nuiy he pi’ooei'ded with 
as hefoie. 

The plane-table is well suited for surveying where minute 
accui*acy in details is not requn*ed, the end in view being to show 
the relative ])ositions of the more imjiortant objects on the ground. 
It is thei'eforc more useful for tojM)gra[ihical and milil.uy ])urposes 
than for those of engineering. For full iufoimation as to its use 
see Pierce on ‘‘The Use of the Plane Table m 'ropographical 
Surveying,” Jim. Proc. Just C.P., vol. xcii,, 1888 
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47. npiiiMg-oHf a lilac af «icrtioa. —Pn'pariitory to taking tho 
l(*Vf‘ls of tlio gnmiul uloui; llie lino of a ju^oposctl vortical aectioii, 
tlint lino iM to Ik- “iMngo<l,” li^ mailing on tlio givnmrl with whites, 
])olos, ami |M‘iiuamMil luaiks whovo roquivoil, tlio ])(vintrt wher#‘ the 
lino ol rtoetjon orossos all stronius, lines of oommnnication, bound- 
arieH, , iiiul a sullU lont nnuilH*r of other points to enable it to be 
exactly followcil For that purpose, a tr.icing is to be made of so 
niuch as may be nt'CCHsaiy of the plan on winch the intended. Urn* 
of .section is ilrawn, and the distances of that lino from cornora ot 
fences and other ilelinite objei'ts ai'c to be car(*fnlly measured on the 
original pL n, and in.iiked in figures on the tracing. An assistant 
goes over the gi'ound with tins tracing, and marks the points m 
aceoi-danoe with it. Should tlie h'veller w‘e fit to alter the line in 
any lespect as he goes along it, or should it be left entiiely to his 
own judgment to choose it, as is often the case with trial sections, 
the distances of a sufficient number of points in il from objects on 
th(* ground can lie measured on th( spot and noted on tlie tracing, 
so as lo enable the lin<* of section chosen to be laid down on the 


plan. 

48. 'n«‘ 8plra-i4«Tel strictly speaking is a glass tube BC, fig. 40, 
heimeticidly sealed at both <*nds, containing some veiy limfiid 
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liquid, such as alcohol, chloroform, or sul- 
phurx't of carbon, and a bubble of air A, 
and ha\mg a slight curvature, convex 
njiw.irds. That curvature is much exag* 


gerated in fig. 40, Isdiig in reality so slight a.s to be imperceptible, or 
nearly so, to the eye. The air-buhhle places itself at the highest 
point in the tube; and n tangent to the upjier internal surface of 
the tube at that point is horizontal. The glass tube is usually fixed 
in and protected by a brass case. When ilo instrument to which 
the spirit-level belongs is in adjustment, the centre of the bubble if 
in tlie middle of the tube. When the bubble deviates from that 


position, it indicates that a tangent to the middle of the tube devi¬ 
ates from a horizontal position through an angle whose value is 
seconds is— 
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206264''-8 X 


deviation of bubble 
radius of curvature of tube 


BO that fcbe longer that mdiua, the itioi-c doliouto is the sjiint-lovel. 
A scale of o(|ual parts is marked on or ati.icliod to the top of the 
tube, to lueaMire the de\ iation of the bubble; and the value of th 
parts in sewiids can be found by trial. 

Fig. 41 shows a ft)rni of spirit-level inlroduecd by Prfifessor Piaz*i 
Smyth, in which the air bubble A is \ery small. Another and a 
larger portion «»f air is conhuned in the 
up|>er part of the Aid C oi‘ the tube, 
which i.s separ.itetl from the rest by 
the partition D, with a no/rle-shay>e<l 
oritice in its centre, through wliieh air 
can be tmnsfeiTed so as to enl.irgc oi* diiuinisli tbe bubble at will, 
by a mode of handling di'scribcd in the Transncimis of the Hoi/al 
SoolfUh i^ocie/y of drtvfor IM.'iG. 

Tlic term aplrU-hvfil <u’ Inel^ is also applied to a lereUbuj imtri^ 
of which the spirit-level jiroper i-s the essential jiart. V^arious 
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forms of level are used for eugineca- 

iijg purposes j that which is it'pre- te pr- ■ • r 

seiited in fig. 43 is Mr. Oravatl’s, Pl iVnio 

call«l the “Pumiy Level.” Ain *14 -n 

the spiiii level, attached hy screws * 

at a, a to the telcseojie Jit’; by 

means of those sciews ’t can bo !Sj 

adjust'd, in order lo yilaei aiangt^it /B'ffiimiffliLiflp/ 

to its middle yioiut yiarallel to the o f ^ 

line of colliniatioii of the telescope. iiTly b/pr 

A small circle near the object eiul 

B of the telescoyie, indicates a small \\^\ 

transverst‘ level, used lo show A// ^ 

whether the horizontal cross wire ■' 

is tndy Imrizoniid. , 

The telescope is similar.to that of a “ 
theodolite (see Article 34, p. 5.3), ex- 

cept that the diaphragm at the common focus of the ob ject glass and 
eye-piece c<'ntaiu8 one horizontaland two j)arallel\«*rtieal cross-wires, 
as shown in fig. 43. B is the object-end ot the tclescojK*, (’ 
the eye-piece; h the milled head of the pinion by which , 
the inner tube is diuwn in and out; c, c screws for i— 
adjusting the diaphragm so as to bring the horizontal 
cross-wire exactly to the line of collimation or axis of 
the telescope. 1) D is an oblong plate or flat bar fixed ® 


Fig. 42. 


Fig 48. 


oa the top^of the vertical axis E; to this plate the telescoyie m 
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coiyiectcd by adjusting screws at by nietius of wliicli tbo l^e 
of cdllimatioii is placed pcipendicnlar to the vertical axis. 
vei^ical axis is hollow, and turns u]k)u a sjnndlc lixed to the uj>j)er 
jnutiillol jdate F; lhat spindle iseoutiuued dowruwai*ds and attachwi 
to the low’er ]m«u 11(‘1 plate (i by a ball-and-sockc't joint. f,J,f are 
thrioe of tin* four phite-screw's by whieli the vf*rtical axis is sot *ruly 
vortical. Tin* low(‘r }>iate (r is screwe<l on the stafl-head 11, which 
has three wooden l(*gs like those of n theodolite.^ 

In most le\el.s a coinijas-i is eaiTi<*d on the top of the plate D D, 
fir)r tin* ]>urpose of taking tin* magnetic bearings of lines of trial 
seel ions. * • * 

'^riie following .an* some of tlie ])riueipal variations from the con- 
Btrueiiou .ibo\e deseribeil:— 

In 'rronghton’s level, the bni^s cas(* of tin* spirit-level is imbedded 
in the top of the onl('r teleseope-inbe, junl has jn) adjusting screws; 
tlie }uljustnn*nt of tb<* 8pirit-le\el to ptirallelism w ith tin* axis <if the 
teleseo])e l)eiii« left fo ihe instrunn*nt maker. 

In the Y-level, the telese<‘])e is eanied by two foj’ked supports 
called Y’s. It e.an be n>tated in these about its ow'u avis, and eiiu 
be lifted out and turneil <*nd for «‘inL The spirit-h‘\el hangs below 
the t<‘h*seo)>e, instead of being supported abo\e ih One of ihe Y\ is 
supporLetl liy a V(‘rfio.il seiow' wdtli a milled liertd, by means of which 
the telescope is adjusted so as to b(* at right angles to the vortical 
axis, and which answers tin* ])Uiiif»se of the screws at t/, c/, in the 
Humpy level. 

Instead of the four plate serews and iKill-joint, many levels have 
three foot-.screws, as in iig. itO, [». .hS. 

Some levels an* ]»rovided willi a small iniiTor, which being ])laced 
in a slo])ing positi m abo^e tin* spirit h v^‘1, enables the observer to 
see tin* jeflec^ed image of tin* bubble at the same time that he looks 
tlirough Mie telescope. Ihfen’in*i* lius alrearly been made to the 
eoutuvanei* of J^rofesrtor J’ia//i f^mytli, by which an image of a small 
bubble is foi*med at the cross wires when the line of colliraation is 
liori/oiital. (/ rtiele .*17, }>. ()/5; see also a pa])(*r by Mj*. Bow, in the 
TrannactiniiS qf iht‘> Uojftd SroUiuft ^iociefy of Arlnfov 1808-0.) 

40. The licvriiiiis^-rttiiir is a rectangular wooden i-od, having a face 
about two inches <ir two iiiehes and a-half bi'oad, on which is painted 
in a hohl conspicuous maiiuer, a scale of feet, di\idod *uto tenths 
and Imndrcdths, eomnnmeing dt the low^cr end of the staff. Its 
extreim* length is usuidly flora fifteen to se» ciileen feet, and it is made 
in thn'e pieces, which in Bome staves can be put together or taken 
asunder) according as a greater or less l<*ngth of staff is required, 
ami in others, are made to draw out like telescope tubes. The 
staff, when in use, is held exactly vertical; for which purpose it 
sometimes has a plummet enclosed in a groove at one side of it, and 
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viaiblo through a small pieces of gla&a; it on its lower Qiid, 
wmch is shod with brass; and iu soft ground it is useful to ha^e a 
sstiall metal plate to place on the ground below tlw* staltj and 
prevent it from sinking.'“*■ 

When the telcHcopc of the level is diis'cted bswards the staff, aiul, 
the Mne of collimutioii is tniiy horizontal, the nuiul>er of feet und 
deoiinals of a foo^ at which tla» hoiizoutul cross-wire crosses tlm 
-inverted imago of the scale on the face of the slalf (subjeet to eor- 
rc*ctiouH to be afterwards explained), sliows tin* vertical do}>tli of the 
point on which the Jower end of the si.ill* stands lu'lovr tlie Hue df 
colliiuation. If two siieli observathuis are made ^fith the staff at 
diflercnt joints, and the level it the sauie station, the dilferenee 
lotween the two readings shows, in feet and de<*im{ils of a foot, how 
much the point at whieli the less trading is tak<m is tlian the 

point where the yreutor reading is t.sketi. 

In an old form (»f levtdliiig-staff, now seldom used, a “ sliding- 
vauo” was slid up ami down by th<' stalfmaii, in aeeor<lanc<‘ with 
signals made by the ItwelltT, aiitil its centre was in the line of 
collimation jtrolonged; the .statlhian tlten read the height of the 
vane above the gr»)und. The making the tlivisions on the staff so 
distinct that the leveller can ivad them himself is an invention of 
Mr. Gravatt. 

50. I'lie A4ju«tmont» of the ijfvrl may be distinguished like 
those of tlie theodolite, into tempotvn/ (uljnsiuttufit, which have to 
he made anew evtsy time the level is set nji, and yermaumt aitjusih 
fweats, which seldom Im'c* me deranged in a well made leV4*l, but 
still ought to b(‘ lestt'd on e.‘u*h day that the inslrument is us<*d. 

1. Tin Temporary Adjustments are as folh>w.s:— 

(1.) To ma/te ihe Jon of the ohjfict-ylm't and eye-plere coincide with 
the &'OH«-wires .—The same as in the tlusalolile (see f>. 50). 

(2.) To yd ace the vet deal axis (rtdy rertiral .—The same as in the 
theodolite (see j). 58). In order to avoid .straining tlie ]>]at<*-serews, 
this acyustment ought first to Im* made as neurly as ]N).ssibh‘ by 
shifting one of the legs of the st i ul, and tlien corivcted by the 
plate-screws. • 

31. The Permanent AlWl^sTMKNTS are as follows:— 

(1.) To pfaee ih^ crose-wiree in the axis of the telescope fnhe .—Jn the 
Y-level, the same as in the Y-theodolitc (see ji. CD). ] u Ti-oughton’s 
level this adjn.stment is not made, exei'jit indirectly, as will lie 
afterwanls exjilaincd. 

In the Dumpy Level, this adjustment may be made in the 

* In order to ensure accurate reading of the ataif, its points of division Should 
always be at the centre of a black or white maik, and never at a boundary between 
Mack and wYiite- tor tlie apparent position of such a boundary always deviates from 
Cbe real positiui in a direction towards biack. 
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samo nmnnor rb in the Y-k*vol, by tho maker of tke instniTO(pt> 
before solrleiiiig tlie tt'lcseope-tube to tlie two blocks whicli supjK>rt 
it iTpon tho bar D D (fig. 42, p. 81); and, in that caso, the 
adjjisting-sciews ccof tho diaphiugin should never aftoiwai’ds bo 
disturbed. 

""■^lie Slime adjustment might be made by tho observer, if ^er© 
were any means of turning the inner teleseope-tubc about its 
Jongitudinal axis 13ut the p)‘ovisiou of .such Cleans would un¬ 
necessarily coini>licate tho inslrument; for it has been shown (by 
ijiiifessor Blood) that the exact coincidence of the cross-wires with 
the axis of the Vde^seope-tube is not absolutely essential to accurate 
levelling. 

This is demonstrated as follow s 



Fig 43 A. 

In lig. 43 A, let A A rein-isfiit the object-glass of a tplesco))e, 
B 0 the axis of tlie t('lesoope-tiib<*s, and 1) T) the diaphragm. 

Suppose that the hori'/oiit,il eioss-wnv E, instead of traversing 
the axis B C of the tubes is silual<‘il at a certain distance from 
that axis. Then, when tho inner tidie is drawn in and ont, the 
cross-wine E will nio\c along the straiglit line E E paralhl to the 
axis OB.* 

Let H he the ovfei' jyrhiclpaf focm of the object-glass, situated 
in the axis B. Then it is known that, by the laws of dioptrics, 
all ray.s of light wduxsi' paths ipijitliin the telesoo])c are parallel to 
•B C, T)ass throng!) the focus Tl, out.side the tedeseopo; so that, for 
exaniide, a ray of light whose path within the ltdpscoj»e is E E, has 
for its path outside tlie tideseojje the straight line II U; and hence 
it tbllows that all j>o.s.sible iMisitions of the cross-wire E, ai^the inner 
tube .slidi's in and out, coincide with the images of points situated 
in one straiglU line G EE, Oonscqneutly thiti hue (or its prolongation 
within the telescope, G K) may be regardi d as the t/nie line oj 
eoHimation; and if the spirit-level is adjusted so as to be parallel 
to that line, com*ct results will be obtained in levelling, althougll 
the cross-wire may not traverse tho axis of tho telescope. 
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j(2.) To make tlie litue of colliimUion mid flte spirit-Ieirf parallel to 

mh ot/ier. —In the Y-lcvel, bring the bubble to tbe middle o? the 
spirit-level by means of the plate-screwaj lift the lclescoi>o out of 
the y’s, and set it down with the ends rcvem*d. If tbe bubble 
remains in tbe middle of the spirit-level, the adjustment is correct,’ 
if if^ deviates, com*et one-half of tbe deviation by tbe j>late-acre* , 1 , 
and the remainder by tbe adjusting screws which connect the 
spirit-level with the telescojMi. 

In Trougbton’s le\el, make two bench marks about ten chains 
apart j set up tbe level exactly midway befw(‘<'n them, and regd 
staves set upon them, so as to find, by tlu' differonee of tliose 
readings, the true diflerencc of le^el of tlie bench marks. JSlow 
s<‘t up tho level beyond one of the bench marks and read both 
staves; if the diflerenee of the readings deviates from the tine 
ditierence of level, filter tho position of tlic diajihragm, by means 
of its adjusting screws, until the readings of tlie staves give the 
true difference of level. Tlie er()ss-\\ires an» thus jihiccd in a line 
passing through the ceiitu* of the objeei ghiss jiaralltd to the spirit- 
level; and the maki*r is relied on to make that line the true axis 
of the telescope. The same fuljuslment maybe niaile by th(‘ ai<l of 
a sheet of w’ater ou a calm ilay; because two stakes ^u be driven 
at its margin so that their heads, being flush with the water, shall 
he exactly at the b.imc leveL 

In the Dumpy l(‘vel, having ascertainc'd the true difleunco of 
level of two beneli marks, as ahx’ady dcsenk’d, and shifted the level 
to a position beyond one of tliom, alter, if necessary, tho inolinotion 
of the telescope by means of the plafe~.st /cies, until tho readings of 
the staves give the true diffeieiice of level, and bring the bubble 
to the luiddle of the spirit-level by means of thi* adjusting screws 
which connect the spirit Icvid with the telescope {a, a, in fig. 42). 

(3.) To place the tdesmpe ami spirii-fevd perpendieidar to Oia 
wHi^al axis (oi*, as it is called, to mak(' tho iustrumeiii “ tmverse”) 
place tho telescope over a pair of plate-serews, and by turning 
them, bring the bubble to the centre of the .spirit-level; reverse 
the direction of the tc‘lesc»»j»e exffbtly, by turning it through 180* 
about the vertical axis, if the bubble is still in the middle of the* 

2 >irit-level, the adjustment is correct; if not, correct half the 
jviatioii by the plate-screws, and the other half by means of the 
screws which connect the telescope with the bar 011 th(‘ top of the 
vertical axis (d, d, fig. 42). 

51. The Use •rthe Ait^rrl in finding the difference of elevation 
between two points has been describi'd in the two preceding 
articles. 

The observations, or readings of the stafij taken by means of the 
ievel, arc ^killed “ mgfUs* 
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When two aiglits only arc tiikou from one station, one with fcl^.e 
staff upon a point whoso lov(‘l has Wn ascortainod, and the otm* 
with fiht* staff upon a point whoso lovol is to he asoortainod, tiio 
former is called the hael'-siqht^ and the lattd*, the fore sight. 

tf the ha<‘k“Siglit is tlic givaLor, the ground nsos, and if the 
-4IhV«^sight is tlie gifsitcr, i' falls, from the former point to tlie 
latter, 

When the levels of a series of ])oitit8 ai'e tukori with the level at 
one station, in f)rd(>r to make a continuous section, the first and tlie 
last observations are (he j»i-incipul hack and fore sJglits respectively; 
the first baeje sight Is-ing taken with tlie 8t{\^r on a bench mark 
or other point, who'll' h'vel has been nsoeriaiued by means of a 
sight from a fornu'r station; iwnd the last fore-sighi being taken 
with th(‘ stair upon a murk which is to be the object of the first 
back-sight wlini the Icsel is shifted In a new slutioii. Of tlm 
inttTmecIiate sights, t.iken w'jfh the staff upon pl.ires where the 
inclination of tin* grouml changi's, on uiads, at the iKittoms of 
etrenins, tVe, each is a fore-sight relatively to the pivceding sight, 
and a back-sight ivlutively to llu* following one. 

For example, in fig. 4i, A is a sbitiou where the level is set up, 
and the liori/ontal line 6 A c is tJie line of sight, or straight lino 
in prolongation of the lino of colliiuatioii. The frsf hoek sight m 
taken with the stall on If, a point wliosc height above the datuin- 
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snrfacf} has Ven ascertained hy ])revioufi observations,’ and it gives, 
as the reading on the staff, 1) 6. The last for-sight is taken with 
the stafl* on (^'a ]ioint w’oll sufted as a ])Osition for the staff when 
•the frst ha(‘k sight with tlu‘ level at the next station I) is taken. 
It gives, as tlie reading of the staff', Oc. The first intermediate 
sight, at the point marked I, is a fore sight relatively to that at B, 
and a back-sii'ht relatively to tliat at tlie jioint 2, and so on. 

The first liaok-sighl ancl last fore-sigh "re tlie most important in 
point of accuiucyj for any error eommitted in them is eavried on 
through the whole of the remainder of the section; whereas any 
error comniitteil in taking an intiaTuediate siglit affects tliat sight 
only. 

The first back-sight and last fore-sight taken from each station 
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onHbt to be at points as nearly as possible at equal distances from 
tliwevel, in order to noutralissc tbi‘ effects of on*ors of ailjustmont, 
and also those of the cui*vaiure of the earth and of r<‘fraction, 
which will be explained in the next article; and thrwe points 
should bo on iiiiii ground, and, if possible, so ]»]aced that tiie ivad- 
ings shall not exceed ten or elevt'u fis't. 

When the leveller thinks it d(*sir.il)le to carry his levrd on to a 
new station, such as D, the stallinan holds his staff’ steadily at 0^ 
only making it face about; the le\el1«*r advances to J), sets up and 
adjusts his level, takes the lirst bfiek sight c\ and prom‘«ls as 
before. J5 o ropreseats the position of tli<‘ staif Uie last fore? 
sight Is taken from 1); the staff* hehl there until\he leveller has 
moved on and planted his le^^ I at a third station, and so on. 
These o]ioiutions can be performed with one stall*, but much time 
is saved by using two, carried by two statf-holfU in. 

While tlie lovtds are thus being takrur, two chaiuinen lueasuro 
the line of section with the chain, in the ni.tniuT d(‘scrihed in 
Article 22, pp. 19, 2t); except that iusti'ad ot always ch,lining in 
straight lines, they tollow tlie line of soition as set out. The 
leveller notes the distances of all the point'* at which tlie staff*is 
set up, as well as those where honnd.irh's an* cnissq^d, wlietlier 
levels arc taken there or not. in this In* inaj get ns<‘tn] hedp fisnn 
the sUifT-holderR. 

Fh crossing a stream or a sheet of water, the leveller, besides 
taking enough of levels to give a section of its banks and lied, 
sliouhl take the existing level of the surlaci' of the water, and also 
the lugh<‘ht anti lowest x vels t)f tlu* w.iter, so far as ho can 
ascertain them Levels of the bottom may btj taken by sounding. 
When a sight is to he taken to dettrmine the level of a point 
which is below the line of collimation by more than the entire 
length of the staff*, thf‘ si.iff may he raised np V(*rtieally until the 
lovelier can read some diviMiai near its uj»per t nd, ami the height 
of the lower end of the siatl* aho\t th<* gniund may, at the same 
time, be measured with a tapi'-Iine or w ith another staff*, and added 
to the height read. This, liowc\ei*, should only be }>ractised at 
intermediate sights. • 

On the .subject of Chorkiag iicrei*, .se<‘ Article 16, jiage 1»). In 
good ordinary levelling the disci’epaney bi'tweim two sets of levels 
over the some section may be about a foot in forty miles of distance, 
63. Corrmiran for Curvatuiv and Rrtrartioa* —Inasmuch as a 
truly horizontal surface is not plane, but 
spheroidal (Article 3, p. 2), the line of 
sight of the level, when truly adjusted, 
does not exactly coincide with such a 
•nriaoe, but is a tangent to ik The 
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h(*iglit read upon a Icvelliug-staflEi therefore, is always gi*eater 
it would be if a lioriTjoutal Kurfaco were plane; and the quantify to 
be deducted from the height on the staff of the ]>oiut which 
Is ih the prolongsition of tlio lino of collimation, in order to reduce 
it to the height which W{Mi]d Imve been read had a horizontal 
nurface been yJane, is called the correHitm fon curoctAuTe. 

On the otlier liaud, the line of sight, being the line along which 
light proooejls from the object looked at to 'tlie telescope, is not 
l»erfectly btvaight, heiug made slightly concave downwards by the 
ndi-acting action of the air. Htuice the point seen on the staff 
aiqjarently in the line t)f collimation produced, is not exactly in 
that line, hut is btdow it by an amoiiut culled the arT&r fron^ 
refnictioH, and tlins the orri>r arising from curvature is partly 
neutralis'd; mid the corrm'tion to h(‘ huhtraeted for curvature and 
refrsictiuu usually is .soniewliut less than tin* correction for curvature 
ah mo. 

Ju fig. lo, A represents the level; B, a point on the gi-ound; 
B (J K T>, the staff standing on it; A (\ a levid surface touching the 
lino ol collim<ition, with the curvature \tTy much exaggerated; 
A D, a stiaigJit liiu* in prolongation of the line of collimation; 
E A, the re'll line of sight, a eiii-vod line in which light proceeds, 
owing to atmosplieric refiartion. Tlien the correction for curvor 
lure is-(J D; the correction firr refraction f i) B; and the joint- 
convi'tion, 

-EC=-CI) + 1)E,.(1.) 

The eorreelion for curvature is a tliird pnipoi-tional to the earth's 
diameter and tin* ilistanee between the level and the staff—that is 
to say, ifs value injtet is 


(hshniee- 2 
4T,77«,000^ 3 


(dishuiee in statute miles)^ 



The error ])roduct‘d by nTraction varies very much with the 
state of the atmosphcic, having been found to range fi’oiu one-half to 
one-tentli of tfie correction for^jurvature, and iu some cases to vaiy 
even more. Its value eaunot bo exiireasod with certainty by any 
known formula; but when it becomes necessaiy to allow for it, it 
may be assumeil to be ou an average about one-sixth of the correo- 
tion of a curvature; so that the joint correctimt for curvaiu/re emd ro- 
frokctiorif to be subtracted from the r ading of the staff, is on an 
average, 

5 (distane** in feet)2 

6 ^ — Tl "77 8 000 “ (distance m statute miles)®... (3.) 


The errors produced by currature and refraction ai-^ neutralized 
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WADii back and fore-sightB aro taken to staves at equal or nearly 
eql^ distances from the level. At distances not exceeding*ten 
chains, they are so small that they may he neglected. 

The uncertainty of tlie correction tor refmetion ra.*ikos it advis¬ 
able to avoid, in exact le^ elling, all sights at distances exceeding 
about a quarter of a mile. 

03. The lirvel Vield-Book is kept in various forms, according to 
the practice of diiferent engineers. In one of the most usual and 
convenient, each page is ilivided into seven columns, headed aa 
follows:— • 

S' Sst w" ’^SST"' 


The iirst entry made is in the coluinii of reduced levels, being the 
elevation, in feet and decimals, of the bench mark on which the 
hrst l>ack-sight is taken above a datum horizontal surface; and 
opposite this, in the column of descrijdion of o))jects, is the desig¬ 
nation of that bench mark In th<‘ second and all the following 
lines tlie only entries n^^mdly made in the field are the baek-sights 
and fore-sights, the distances, and tli(‘ deaerijition of objects; so 
that, beginning at the right side of tin' ])ag<*, we Imvoion each lino 
the descrijition of a |'oint or object (if any descrijjtion is necessary), 
its distance from the commencement of the line of section, the fore¬ 
sight read upon the stall’ when held at tliat ])oiut, and the‘back¬ 
sight read upon the staff when held at the point immediately 
preceding. t)n each occasion wlun an iiiternu‘diate sight is taken 
without shifting tlie level, it will be entered as a fore-sight opposite 
the point to which it is taken, and also jis a back-sight in the fol¬ 
lowing line. In rediichKj the levels, which ougiit to bo done each 
evening for the levels taken during the day, the first process is to 
take the difference between the back-sight and for<*-aight in cacli line, 

and enter it as a | j- a<*cording as the | 

greater. I’lie reduced le\ els are tlien coniput(*d in ^iiccossion from 
the h*vel of the first bench mark bjr the successive addition of the 
rises and subtraction of the falls. * 

The calculations in each page are chocked by adding up the first 
four columns; when the diifei’cnee between the total rise and total 
fall ought to be equal to fhc diffeivnce between the sum of the 
back-sights and the sura of the foi-e-sights, aud also to the difference 
between the tiiwt and last reduced levels in the page, the first 
reduced lev^l in th(‘ first page being that of the first bench mark; 
and the last reduced level in each page being also entered ks the 
first in the following page. 

It is soipetimes useful to enter in the column of descriptions the 
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magnetic bearings of tlio lines Icvellcsd, and to illustrate it 
sionally by sketch sections of the num* intricate pai'ts of the gi'OiHid. 

ft is often necessary to ivduce the levels in tlu? field, especially 
in,taking trial h'vels. In such cases the calculations should be 
carefully <*lieoked after^Bvards. 

54. i*ioiiiuic n Mrt'tion is coinnieiiccd by drawing with a very 
accurate straight-edge a straight “ daturn-U>te,*' to represent the 
datum horizontal suriiice fVoin which heights *'are reckoned, and 
marking on that datum line a scale of distances. The vertical 
scah^ should be drawn on th(i ])apei a>f ri</hf an(j/e'< to the datum line, 
in order that it may lx* parallel to tlie Hues n/presentiug heights, 
and expand and contract along with them. This is of great iiu• 
portJiuee in engraved and liMiograjau'd sections, in which the pa'j)er 
often expands or coni?'a(is dil1enntl\ in dilferent dij'ections. The 
plotting of the distant es and heights entered in fhe field-book is 
pertbriiied like thaf of tin* distjinees and otlsets in a chained surv ey, 
(Article ill, |). ^\s to scales, see p. 7. 

Explanations are usually wj*itten ubo\e the objects to which 
they ivlute, such as roatls, railways, canals, risera, tVe, 

The nature of tlu* principal information which is ret|uircd in 
writing on .yctions for engineering jairposes lias been stated in 
Article 14, pj). IJ, ir>. 

lifreliinK bjr (he Vbi'od^itfc iiiay be jiei'foi'mcd in three 
different ways. 

[. By placing the line of rollunatiou ImizmiUd, and udng th/e 
tiietHioliie like a leeef. -This may la* done when a proper levelling 
instrument is not at haiul. 

11. By fretting the line of collimatiov at a k'twum angle of in- 
elinnfton, and taking kig/ds in oikn' rexpe^'h as if with a level .— 
This process may save time iu taking the levels of stooply sloping 

ground In fig. 40, A repr(*sents 
Ilu‘ theodolite, b A c the sloping 
line of sight, B 6, C c, and the 
other vertical lines, heights read 
“ofT on the staff The most con¬ 
venient way ti> ri'duop levels taken 
by this method is first to reduce 
thtmi as if the line of sight were 
horizontal, and tlien, according a» 
its inclination is ujiwsird or downwanl *dd to or subtract from each 
r<‘du<*tKl height a correctitm for deelivify, found by multiplying the 
<listance of the jioint frain the coraiueneeuu'ut of the sloping line 
of sight by the tlio angle of inclination, if distances have 

been measiut^d on the slope, or by its tnmjent, if they liave been 
reduced to horizontal distances, (Article 23, p. 20). 
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“A t. By (mglesof aJItiMide and (Impression .—Tlie hoight of 
Bn olyecfc above, or its de|itli below, the telescope of the theodolite, 
is nearly equal to its hoinzontal distance from the station of obaen-a- 
tion Tnultiplied by the tangent of its altitude or dt'presaion, as tlie 
case may be. 

Th^ correction for curvature ia one-h^f of the nmjh mhfended 
die distmee at die centre of curvature of the cartKs suvjaee^ or “ con¬ 
tained arc,” as it is* called j and tliat oonvetion is to be added to, 
altitudes and subtiucted from depn'ssituis. (As to ilu* eomjnifettiow 
of that angle, see Aiticle 33, Division V., pp. 4fi, 47.) 

The com'ction tor lefraction is veiy variable, as has U'en alread> 
explained. On an averag**, it may be approximated to by dimin¬ 
ishing the correction for oiinature by one-sixtli. 

The cfTects of curvatnro and v< tmotion may be nonrlv iK'utnilized 
by taking reciprocal amfes, us they are called ; that is to '^ay, if A 
and B be two stations, B }»(‘ing the higher j tak<‘ th<‘ altitude of B 
as SK'eii from A, and tlie depn'Ssion oi A as seen from B; half tlie 
differoiieo of those angles will bo the combined coru‘ctiou ; ami tlie 
tangent of half their sum, biiiig multiplied by the distance, will 
give the difference of levid nearly. ^J1ie reeiproe.il angles should be 
taken as nearly as jiossible at the same instant, lest tlii^ ri tmeting 
power of the air should ehaiige in tlie iiiiei*\.il. 

Levelling by angles is not to be ridied u))oii for engineering 
purposes, except oeensionall} in t.iking tlying le\ els. 

The altitude of an object on land is taken vitli the sext.'^nt, by 
observing tbo “donb/e r/Z/'^ar/c”—that is, the augh* between the 
object and its image as relieetedrin a trough of mei*eiii*y, called an 
**artiJicuU horizonf —and t.ikiug one half of that double altitude. 

5C. l.rv«‘lliii|{ by ih« Plane-Table is pi'ifoiiiied by adjusting tlic 
table with particular care to a horiyont.il jiosition, measuring the 
tangent of the altitude or d<*pn^ssioii, and multi]>lying’t by the 
distance. To enabh* such tangents to Ik 
measured, the index is coiisti noted as 
follows:—Ill tig. 47, E F is tla* tint bar ot * 

tlie index, F 6 its forvisird and F a its ^ 
backward sight. Near the bottom of the « 
backward sight is a sight-hole A for 
observing altitudes; near the top, a sight- 
hole a for observing depressions. A scale of equal parts is maikod 
on the forward siglit, and numbered upwards from B ojipositt* A, 
and downwards fi*om b opposite a. A slider D is slid up or down 
till a cross-wire contained in it appears in a line with tlie object, 
and the tangent is reail by an index and vernier, ‘ 

This process also is only suited for flying levels. 

S7, l^evcljiinc by the Baroiii«trr and Tbrrninnieter may oocasloxi* 
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fUly be used for eugineoring purposes to take flying lov^a in 
ekploriug the counity. The following formula is Bufilcmntly 
correct for tliat object;— 

, *Tjet the quantities observed be denoted os follows:— 

At the lewer At the highei 
atation. utaliou. 

Ifeiglit of the merciiriftl column in the baro- 

* metier,. * 11. h 

Ti*nip(*rature of the mercury in degrees of 
, Fahreiilu'ii, as shown by the “ altiiebed ’* 

therimtnieiej*, . • T . t 

Temperature of the air in degret'S of 
Fahrenheit, as shown by tlio “deljMdied” 
thermometer,. T'. i 


Tlicn the height of the higlier station ahoxe the lower, in feet 
= <i03«0 I log ir — log A—-000044 (T —. 

V ^ 9«0 )' 


...( 1 .) 


For rapid eaicalatioii, the following, 'though less exact, is 
convenient:— 

Height in fcet= .>0300 (log H — log h). nearly. (2.) 


In the absemee of logaritbms, the following formula may be used 
for heights not e\e('oding about 3,000 fettt. Correct the bm’ometiio 
reading at the higher station as follows:— 


/*'_// ; then 

Height in Yoct =- 62428 (j- ^ ^nearly. (3.) 


The preceding forniulm are ai)plicablo to tlie mercurial barometer. 
They arc also ajiplkable to tbe “ Aneroid” barometer, with the 
exception of the coii’cction dej>cnding on ■‘ln’ temperature by the 
attached thermometer. Tlie aneroid barom(‘ter, if veiy skilfully 
constructi'd, may be made to require no ap}>reciable correction for 
the cflect of its own temperature on its indications. Should it* 
need such correction, the amount can only be determined by an 
experimental comparison between the individual aneroid barometer 
and a mercurial barometer. (See ]». 789.) « 
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.pother method of taking dying levels, depending, like the 
barometric method, upon the pressure of the air, is that of determin<- 
ing the boiliug-i)omt of pure water by a vcryFWJusitive theniiomi'teiw- 
a method invented by Dr. Wollaston, and imj>rovcd by Principal 
Forbes. (See TrammAiom oj the Royal Society of Edhibivrgh^ voJs. 
XV. ai^ xxi.) 

That boiling-point falls very nearly at the mti“ of <nt/c degree oj 
FaJireitiheitfor every ^43 feet o^ of^ernt; and still more nearly accord-, 
ing to the following formula:— 

«in feet517 (212“ — T) + (212“ — T)* j.(4.) * 

Tlieing the boiling-point on FHhi'enlieit'b scale, ami :;thc height of the 
station where the cxpeiitnciit 's 'made abov<‘ a station where the 
boiling-point i.s 212'^. To connwre tlu* h‘\cls of two statjoiis, the 
l)oiling-point of pure wattT is to be observed at each, and tlie 
quantity z is to be calculated by ibrinula 4 for each of tlie lioiling- 
|K)ints; when the difference between lb()*,e qn.intities cf, correeted 
for the temperature of the air, will be tlie approximate diifcreuce 
of level. 

58. Drtachrd Ijrrriii—Pramres of ihf Coaiiirr. —The WSe tO the 

engineer of “Flying bevels,” or obscrvaiams of the heights of 
detache(l points, has already been iii(*iilion('d in Ai-tiole 10, p. 11. 
Such heights cannot be easily shown by moans of vertical S(‘otions^ 
and the most convenient inidliod of ree(>T’<ling them is to wiite 
them on a plan of the eonn try. 

Dehiched levels may be i€ik(‘n for the pur|)ose of detenniiiing the 
elevations of important points on CMsting w'orks, such as bridgiss, 
mads, luilways, canals, <\rc., or of objects suitable for bench marks; 
or they may be taken hi order to givi* the engineer a geneml 
knowledge of the toini ot the siirl«ic<‘ of tin* <'ouutry. In the 
pi'es(*nt Article it will he s]u)wn wlidt positions arc the best 
suited for detached levels taken with tJie last ineutioiied ]'>ur]>ose. 

''On the surface of the earth, and, irnhssl, on any irregularly 
curved surface, two classes ot lines‘'’may Ikj distiiiguislied, whoso 
jwsitioiis and figures are of f)i‘im.iry importance in detmininiiig the 
shape of that surface— Rmai:-L inks and Vallky-Links. 

iT i ^ ^W***^*^*"* is distinguished by the* jimperty, tliat along the 
whole of its^ course it is Ingher than the ground immediately 
adjacent to it on each side;—in oths* wonls, the ground shqies 
wwnwarda from it at botli sidi's. 'I’he rain-water which falls on 
the ground eons^uently runs away fr(»m both aidas of a ridge- 
line; and hence it is also called a “ Water-sued Line.” Rlilgo- 
sometimes called “ the ftsitiires of the countiy.” The 
earth s sur&ce is traversed by a number of Main ridge-lines, whiob 
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are thn central lin('H of the great ntountain-cliafns; from i^em 
tlrero diverge branch ridge-Imes, and fiv)m theae KeemKlary bz^ch 
rKIgt'-lines, and ho on; until in most cases the final ridgt‘-lme& end 
at Vi'»>aioniorics, where thi‘y hink down into tho jdainn or the 
valleys. A lidge-iine may return into itsidf, so as to contain 
witlnn it an enclosed hollow or basin; but this is of conijiaimtivcly 
I'jiif oetainviici'. , 

• A ridge-line is seldom eitlier straight or Ihvel tliroiighont any 
-considciuble jiavt of its length, being almost always more or less 
,\vavy or seiratisl botli v(‘rti<*ally and liorizontally. 

'Hie higtu'st, ]>oints of ridgo-liiu‘s fonn tin* summits of tho hills. 
The summit of a Ofniieiil or rounded hill inav in some cases bo an 

V * 

isolated point, not IimncihimI by 41 ridge-line; but the summit of a 
hill is in general traversed b)' at ]<'a^t one ridg(;-line, and is very 
often a point of diMugimee of si ver.il ridge -1 ini's. A summit may 
sonietiines b(‘ a flat expanse' called a “ talile-land,” with ridge-lines 
diverging from its edges. 

II. A VMllfr-Liu« is distinguislieil by the ]>ro])erty, that along 
the whole of its couino it is lower than the ground imnu'diately 
adjacent to it c'li eaeli side;—in other words, the ground slojies 
upwai'ds fi >111 it at both sides. The water on the surface of tho 
gi'ound eonseijuently runs t iwards a valley-line from both 
sides, and except in certain eases, runs along tI um alle^'lino in a 
Btreain; whence valley-lines may be ealled “WAim-doUiisR Links.” 
The exceptions are, when the \alley-Iine is in an enclosed basin, 
BO that a lake is formed; and when the Huifaee water disajipears by 
evaporation or abMuption. Between eaeh ailjaeoni ])air of final 
tridge-luies Llieri' is a valley-line; thi'se Vidley-lint's eoiivi'rge and 
unite into greatei valley lines, and so on until the final valley¬ 
lines <*nd in the sea, or at the bottiiUi of soiiu enclosed basin, or 
at the edge of a [»lain. A valk'vlin*', like a riitge-line, is Bt'ldom 
eiilu'r sti’aight 01 livel thixiughout any conssiderable pai*t of its 
length. 

'L’lie end of ‘i ridge line lies in general eitluT in a plain, or between 
two eonverging valley lines, or in tho bond of a valley-line. The 
comineneeniont of u vaJh v-liue lies in general belw'i'en two diverg¬ 
ing ridge-lines, or in die bend of a ridge-line, oi’ at a “Paa'Si.” 

A Pan* iH a jdaei' on a ridge-lino lower than any lu ighhouring 
point oil the same ridge line, and might bi* 'scribed as a point 
where a ridge-line and a valloy-lino cross eaeh otuerat right angles; 
but it is iiiori' in accordance witli the ordinaly use ol the word 
** valley” to dcseribo the line of low<‘st elevation at a pass, which 
crosses the ridg('-lln<* at right angles, as ei)i)si.sting of two valloy-luies 
which run downwards from the })ass in ojijiosite direct,iona 

ITiom these descriptions of lidge-liues and valley-I’ues, and 
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.{wilkB in tvud connected with them, it is obvious that tho places 
wholSo elevations ere of most imjwrtaucc towards a knowledge of 
the figure of the surface of a district are the following:— • 

The summits of hills, being peaks, table-lauds, or higliest ^loinis 
of ridge-lint's. 

Tb^points where the inclinations of lidge-lincs change. 

The points from which ridgc-linea diverge. 

Tho paases, or lowst points of ridgt'-iines and highest points of* 
|vairs of valh'y-lincs. 

The lowest j)oiiit8 of valley-lines. • 

The points whei-c tho inclinations of valley-lines chaTigc. 

The points wlierc convtTging valJ(\y lines meet. 

Of all those plaees, thus** wliicli are of most importance in tho 
engineering of lines of coinmunieation aro tlio pamen; bt'cause they 
ai’e in general tbo points at whieli ridges are to Ik' crossed. 

To the levels f>f the jdict^s already enumerated may be added, 
those of the suiiaces of seas, lakes, riveis, and oilier bodies of water, 
in their vuiious conditions. 

The valley-lines of a <Ustrict are usually marked with sufficient 
distinctness on a plan by die water i-ourses. Tlie position of the 
ridge-lines is in geueiul iudicati'd by shading tho slofiesiwliich fall 
from thorn in each direction, the bi'st system of sJuiding being that 
acwrdiiig lo which tin* dcptli of tlie shadow'^ vanes witli tlic steefH 
ncss of the sIojm*, being made as mvirly as ])o.ssible pwp(*rtioiiUl to 
tho tangent of tlu* angle of docli vify. 'flie boiloms of valleys an*, in 
addition, very slightly sliad d, in order to distinguish them from 
tlie to[is of hills. 

50. i'onioiir-iin«« are used as means of <*nabliiig a ]>lan to give 
more complete information as to the figure of tho surfiuv of the 
ground than is possible by means of levels written in figuivs alone. 

A contoiir-linc on .i plan repre-seuts a eoniour-liiie on tin' earth’s 
surface, wbicb is a line traversing all the ]>oiuts on the gi'ound tliat 
aro at a given eonstant height above the datum-level. A eoniour- 
liue on the ground may la* olhorwisi' ih'seiibed as a honzontal 
Bootion of the eaith’s suifaee, or the line where the earth’s suiface 
is cut by a given horizontal snrliiei*, or the outlim* of an imaginary 
slieet of water, covering the ground up to a certain given eleva¬ 
tion. 


•AJl oontour-lmes cross the linos of steejicRt ilcclivity on tliw 
Buifacc of the groun<l at right angles; they also ci'r>ss at right 
angles all ridgo-lines and valley lines at which the surface of tho 
ground is ivfiisibly curved, and does not form an alisoluti'ly sharp 
lidge or furrow. 

The vortical <listancc between successive contour-lines on a plan 
depends on tj[ie scale of the jilan, the figure of the giuund; and th# 
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pur]M)befor which the plau ia intended; being grt‘atci* n plana^n a 
arnall scale than in tliose on a Lirgo scale; greater w]iei<‘ the tfopea ^ 
aw sleep and the hills liigh than where the slopes are gentle and 
the hills low; dial gi*e.it« r or less, also, according to I he precision 
with wliich le\elsluM hoou taken for finding the position of tho 
contonr-lim's, .md (lie nsc that is to he luade of them in detygning 
worhs For exainjJe, in the Ordnance Majis of HriLini, on tho 
^cale of six Indies to a mile, ((‘ntoui-lines are dmwn at cai h twentj- 
five t^t of height, and ecita ii of these, called jniricip<»l contonr- 
hnes,” are dcieriinned Nvitli jiiialcr ])U‘iision tlvaii the others; and 
those priiici)ul eontoni !iii .11 e at e\(i\ fifty feet of elevation in 
the flatter paiis of tin toMntiy,aiul at every hundred het in the 
more hilly p.irts 'rin » st eofltoui lines are those which have 

been laid down in s< ’, 01 ^ of town districts for jmrjioses of 
drainage and othu iinpuAi iiitiits. thc'se occur at vertical nitervala 
of fi*om eight feet to two teit 

Different methods ol d<d<i mining the jiositions of eontoni-lines 
may he followed aeeoiding to th<‘ degree of precision r<‘nniied. To 
lay doven principal eontoiir-lines, a siTxes ot bencli inaiks should bo 


made at such points lu ridge and valley-lines as have been ,'ilready 
specified ip the preceding Article; the positions of those heneh 
marks should be ascertained in the course of the sun oy, and laid 
doini on the plan, and their elevations found by hwelliiig. TJien 
*1^^ loiyi^Dg from those bench marks, points are to bt* marked by 

^ valley-lineR, and at as many 

as mity aptaar necessary, at oertaiu definite 
" ‘ ‘ 100 feet, 100 feet, 




lines; and tho course of thote 

surveyhig is to bo sketched upon a tratdUg bf plaa ’ 

ground for the ]mrj)ost*. Dench marks, w'hose levels ought to be 
checked, should lie made at the jilaces wheie i>rineiiml coutour-lincs 
ci'oss ifn|Tortant ridge-lmts and valley-hues. 

Tntennediatc eoiitonr-lii»*s can In iiiti'rpolated between the 
pniicipal ooutonr-lines by sketching on the ground, aided by the 
known levels of the points w here the ‘-ates of inclination of the 




ridge and valley-lines vary. ^ 

The horiscontal distance lietweon two adjoining contour-lines 
being inversely as the tangent of tlie angle of inclination of the. 


ground, is also inversely as the depth of shadow to ho used to 
express the steepness of the Rlu])e. "llill-sketching,” as it is called, 
consists in shading the sloja's of hills upon the ground according to 
this principle, witli the pencil, by drawing horizontal lines ])arallel 
to the contour-lines, and with a degree of closeness propoitioual to 
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of the '•ontour-liuos tliemselves. Those pencil hatohinR* ** i are 
in mot iutennediate contour-lines skotehed by hand.* 

luengiwcd plans the shading of hi 11b is ofleeted by nusiiH. 
hatcliiod lint 4 at right angles to the coiifour-liiies, and following, 
thoi*<‘fore, the linos of ateojM‘ht d(‘cli\it\ 

Tn^ordor tlmt an ongintH‘r may know how far ho can dopond upon 
"ilie contour lin<‘s on a pl.m as a imans oi oti.ibling him to sdott 
tho best liiH* for a*»pi'opostd work, it is n<*(vss.iry tJiat h<* shoid^l 
know by what method, and with what degreo of piccibion, then 
jiohitions li.i\ 0 been drtorminod, and tli.it ho should boo upon the 
plan the po'-itioub awl wnttiu Iom Is ot the boneh maiks .ind oUm'T 
detached poin.t.s which liaNc boon ustsl dining that prooes-.. 

60, rroMH siertioni* may cross die centiv line, or line of the lon¬ 
gitudinal section, of u proposed work litlier at light angles or 
obliipioly. 

Tho ti‘vni is applied to longitudinal seetioiis of existing lines ot 
comniunieaiioTi wliicb tho proposed w ot k h.is to oi« iss Siu h Hoctious 
have ulreaily been rofen-ed to in Aitielo 7, ]i. 6, and 4?rtiele 8, j). 7. 

Oross sections to assist tin* engineer in elioosing tlie best line 
(i-eferred to in Article 11, Di\ isiou V., p 10) ajiould in geiuMul run 
along the ridge-lines and valley-lines wdiich are to he classed hy the 
pi'OitoHod work. Th-f'y should also bo made where the gmiiiid has 
a steep sloite in a direction transiorbe m- obJujue to that of the 
centre line of the proposed w'ork. 

Oixws sections to accoin|>a«y the working seetiou, for the jturpose 
of enabling qiuintities of excavation or other woj'k to be measured 
and calculated exactly (referred to in AHielo 11, Dhismii XIV., 


* Id the late Mr. Butler WiUiains's Practical Geodest/, p. 190, he describes in 
the ibllowinj; torma an approximate method ot drawing contour-lines by the aid ot 
hDNihadiugst—- 

*^1^0diMhtal contours can be traced by the eye with considerable accuracy, especially 
when tha mrveyor it assisted hy the altitudes obtamed in the trigonometnual ofiera- 
tlcns serving for the con>«tructiuii of the outline map. I'he process . . . which I now' 
proceed to describe, is rapid in execution, anil tolerably correct for a small scale (say 
one inch or two inches to a mile), where experience has trained the e}'e to accuracy. 
It is well adapted for reconuoissances of a country, and is mucli used hy military ’ 
engineers. The civil engineer would, however, frequently find the same advantage 
in using it in his preliminaiy examinations of countries for (he purpose of selecting 
general lines of communication. 

** in the field, when the eye is alone depended upon, tlie horizontal lines are traced 
in pmcil, hy dose parallel hatchinqs; and when the whole drawing is finished, the 
normal contours are traced at the required veitical distauccs apart, by following the 
general direction of (be pencil lines, and checking their (ruth by means of the trigono¬ 
metrical elevations or other heights marked on the map. The conloars, when a 
oomplete clrcnil is made, must return to the point of departure; and if it were attempted 
by the eye alone to trace normal contours which arc isolated from each other, no 
degne of previous experience would suffice for the attainment of the object 
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p. J1), are in general at right angles to the line ol‘ the 
section. 

<> 1 . The Watei'-i.flvH ia an instrument used instead of the apiiit* 
le^d whej’o long range and gieat JMS'uracy are uiiiiectsbtuy. Jt eoU' 
aiats of an inverted sijiljon lube, ti\ed on the top <»f a stiind, and 
neiU'ly lilbd witli a.drr, aliieli in.i} be alightly tinged to make it 
the nn»Te easily \i-tible. The iKiri/ontal jiart of the tul»o (Tilioiit 
eighteen inelie.s oi two Im-I long) inav b<* of ini't^l: the two vertical 
biunehes (which are only two or thite inehe.t bigh^ arc of glass. 
Tin* snrlaceh of the watii at.ind at tlie same hwtl in those two 
fiianeius; and (he hvilhi obtains a hoiiA)iy.al line of sight ]>y 
looking along a hni )oining tliosi two suif.iei'i, whadi may lie cou- 
bidensl as the “Inn ot i ollinialafti” of tin* insliiinient When 
tin (listaiiei of tin st.iif is so gi(*at tlial (he obs i\er eaimot ifad 
the diMsioie, a .d.ifl <»1 tin old kind, with a sliding vane, may be 
used, (hee Aitn le P), |) f'.J) Tin w.iUi 1<\(‘] is usclu! for s( tting- 
out tin jHunis of »outoiii* bin's iideiiin diate between the bench 
inark.s, bi'iiig sulhennlly aieui.ile loi tint jinrpose, and inort'expo* 
dilious than the tilesiopie h \ellmg iiistniuieuk 
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• CUATTER V. 

OP Rt.T'riN<i-OUT. 

C2. RnnfflnK Hiraifthi iJiirH—It lius already boon Rtatod im 
Article It, T>ivision*Xlll., j). 11, tbal tin* proot ■^'^oi'ranyinij and 
netting-out tJee tine coiisihtH m nmvkinj' on tJio i'romul tlio oontro 
Imo of tlio pro])oso(l work. 

That inai’kiiiiif consists of two opera I ions: temporary marking, or 
ranging, by moans of }»ob's; and j)ennanont marking, or sotting' 
out, propej’Iy ho ealled, in wliicli tlie })rinoi]»al marks are in general 
stakes. 

The distance apart of ttio stakes usi-d in setting-ont tln» centre 
lino of a proj)obed woxk A.ni<s cousidoi.ddy in the ])r.ieti<‘o of 
ditUTont enginoor.s. In some oases, a si dve is drivmi at <*\<-ry obam 
<*f ()() foot; in otlier-., at <‘vory J00 feet; while on stanf workH the 
distaiUH from .stake to stak<' Jias boon as gnat as dOO leet. Time 
and monej ara saved b\ adopting a long interval between tboHlakoH, 
Imt at t]»e <'Xp('nse of ]H‘eeision. 

For ranging straiglit lines of moder.ib* leiiglb, th(‘ most eonvo- 
nieut instimneut is a large si/isl transit tlioodolite—that is to .say, 
one with cindcs of laix. inches in diameter or more (Articlo .‘14, 
pp. 54, 55)—liocaiise the teleseojie is (‘ajiable of being tui’iied com 
[detoly over idxnit its horizontal axis, so as to range* one eontinuons 
straight line in two oppositi* direi'tions fiom the sUlion. fn order 
that this operation nia\ be eoneetly jierfornied, great eare must b(j 
bestowed on the adjiistimnt of the lino of isilliniation perp* iidieiil.ir 
to the horizont.d axis (Article 55, p. 00), of the horizontal axis 
perpoiidieular to the vertical axirt (i^'tiele p. Ob), and of the 
yiTtical axis truly vertical (Article .‘15, p. 58). ^Vith a good six- 
incli ttieodolite the error in ranging a pole in a straight line bhouhi 
not exceed 10" in angular dircetion; that is to say, about throe 
inches at a distance of a mile oft’. 

For veiy long straight lines, however, the tlioodolitrfi is nut 
sufficiently exact; and then it becomes advisable to use a small 
Transit Instrument, consisting bimply of a telescope with a liori- 
zontal axis, resting on a suitable stand, so as to b(* cajiable of being 
turned over in a vertia^l plane. 

The telescope of a transit instrument for engineering purposes 
may be frow twenty to thirty inches in the focal length of the 
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objoct-glass. At tho of ilie lt*ngih ot <lie a 

holl(>w Hjiliert*, to whirli urc joined two liollow coney, hn'miiig*tli© 
ur«ih of tin* Jiorizontal uxi.s. Those ai’inw v towimls the eiuly, 
whvxe th('y leMnirinlo in lwr» hollow eyliixlncHl }uvol.s, which re.st 
in ungiihir heamigy eaJlexl Y's. each yiH)j)oi*ted on the top of our of 
the .stiuulju'ds ol t he frjnne. ()iie of these Y’s has a V(‘rtieal .'uijlasting 
h(T(’w, joi laidiig or lowniiig it till the homoniiil axis is tioily 
Jioi ii^oiit.il; the ofhei has hoiiztmtal a<ljnstijig*sorewfl, foi* yhiftiiig 
it hath or loivAJiid iiiitd (lu‘ hori/oiital axis is truly perpendicular to 
the ^el■^ie,^l in which the line of eoHiination is intended to 

iuo\t. Thtae i-) a »uo\eahle spirit leul for 
roMtal, who^e use will ]»nsiiill\ he deseiilxd. 

At thi‘ (omnion locus of 1 hi ot^_ps*t glass and <ye-])iece are a 
set ol eiosswiiis e.irrud hy a di.ipliiiiuni, which has adjusting 
screws to njo\e it so as to jdace the line of colliuiatiou (marked hy 
ilie iiite>se<lion ol thi' i< ntial ]»air of cross wires) evaetly peipen- 
dieular to Ihi* hoiKout.!! axis. At night the eross-wh'oy are 
rendeied ■visible hy light which enters fiom n lantern through 
OIK* of tlx* hollow' jiivols of the horizontal axis, and is reflected 
towai'ils the tloss wires hy a Hiiiall <»hHipie mirror, n’he strong 
oasl-imn sViud of the iii'sliinnent ii'sts on anil is scirvvvd to a 
sjiiootli level stone slab, lorining the top of a massive stone or hviek 
]K‘desta), hnilton a linn fmiixlation. The hiiihling which sheltci’s 
the iMstnuiienf should }>e entirely disconneeted from the jicdcHtal. 
otlx'rvvise the vibrations prodneed in it by tlx* wdnd will be eoiu- 
muuieatc'il to tlii^ nistrunxmt 

To facdilate tlx* ])lu‘iii”of the iustrinix*nt exactly in a given 
alignment, (he hame sometnix s iv ts on a lower frame, like the 
ylide rest of a l-ithe, along wliii h it fin he slid sideways into the 
ivipiired ]>osilion by (la* ailion ol a sciev'^. 

The Jii|jjusti)x*iits of till ti-ansit instnnneiit are as follows:— 

(1.) To i)lwt>(hi‘ line of coU'umUioH. exactly perpeiidietilar to the 
horiumtal aarli^.- I)ii«el tho cross-wires towards a well-defined 
|)oinl in a dislim f object; lift ibe leleseojte with its axis <»ut of the 
turn it over, so as to revftsi* tlx* position of the axis end for 
end, and set it down again: if tlx* cross-wires cover exactly the 
same t<bjcet, the adinstmenl is collect j if not, coriect one-half of 
the i rror bv <lie hoiizontal adjusting aerewa of one of the Y’s, and 
tin* other half by the adju.stiug SI rows (’the diaplnugni. Eopeat 
the process till tlx* adjuylmeut is perfect. 

(±) To platr the hovKontal axie indy honzontal. —The spirit- 
level has two feet, which ai*e to be ])la<*ed stihling across the tele¬ 
scope so as to ri*st on tlx* two javols of the horizontal axis respec¬ 
tively. Dring the bubble to the middle of tho level by turning 
tlie vertical ailjustiiig screw of oix* of flu* Y’s; rev(‘r8e the [lorition 


yWacing the axis hori* 
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of It'vel for : if the bubble rouiaiuN at tbo coiitn*. of tlie 
level, the adjustment is convct; if not, correct one-half of the 
direiaiion by the \ertieal adjusting rois'w of the axis, and the otlicr 
half by the adjusting screw Inch regulates Ihc lu'ight of one of the 
feet of the spirit-level. Ee])eat the oj»ertition till tlie a<lju8tun‘ut*i8 
perfeyt; and bo cai’cful to remove the sjurit level befort* rno\ iug 
the telehC-ojK*. 

( 3 .) Tq jHaoe the p/ane of inotian of t/io line of ooUimotion ejract/^ 
in the vertical plane imverelng two i/iefanf staiimis at opposite sulcs 
of the instrument. 

The i»edpstiil is tf* In* built as nearly in the tnu‘ uliguinent oM 
is praetieable by ordiiiiuy metluMK of luiiging, and the upper 
surface of the flat stone whicli forms the to]> is to be eiircfully 
lev elled. 

The tninsit instrument having be< n set on the }wd(‘stal, and its 
lino of eollimation adjusted pj'r]M‘ndieiii!a’ to tht‘ iKUizoiilal axis, is 
to be moved by hand until the teleseo|M‘, being turned alternately 
inop[) 0 ,sJte directions, points nearly lowardstla* sign.ils marking the 
distant emls of the hue; observing, that when tlu' line of culliuia- 
tion deviat('s to the 6ame sid<‘ v)l‘ both sign.ds (tor (‘xainple, in a 
line running north and south, to tlic vast ot both, or lo^tlie west of 
both) sueh deviation is to be eorrocted by slutting the stand side¬ 
ways; and that wlien the line of eollnn.ifion deviates to 
hides of the sigimls (tor txample, to the (*ast of one, and to th'* west 
of the other) such d(‘\iatiun as to b<* correeted by tinning the 
stand ns if about a vi'Hu, I axis. 'J'liis is tlie approximation 
to adjustment. A second a[»proximatiou is made in the same 
manner, after Inning levelled the hori/amtal axis; and then the 

{ daces are iuark<‘d for the serew soekids. Tlie anstruinenl having 
)oeu removed, the holes for those soektds are t(» be cut, and the 
Bockeis fixed in tlnun with lead. 

The instrument is then rejikurd, and approxinnilely a<ljusted as 
before, and the screws for fixing it to (he jieih'sta) ai*e inserted, but 
not tightened. The instrument is finally adjusted by the aid of 
the horizontal juljiisting screws of tlie horizontal axis, and the 
fixing Sdvw’s are tightc'ued." 

u3. RanKlnit nud HrUinfeonl Cnr«<^. —The curved IKUts of lIlLl- 
ways I'cquire to be set out with gre 4 it luveision. 'J'he form almost 
universally adojited for them is that ot circular ares, though in a 
few iiisfcantses other forms, such us that of the pambolu, have liecii 
used. There are rt'asons for thinking that the best form, in a 
ni(‘chanical point of vii-w, is that called the “elastic curve,*' wJiich 
a spring of nuifoim timi.svei'se section takes when lient: (on this 

* Ample (letaiUi ou this subject are giveu In Mr. bnums's »urk On tradtoai 
TsuneUmg, 
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subject, SCO Article 434, i>ago C51). The only methods which 
iKi described Jiere are three of those of setting out ciradar curves— 
the method by ungles—the method by otfsets—and the method by 
bisections of arcs. 

'MiSTiioD ].— Setfing-out (^irmi/ar Og Amjles at the Vir- 

cmnfcrent-e, —This is ttje o]d\ nietlu'd by which circular c«r\(‘s can 
be set out at once as (juickly and as accurately as straight fines.* 

Jt dei>eiids on tlu‘AvCl] knovni principle, 
tliat the angle subtended by any arc of 
a eireh‘ at any jioint in the circumference 
ol the Hiunc cii'clc, i(i one-half of the angle 
hublended by the sanu‘ arc at the centre 
of the (^iclc. For exaniplo, in lig. 48, 
A B is an are of a circle, () a jioint in 
tlie eiivuinfcviunv of the same * jrole lying 
bt‘>ou(l the arc. The anglt' A (1 B is 
one-half of the angle subteiuhsl by A B 
at the centre of tin* circle. When tlie point at which the angle is 
measured lies upon the arc, as at E, it is tlu' angle fl K F = A KCx, 
between the liin* draNMi from one mid of tin* arc and the jmdonga- 
tioii of thejine from the either end, that is eepi.il to half tlu‘ angle 
at the ei ntiv of the (‘"rele Wlien tlie‘ pointful N^liieli the angle is 
nii'astire’d is one eif the* ends of tin* arc, a'< A. it is the angle* D A B, 
hedwe^m the tangent of the* are anel its elieuel, that has the same 
])id]K*rty. 

I’o e'X|)re'ss tin's b> a Ibrmnl.i , l<‘t ti elemote* the lemgth of the arc, 
r the riuliii'- eiftlie »irele , ilu'ii 

A/njIe at (ht riinini/t in 
_ A B -- F E B DA 15 


= ]718'-8r:5 


n 



(The co-efl[ieie*t 4 t is tin* value lu iainntt*.s of euio half of tlie an* espial 
to raeliiis; see ]>. .‘57.) t 

* Hiis inotlied »f riirM»s Im angles piiblistti ei An flieJirst limo in a 

pajier rend to tl<e Instiimion of t'hil Engineers on the 14th (»f Marcli, 1843, by the 
ttulhor ol thi*« ixurk, who had fii^t practistd d in 1841. Methods sotling-out 
I’urves b\ the thoodoHtp had pu'\iou.«.ly bten ein.' '*d liy Cuptain Vetcli and Mr. 
Ciravatt,' i)ut (hey had not, ho far ns the autiwn knows, been published before 18(i2. 

t American engineers descrilie tlie sharpness H cunes by stating the number of 
degrtfs in the angle subtended at tlie centre by an arc of ioo feet in length, which 
angle they call the “ angle ol deflcelion.'* It‘i\ahicie 

f,72‘i 6 

Angle of detiertion iu degrees — 

® ” radius ni lei>t 
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In applying tliat priuoiple to practice, the bcbt instrument is a 
six-inch tranwit theodolite, wliicli will i*ange the piwitioiis of poles at 
the distanco of half a mile to Uie accuracy of a)i inch and a-hulf. 
With a smaller iiistrumeut, • 

the distances must be s)ioi*ter, 
or tl*‘ pteciaion lesa 
Pkodlem Firbt ^ To set 
out a circular curve touching 
two given stmiglit lines, when 
the point of inleirsectiou «»f 
those stmiglit lines* is acees- 
aible. 

In fig. 49, lot B A, 0 A, bo 
the two atraiglit lines, inter- 
seeting in A. Set the Iheodo- 
lit(* fit A, and int‘aanre tlie 
angle there, which duiolc by A ; tlien lay off tin* (wo equal tan¬ 
gents, A B, 0. as c.ilcnlated b^ (he (ollowing formula (in which r 
is the iutouded radius ol tin* eur\ e) - 

A 



AB —A(‘ r-eotan 




> • » ■ » • I 


.(:i.) 


and Band C will be the ends of tin* eiirve, wln'ro it touehes tlie 
sti'night lines. * 

It la col»^enient (though not always neeessaiy) to find the middle 
point of the curve. For ihat pnrjMjse, ningt*, by nniins of the 
theodolite, the lino A 1) bise<*ting tlie angle* at A ; and lay otf the 
distance,— 

. 

then will D b(* the middle point of Uie enrM*. 

The points B and (J (and also D, if marked) should be marked 
by stakes distinguished in some way (iiaii the ordinary stakes which 
ore driven all along the eentiv lin(**it eipial distaiieA of one chain, 
or 100 feet, or sonn* other distanec*. 


Ai) 


( 


eos(‘e 


A carve ia called a “ oiie-dc{?r«*p t urve,” a two-degree curve,’* and so on, according 
to its angle ui deflectioiu Uemv, 

A 'one-degreo cur\e’* means a curve of '*729*6 feet ladiiis; * 
a “two-degree curve” — — 2b64*8 — 

4 *'tbiee*degree (ui>e” — — 1909*9 — — , 

aojbso on. 

* For eome additional problems in setting out curves, see Article 434, pk 
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T1k‘ total l("iigtli of the our\ e i« found by the formula, 

. Aro 1* 0 — *()O()J00!) r x Hupjdemeiit of A iu miiiutoa....(4.) 

<Auy tuu* of the [)oiiifs, 1>, (*, or 1), will aiihwer as a station for 
the tlu'oiKilite iii j-iuigiu;i; the curve. The coiumenoement of the 
curve, Jl, is flie st.ifioii fliat involv<‘R the biuijdewt operations*, hut 
when tli<‘ leMi;lli of tlie curve excec'ds about huK a mile, the middle 
fioint, I>, is th»‘ best stilt ion as regards accumey and eonvenience. 

Tlio following is the ])roeess of ranging the curve with the theo¬ 
dolite ]»lauled itt its eonuiu'ucemeut, li:— 

I’or br( \i(v's.sake, the disfuiice between the Stakes whieh mark 
the centr<‘liu<‘ of the proposed raH,way will be called ‘‘a Ohain,” 
whether it is OG fis t, lOO feet, «*v a greatia* ilistaiiee. 

l^el e, iu lig IG, re]H‘est‘nt ilie last stake in the portion of the 
sirhight lino iuiniediatcdy jtreeedmg tlu‘ emve; flie disfsiiiee D1 
from tlie (‘onuneius'Uient of (lie curve to the first stake iu it will l>e 
the dilferenee betwis'n oia- ehiiin and o Jl. The auule at the <'ir- 
cuinferenei‘ subti’iuhsl by the {n*e ill baling been ealenhded by 
eipiation 1, is to Im' laid oil' by the theoilolite lisan tlu' hingent 
H A, the zero point of the .s/iinntb oirele being directed towai'ds A. 
Tin* line of e<illinia(i<s» will then ]>oii)l iu Ihe ]>rojH'v direetion for 
the first stake in tlie tiirve, J; an<i its jirojH-r'distaneo from B being 
lanl otr by means of tlie eliain, its position will be determined at 

ouee. 

« 

'fhe angles at the eiicuinfereiiee subli-nded by B 1-f 1 chain, 
B1 s 2 eluiins. III ' il elwuns, tVe,, being also Ciileulatcd, and laid 
off from the tangent BA in Mnss's>ion, will res]»eetiveiy give the 
]iro]M‘r directions tor tin* ensuing staki's, 2, o, 1, iVc., whieh aro 
at tli(‘same time to be pUussl sneee^siiely at uniform distances of 
one ehaiii by means of the ehaiu. 

The d’ihereneobetwei 11 an are of one eliaiu and its chord, on any 
curve v\ hieli nsnally ocemv-> oii r.iilvv iys, is iu general too small to 
caust‘ any percejttibh* enor in practice, iw’en in a v<‘ry long distance; 
but slionld uinvees o< eni of niiusuaUv short mdii, it is easy to calcu¬ 
late* ihe ]iroper ehord, and si't it olf fnnn eaedi sbike to the next, 
* iiisbad of one ehaiii, the Jiaigth of the are. I‘\>r this purpose, the 
tbllowing approximate formula is useiul. J^et r be the radius, a the 
are, and c the chord ; tlnai— 


. 


\Vlien the curve is j-anged with the theodolite at T>, or at aaiy 
otlmr intermediate jioint in the cuive, or at it-s termination C, the 
jiroeess is jvmistdy the same, <*xcept that the m*o-]M»int of the 
azimuth Cirele is to bo turned towards B instead of A; and that 
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tlw chain pabHca the theodolite station (for example, in going 
from stake 4 to stake 5 in fig. 49, with the theodolite at B), ^lo 
t(‘lebcopo IS to l>e turned comph‘tely over. 

When the iuetjualities of the ground make it iinpossible to nulge 
the cutii’c curve frojn the stations B, I), and C, any sluko -whieli has 
alrt'ady been placed in a etninnaudiiig jMJSilioa will uns\V(T us a 
station for the theodohte. 

The staki's or )iules, allt \ htiMiig been iani;ed by the theodolite,^ 
should have their jKisitioiis finally cliecktd and ad|ustrf‘d by a 
luoditieatiou of the method of otFsiMs, which wjll olterwuids luf 
explained * • 

rKOJBLJ.M Seconi) —To sot out a ein'ul.ir eiu \ e, touelimg two 
gi^CIJ straight lines, wlum the point ot iiit<.isectiou ol those lines is 
inaccessible. 

Jn fig 50, the lilies to be diaiiud on 
the ground an' re)>iosented b^ lull Inn s; 
those whose lengths are to Ik? c.ilciilati d 
only are dotted 

* hot B A, A, be ilie two stiaiglit 
lines, meeting at the maetossible jxunL 
A. Uhfiin a si might line l> E upou 
accessible giound, so as to coiiii<*et t}lo^e 
two tangents The position ol the tron'i- 
Vii'hoJI D K is aibitiai^ , but it is cou\< - 
ijient so to plaet it that it v 11 cut tlw jnojiosi d em\e in two points, 
which nuy be deterinineil, and used as tin odniiie stations. 

Mcasuie tin* angles H 1) E, 1) E (*, whnh ma> he dt noted hy D 
and JEL Then the angle at A is 



A - D 1 15 IhO , ... 

A T)- D 15 •f, A E 1) 15 • ^ . 

suj A sin A 


.. (^0 

(7) 


D B =. ?• • eoiaii -AD; E (J - /• • cotaii - A. E,... (S) 


and by laying ojff the distances J) 1> and E (’ as thus cult ul.ited, the 
ends of the curve B and Oais* niaiked, and it can be luugcd lioin 
mthcr of iboso stations as m J’loldeni Fiist. 

But it is ofU'U coii\enient to have inteniiodiute jxjints in the 
curve for theodolite stations; and of those tho jioints of int<*rsec- 
tion w'ith the trausveisal, If and K, and the }>oiut O, midw'ay 
between these, can easily he found by the following calculations, iu 
which a tabic of stpiares i« useful, 

Dot F bo the point on tlie ti’anaversal midu ay between JJ and K. 
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If B1)« 0 E, tli« F ia at the iiivUlU* of D E If B D aud 

0 E are unequal, h^t B P be the givaler; then the jwKitwm of F U 
giv^n by either of the two following fonmdae;— 

DE BP2-CE2 J)K B 1)2-0 E2 

^ ^ 3 D E i ^ 2 P E " 

• TJio points U and K arc at (Hiihil distaiicoff on each side of F, 
gi\eu b^? cith(‘r of the following expressions:— 

■ KH-r-K-.Vi““ } 



^ (I> F^ - B P2) J (E P2 - 0 E2).(10 ) 


The eqxiations 0 and 1(1 are deduced from the two following, 
whioh ina} he used in oi der to clieek the e.ilcul.itions, and are given 
in a form huitahl* f«>r (lie u-.e of .i taldi ot srpi.iK's: — 


isn^lnii DK 


( 11 ) 


I’lii point (1 in llu (unt lonml l>> ■“'‘tting off the ordinate 
F (5 piTpendicuUi to P E, ot (lie tollowing length;— 

F (I r - F JI'.(12). 

« 

Tlie angles sulitendi d at (In lenfrf oftlie curve by the several ares 
belw(‘eij the couinuuK uicnt B and (lie points 11, G, K, U, arc us 
follow.s:— 

• . FJf 

• Anglesnhtendedat till ceiilj'ebyBfl - ISO'^ — P-arc’siu 

— — — BO 180'-P; 

FH f(BT) 

— — — — BIC- 180 -P^.iM sill ' 

r 


— — B(J IhO'-A-.-lOO -P-B, 


J 


and the length of any one of those ares may bo eomputod by meana 
of the formula, 

Arc ■= * 0003909 r x angh* at centre in minutae. ... (11.) 
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The use of such computations will appear in the next problem. 

Oases may occur in which obstacles upon the ground render it 
necessary to make one or both of the ends of the transversal 17 £ 
meet the straight tangents beyond the ends of the curve. The 
whole of the fbrmulee already given continue to be applicable^ with 
only ^6 following moditioations. 

When D lies further &om A than B does, D B is negative in the 


first of the ec^uations 8—that is, A D is greater limn r • cotan 


.A* 


and the point H, asjFoiind by means of equation 10, dies, not on 
the arc to be ranged, but on tlie continuation of *the same circle 
beyond B. 

When E lies furthei* from A than C does, B 0 is negative in the 
second of the equations 8—that is, A E is greater than r * cotan 
A . 

2 ; and tlic point K, as found by means of e<piatiou 10, lies, not 


on the arc to be ranged, but on the continuation of the same circle 
beyond 0. 

The ])oint 0 always lies on the arc to bt‘ ranged The longer 
the ordinate F G is, the more carefully must it bo set dff at right 
angles to the traubveiscii. 

Problem Third.—T o set out cii*culav cun e touching two^iven 
btraight lines, when pmt of the cuive is inaccessible to tlie chain. 

If the p(»int of iutemection of the tangents is accessible, the two 
ends of the ciuve aie to be deUTiuiiicd and uiarkeTl as lu Problem 
First, and also the middle iioiiit of the curve, uiilesB it lies on tlie 
inacccbbible giouiid; and the length of the euive is to bo computed 
by equation 4. 

If the point of iut(*rseetion of tlu‘ tangents is inaceessiblo, tLe 
two ends of the curve, and at least one iiittriiiediate point, uin to 
be determined and in irked l)> tin' aid of a transversal, .is in Problem 
Second, and the lengths of tin* aies bounded hy those points are to 
be computed by the lormiihe 13 and 1 I. 

A transversal ma^ be useful even when the point of intersectiou 
of the tangents is accessible. 

Each of the points thus marked will servo either as a theodolite 
station, or as a station to chain fiom, or for both purj>os(‘s; and tlie 
stakes lying between the obstacle and tlie next station beyond it 
are to be planted by ohainiug biu'kwards fi-oin that station. 

Suppose', for example, that the commencement of tlie curve (B), 
lies at 243 chains 60 links irom Uie commencement of the line,* or 
**j)Cg 0.” The first stake in the ciu’ve vill be 40 links from B, 
and will be “ peg 244.” N ow, suppose that pegs 245 and 246 can 
be planted by chaining forwards, but that an obstacle occura in the 
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c<mrse of the ucxt chairi. L»*i G denote a stotiou iu the curve 
hc^oiid the obstacle, Ibimd by means of a tr.iiisvemd or otliorwise, 
and l(*t the arc 15 (J, comjaited }»y the proper formula, Ijo 0 chains 
20 links. Tlvn G is 21.'5 MiO J-U • 20- 219 chains 80 liuks from 
“iK-'g 0,” and lies l^etween peg 249 and jKJg 2d0. JVg 2J9 is 
plaiitf'd by <>haiiii)ig baekwartls 80 links from G, and j)eg8 243 and 
247 by Continuing to chain backwards. Peg 2d0 is ]»lanted by 
'chaining forwartls 20 links fnnn G, and ]K‘g8 261, (Src., by continu¬ 
ing to chain for\vard.s. Tin* ranging of the angular din‘Ctious of 
•llie stakes from a theodolite station pi'osenl.s no p(‘<*uliarit}. 

l^tr/moi) 11.— ,Sniffn<j-otuCu‘cufafOurve8 
htj Ofanti, 

In tig, 61, let A (.*, G K, E G, l»e a series 
of e(pial or unequal choi\ls iiwcribed iu a 
circle. Ihodnce A G, to l>, making 1) 
- E; join D E. Tlu* distance I) E 
is calJcil till* ojJ'ant an<l its. \alue is 
almost exactly 



r> i: 


(' E -A 1) 


(16.) 


Let G E and E (3 be two ciinat chords; then the olfset is 

iM> . 

r 

If A 1> is a langfut to the ( ur\e .ii A. and G I> a perpendi 
let fall upon it Irom G, tliat j>erpciidi<‘ular, bciie.; th<‘ fro, 
tutiycnij is 

A G- 

(17.) 


GO) 

ndicular 
oot tfie 


15 <5 


PnoBiiEM PotuiTJUL.—'^tV) Set oui u Circular curve by oiisets, com¬ 
mencing at aighi'U point on a straight line (tig. 61). 

Let A be the coiumeiicenn ht of the curve, found us in J*roblem 
Eirst, and marked with a poh*; A B the prolongat ion of the straight 
lim* (Inung a tangiait to the eurve), and B the end oj' the chain when 
laid along that ]iroloiigatiou from the last stake •' the straight line. 
Plant a small pidc at 15, calculate the olFsct B t- Oy equation 17, 
shift the end of the chain, and the }K)le along with it, sideways from 
B to G, keeping the chain tight, and leave the j)olo at G. 

Ih’iig the chain OTtwai*d in the jirolongation of A 0; range a |K>le 
at 1) in a straight line, ivitli A and G, and at one chain’s distance 
fnun 0; shift the jiole and the <*ud of th(‘ I'liain through the offset 
1) E, calculated by equation 10. ^ 
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Drajg tlid cliaiu onward; range a pole at F lu a straight liuu 
witli G and E, and at one clnuu’s distance from E; shift the pole 
and the end of the chain through the offset E G, calculated ty 
equation 16; leave the pole at G, aTid so on. • 

If this process could be peitbrnu’d with absolute* juwisioii, tlie 
curvo*wouJd termiiiate by exactly toucJiiiig tlie fuitiljer tangeiit 
at the point of conbict fouiul as in Froblem First. Hut this iie\er 
takes place at the firat trial, except by accident; lor any small' 
inaccuracy iu laying off the offset i«\)dnces an en*ov in tho poHition 
of each stake, increasing }iearly as the square* of tin* distance from* 
the comTnencement o^tln* curve. If thi* final crj'or is eonsidemble, 
the curve must ho ranged o^el■ agait., until by successho trials the 
final error has hoen reduced to one not e\c(‘eding about ten links; 
then the positions of the st<iki*s are to lx* finally adjusted by 
chaining luimd the curve ouee move, .iiid slutting each stake 
sideways through a distant* propiulioiial to the square of its 
distance from tin* eommi'iieoment ot the cuv^e. 

Although this method is clumsy and tedhus us a means of 
langiug ciuvcs, it is veiy useful for testing tlie uiiitormity ot 
curNutiireof curves already lunged, and tor rectit;viug the j»).'>itions 
of iiidhidual stakes to the extent of an inch or tw<t. * 

Method III. -Pkollkm Fiuth .—To set out a dreukir hij 
succeadvQ bisecfwus of nret. 

This is a inetliod to be ust‘d onl^ in the absence of angulai 
instruments. It dejiends (i the hdlowing relation between the 
versed sine of an angle J5 and that of its hall, 


. B 

▼ei'siii = 



versm B 




( 18 ) 


To apply this i>rinoiplt*,k>t B A, 
0 A, in fig. be the tw*^!) tan¬ 
gents, and B and C the ends of 
the curve, so placed that A B and 
A C shall bo equal, but leaving 
the radius to bo found by* calcula¬ 
tion. Measui’C tho chord B 0. 


A 



Then tho simplest process lor finding tho radius is to use tho 
following formula 


( 19 .} 


_A B • B 0 

■>A / ^ 0 “ BC2i • 

-V AB2 — 

but as the j^*!angle A B 0 is in general “ill-conditioned/ it is 
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more accurate, tkough more laborious, to bisect B C in E, lueanure 
A E, and make 


r 


ABBE 
AE" * 


(IUa.) 


Calculate the versed sine of the angh* A E= 15, wliicli is that 
;?ubteijd<‘(l at the ct'utre by one-Jiall’of the cur\^, as follows;— 


ver.sin B = 


A 15 — B E 


A n 


f 


(30.) 


and by means of equation KS (usin^ a table of stjuares, if one is at 

Ji i> J*} 

hand) calenlate tl»e \'ei’s*‘d siiu's of ":>» "j' hi succession, 

observing that versin 15 eiuibh's one intermediate point in the 

B 15 

curve to be found, versiu ,j, three jioints, versiu ., seven ]mints j 


and genenilly, tliat M'l’hiu (‘nablea —1 juicvmediate 

])olnts in the cur\e to bf fomal. 

From the uiiddlt^ E of the chord B C and perpendicular to it, 
lay ofl‘ tliG olfhct E D = r ^ t'l-sin B; P will be the middle point of 
the cuiwe. 

(Jliain ami bist'cb tin* chords B 1), D C, and from their middle 
points and pei’p<*ndicular to them, lay off the offsets 


IIK = 1 


. 15 

r%eisin 

* 



K aud Jb will be jmints in the curvi*, midway respectively between 
15 and J), nml Imtween I> ami (J; and so on until a sufficient 
iMiniber of jmiiitR have beem marked by jioles. 

Then cliain r(*uiid the cuj'vi* as luiiged by tlni poles, and drive 
stakes at equal distanei's apart 

The uniformity of the cuiwaturc may be finally cheeked by 
Method 11. 

(14. NickinK-out the centi'e line of a proposed work; consists in 
cutting a small trench about hix inches wide, to mark the centre 
line in the intervals between the stakes. The surface of the 
gi'ound ought to bo left undisturbed for a short distance on each 
side of each stake. 

Where the centre line crosses fences and buildings, it should be 
distinctly marked by notches or grooves. 

65 . Pcrnianent JIf arlui •£ eke Ijinc aad JUevel* are l^ually stakes 
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of larger ditueiihioiis tliau those which maik the centre line, and 
placed so far to either side of it that there is no risk of their 
being disturbed during the progi*ess of tlie "woi'k, by which the 
marks on the centre line itself are oblitcmted. 

The jjlaces wheio ponuiincnt marks of tlie coiiise t)f the line ai'o 
chiefly^•cquu’cd are on the tangents of ciir\<*s,—tluMr distances from 
the ends of the curves being noted, so as to enable both the curves 
and the straight lineis which connect them to be ranged over again ‘ 
at any time. Any imporiant point on a euned or straight part 
of the centre line may bo permanently niaiked by driving two t 
stakes in a straight line passing through it, om* at eaph Side of the 
site of the work, and noting its distiiuces from tliein, or by any of 
the means desmb^d in the second paragraph ot Ariicle 21, p. 17. 

Stakes to bo used as permanent Ixiich marks lor the levels of 
the work are about tliiec or funr feet long, anil four inelies square, 
hooped round the topviih iion lo j)i*e\oiit th(‘ lio.id fron> being 
ciuslied. One ()f the best ways to Ibrm a firm surface for the bhitf 
to list on is to drive into the head <il tins stake a long iron spike 
with a hirgc conve\ Jieadj the ujqieimost jwint of the convex 
surface of that liead is tin* bench mark. Such marks are to be 
placed near the sites of all juujiosed ]n<*ce«i of masonjy,^ind other 
structuii's of iii)j>ortaLce, and ne.ir tin* cuds of cuttings and 
embankments; and opjiosile point'* wheie the rate of iiiclinatioii or 
gra(Hent of a proposed railway is to change. 

Ah soon as any }»iec<‘ ot i isoiiry h us bei n built high ciioiigli, 
one or more beneli niai lv..s should be made on tbe masrniry itself, to 
it'gulate tlie levels to which tlie remainder ot the .struetnre is to be 
built. 

GO. WwkinK Ei'ftiou and 1j«>«pl-lt«ok. - Tbe naiure of a working 
section has already bei'ii exjdeiiied generally in Ailjcle IJ, Division 
XIV., p. 11, and ill Artiele 10, j), la. Tlie le\els taken, m order 
to prepare it, consist for the most yMirt of those of the stakes planted 
to mark the cimtre lino, which are driven until their lieads arc 
flush with llie gi’ound. Should any inecjuality of the ground occur 
between two stakes, enough of additional levels and distances must 
bo taken to enable an exact vertical section ot it to be plotted; and 
the levels of every line of communication and other important 
object must be taken whc're it is crossed by the centre line. The 
level of eieiy stake, and of every line of communication crossed, is 
to be taken twice over. 

As to scales for working sections, see p. 7. 

Cross Sections have alre dy been referred to in Article 60, p, OV. 
When the ground is uneven sideways, they may be required at 
each stake. In geneiul, they should ranged accurately at right 
angles to the centre line, and should be plotted without exaggera- 
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tioii; their vertical uud horizotital scales being the same wibh the 
vertical senlc of the longitudinal section. All cross sections shonld be 
pSottedaa seen by lookiiig/orioartfe towards them along tlu'ceiitreline, 
* Tlio Eiorri-Book of tlio w'orlchig section of a line of conjinnniejir 
tiou is a book containing a eonji)lete statemont of the levels of the 
ground and of the int<*ndod work, and of other information^ which 
will presently be specitied. Each folio of the^book is divided inUi 
•several columns, whose number, amingeiuent?, and contents differ 
in the juaetice of different (‘nginecus. Tlie following statement of 
the contents of tlu' several columns of a lev el book may be taken as 
an example. It is Hj)eeially adajjted to a I’siilw.'vy, but may be 
ni!id(', by slight modifications to suit other kinds of works: — 

(Jolunm 1. IS'uiubcrsof ilic sitiktvs phimt'd at etjual inb'rvals of 
(Ki feet, too feet, .'U)0 feet, or some other distance 
along 1h(‘ <'eutn‘ line. Tlu* stake at which the line 
coinnienets is nuiribered 0. 

Column 2. Distaiieivs from the* eonimeiieenient of the section, in 
links or fei‘t, as the ease may be. 

Coluinii 1 lescriptions of objects betweeii tlie equidislaut stakes, 

siieli as fences, stivanis, roads, eimals. niilways, in- 
U‘rmi‘duite stak» s at i nds of curves, iSn*. 

Column 4. Levi'ls of the ground at the stakes, and between them 
w hen necessary, and of bench marks. 

Oohuiiu f>. Intended level of tin* upper surface of the railway (or 
other pro])osed work.) 

(\>hnnn 0. Fontmlhu hvel (that is, level of tlie gi'ouud when 
])re])ared by exi.wation or emhaukment for the 
eoni])i(‘tion of tlie work). 

(''olunin 7. Depths of euttiiii', | as ealeiilatcsl by taking the diffw- 

Colunm 8. Heightsolembank- ! cnees between the nuiubers in 
iiK'ut, ) Column 4 and column G. 


Column !). 
Coluinii 10. 


j Rate of lateral slope of the ground, if any, to the 

{ right} eentiv line, specifying whether it 

rises or falls from the ceiitn* line. If the slope of 
the ground is irregular, reference may lie made to a 
en)*^s section. 


Column 11. 
Column 12. 


j Rreadths of land required for works only (exclu¬ 
sive of fences) to the | ^ centis) line 

These aix‘ called “kcdf-lyt'eaUths.^* The method of 
calculating them will lie described under the head of 
Kauthwork, in the scqucL 
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14*} half-breadtli8 to the | | of the centre 

line, found by adding the intended breadth of +he 
fcnoiiig to the half-breadths in columns 11 and 12{. 

Column 10. Angles at which streams, roads, canals, railways, 

• <kc., ci*os8 the centre line, stating (if the angles are 

oblique) whether the acutd angle lies to tl»e lefb or 
right of the centre line looking forwarda 

Column 16. Beniarks:—(Jumprisiiigpositions of permanent marks, 
rates of inclination or gradients, ra<lii of curves,* 
spans ftnd head-r<tom of bridges, tuiimds, and ai-clu‘S 
of viaducts, alter-djons of level of existing lines of 
communication, Aic.,—^Ihe whole accompaiiietl by a 
sketch of the working section. 

When an existing line of communication is to be altered in posi¬ 
tion or level for the jiurposes of the ]>roposed work, a woiking section 
of the works ivqnired for such aU(‘red line shoidd be prepared in the« 
same manner with that of the principal work, und its de.seriptioii 
inserted in Um leveH)t)ok. 

()7. MritiaK^ont Mioprii niid Ai'rndih* of Jiaiiti (already ^efori'ed to 
in Article 11, p. 11) is ]M'rforme<l by laying oil' the Jialf-brmdihs 
of the work and the Mm haif-bretufthny as enleulated, exactly at right 
angles to the centre line, marking their ends with slakes *aud 
sometimes also nicking out lines so us to coinii'ct those sbtkes, and 
show the boundaries of the a'lUvvovk and the boumlaries ol the 
land to be occupied respectively. A temporary tence is made, as 
soon as poasibh*, along the outer of those bound.iries. 

The ■.wiid-Pinnn (referred to in tin' s.ime yiam*) are preyiared by 
plotting the total half-breadths on the jilau of the working survey, 
drawing the boundaries ot the pieces of laud reipured for the wt»rk, 
and making separate co])ies or ttaeings of tliem, to be used in 
dealing with the owners and occupi<as. 

68. Pwuiwttfui iffurkM ol miicn ol iVoikM an' stakes planted on 
nearly the same principle with those already de.>cribed in Article 
65 for marking jioints on the centre line. Kor examjde, suyipose 
that the work to be set-out is a bridge, consisting jiriucipally of two 
abutments which support an arch or a platlorni. The prindpal 

S oints, ujion whicli the ytositions of all other points in the bridge 
efiend, are tiie four cornera of its abutim'nts. To enable the 
positions of tho.!}e cornera to lie found at any time, plant four slakes 
in the prolongations of the faces of the two abutments, at known 
distances from the four coruei-s, and sujEficicntly far from them 
to be clear of tbe work. 

6U, Xu HMting-ent fjcrels of Bxravaiion* the engineer causes 
stakes to be cUdveu, whose heads are at the intended forumtiou-level. 
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To plant a stake at a given level, tlie staff is to be neld tiinon the 
neaii'st beiicli mark, and road; the difference between the level of 
that bench inark and that of the u('w stake to be driven, is to be 
added to th(‘ I'oatliiig of the staff, if that stake is to be lower than 
the beiicli mark,—subtrnuJed, if it is to be higher. This gives the 
height which will bo road upon the sbiff at the new stakes when 
that stake has be<‘n <lriv(‘n to the ])ro|H*r depth. 

• Two such i.t{ik<'H, biing driven at fifty feet apart or thereabouts, 
in tho centre line, near the ocmimoncoiucnt of a proposed cutting, 
-enable tlj(j excjivatoi-s to carry on the cutting at tho proper level 
aiul rate of incliu.ition for sf)ino distance, by the opei’ation called 
“which o(m‘^isls in ranging a line of uniform inclination 
from two given points in it, wdh T-shaped instruments called 
** boning riuls.” liach of thcs(‘ consists of an ujw’ight stafl*, having 
a cross-bar at right angles k» it at the top : all the bonitig-rotls 
belonging to one sef ought to he extudly of tho same lieight. To 
range or ‘*b«me” llic bottom of a cutting with them from two given 
stiikes, two of the rods are to be held uj)right on the heads of the 
two stiikos, and a third held upright at any fioint in the cutting 
which is in the same straight line with the stsikes; when, if the 
bottnm ofHhe cutting is at tin* true formation level, the tops of the 
thtvc rods will be in one straight line. In this manner the cutting 
is <*arried forvvanl at an uniform rate of inclination, until the 
engineer thinks it advisalile to jdaiit a new jiair of stakes by the 
level and staff near its inner mid, from which the boning goes on 
as l)efor»‘. 

7tt. Kniiaina nnd Mciiiiig-out Tunneii*.—Tiio Centre line of ft 

tuniK'l having been at first ranged on the Hurfaco of the ground, in 
the manner alre.idy descrilHjd, a row of shafts are sniik in con¬ 
venient positions along that line. 

In ordc'r to range the line below ground, it is necessary to have 
two marks in the ceiilie line at the bottom of each shaft, as far 
asini<)(n‘ as fio'«sib)c, to enable that line to be jirolonged fivim the 
Ixittom of ih(' sliaft in both directions. Those marks consist of 
nails or spikes driven into the cros.s-tiinl>erM. 

The former practice was to doteriiiine the positions of those 
marks below ground, by creetiiig over tlio shaft a timber fiume, 
from which two plumb lines were suspemlecl, hanging nearly to the 
boltoni of tho sh.Ut, and to range ibose plunin '!ucs by the transit 
instrument; but as that ]>roccss is dillicult or inijiassible in windy 
weather, Mr. Sinini.^ iiifroductal the following improved method :■—* 
The fingineer mnges, by the transit instrument, two strong stakes 
ill the centre lino above gmuml, each about sixteen feet from the 
centre of the shaft, so as to be safe from disturbance while the 

* Simint On PractioeU TunueUmg, ^ 
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work is in progress. To mark the exact position of the centre 
line, each stake has driven into its head a spike, with an eye 
through its top. The eye of each B 2 >ike is v(‘ry carofully ninged 
in the exact centre line, being made visible to the observer at the 
instnimcnt by holding a piece of white paper behind it. A cord is 
stretched through the holes in the spikes, so as to mark th(^ course 
of the Centre line across the mouth of the shaft. each side of 
the shaft a plank is Jjxid, at right angles to the string, and with its, 
edge overhanging the edge of the shaft two or tJircH' inches, so that 
a plumb-line may hang Irom it clear of the side of tlie shaft. Two 
plumb-lines are then luiug from tin' planks, directly iin(h‘i* the cord* 
that marks the centre line; and tht' lower ends of plumb-lines 
ebow two points in tiie centre lino at the bottom of the shaft. 

The apiiroximate ringing of the “heading” or “drift,” or small 
horizontd mine that c<mn<‘cU the Iow(*r ends of the shafts, is jier- 
formed by means of candles, each hung from the timber framing in 
a sort of stirrup). 

The accurate ranging of the <‘('ntre line, after the heading has 
been made, is perforineil by str<‘tclib»g a cord o(‘tween tin* marks 
already ranged at tlu' bottiom ol‘ tlie shaft, and fixing, at intervals 
of thirty or forty feet, eitluT small pertoratod blocks of wv><l carried 
by cross-bars, or stakes with eye<i spike'^ «Ii*iveii int,o tlieii heads, 
so that the holes in the blocks orsjiik(‘s shall bo ringed by the cord 
exactly in the centre line. 'J'he centre line of aii^r part o^othe 
tunnel can then be marked at un^ time when required, by stretching 
a cord througli two of those Holes. 'J'lie cross-bars are tLx(*d in a 
temporary way to the timber framework of the heading, so that 
they can be removed, to leave a free |Kis.sage for men and wagons; 
but their iilaees are so inark(‘d that they can be iv-lixed exactly in 
their iirojier jMisitioiis at any time when it is rt'cpun'd to range jiart 
ot the line. 

Curves can be set-out below ground by means of a tlieodolite on 
a short-legged stand, and candles or lum]»s iiiste.ul of ranging-poles. 
In this case, the two marks at the bottom of a shaft indicate the 
direction of a tarig('nt to the curve at its centn*. 

When the line of shafts does not folh)w the centre line of the 
tunnel, Init a line panillcl to it, a oonvajMmding line is to be set/-out 
through the heading at the bottom of the shafts; and from that line 
the centre lihe, or any given part of the tunnel, can be set-out by 
laving down offsets m transverse headings. 

In order to setrcnit the fevefs of a there should be a 

bench mark above ground, as described in Article 65, p. 110, near 
the mouth of each shaft. When the shaft has been sunk, and lined 
with^ tinilier oi brickwork, a second bench mai*k is to b«! made 
witihiji the shaft, and near its top, by driving into the timber 
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brickwork a horseshoe^Bliaped staple in a horuKtutal positioa^ tba 
Icveiiing'StafT being held on its npper surface in baking its level, 
•Somejiart of the niasoniy or bnckwork of the intended tunnel is 
takep as a sfatndard |Mnnt by means of which the levels of otlier 
points are reguluti'd: for oxHinj)le, the “invert-skew-back/* or joint 
wliere the inverted arch forming the bottom of the tunnel meets 
the sides. That joint b(‘ing at a fixed height above or below the 
rails (generally 1k‘1ow), its depth below the staple is to be calculated. 
That dejrth is then to be set-off by hanging thiongh the staple a 
chain of i*ods of the proptT length. The rods used by Mr. Simms 
are coniiecti’d together at the eiuls hy eyes '"md spring-hooks : the 
length of each rod, fioni the iiisule of the eye at one end to the 
iiiMide of the hook at tlie otlier, i.s t<m feet. To set-olT a given 
depth below the staple, the number of rods to be linkiMl together is 
one more than the number of entire t(‘ns of feet in the depth ; the 
odd feet and ilecimals of feet are set-off on the npjx'rmost rod by 
screwing a gland uj>ou it at the pn>]KT point. Tb(‘ chain of rods 
is then droyijied tlirough the staple until the gland, resting on the 
staple, prevents them fioin yiassing fni-ther, and sujiports the whole 
chain ; a bt'nch nunk, eonsisti'ig of a flat-sidisl spike driven hori¬ 
zontally irfto the tiinhei ing, or of a stake ^ith a imnid-toppc'd spike 
in its head, ilriveu \ertjcMlly into the ground, is then adjusted at 
the bottom of tlie sliaft, so that its n[>})er surface is exactly on a 
levcjf'with the bottom (»f the lowest rod. 

The staple forms a permanent heneh mark, through which the 
rods ean be lowiaed again, -wlieiievor it is necessary to make a new 
bench mark under ground, owing to disturbance of the former 
bench mark. This is jilw'aj's thaie after the brickwork has lu'cn 
jiartly built, in order to m.ike a yn'rmaneut bench mark, by driving 
a flat spike into the side t)rthe tuiiiiel. 

Furllter ivmarks on st'tting-out will be made under the head oi 
each kind of work for which jieculiar methods are retyuired. 
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71. Uinifation «f the Sabjeci—Ijnndniarka—BaojrM. —Marine RUP>* 
veys are undertaken tor ])uri)Oses of geograjdiy and navigation as 
well as for those of engine<‘ring; hat the pivsenl cliapter has reierence 
to the last of those purposes only; and it tlicreforc describen the 
operations of inaiinc surveying so fur only ns they are ii'quiri'd in 
pri‘i>aring jdans for engineering works in navigahle waters. 

The [irincipal objects of such surveying are to detennine 
represent on a plan the figim* of the bottom of tho sea, or other 
piece of water, on a scale suited lor ih‘signiug engineering woiks, 
and to ascertain the luuterials of which the bottom consists, the 
levels rise and fall of the surface of tlie water, and tlj^e direction 
and speed of its curi'ents. 

Tho marine survey must be based upon a survey on the adjoin¬ 
ing land, by means of which the tigure of the eoast and th<*c|»osi- 
tioiis of a suffieiont nuinbiM* of cons]iicuous and well-detined objects 
near the coast have been a-ic rtained. These objects are the landr 
fmrksy by observations ol which the })ositions of ^loints on the 
surface of tho water are determined. 

Stations afloat can be marked by means of buoys, carrying poles 
and vanes. 

To prevent a buoy from deviating to any considerable distance 
from a position directly above its anchor, the mooiing cable, which 
. is flxod at one end to the anchor, passes through a ring called a 
** thimble," attached to the buoy, and has a weight hung i<i the 
other end. 

72. OatiiHi and Bench Rfarku for —TIktc should also be 

It d(xhimrp(mUj or princi^ial bench mark, on land, to which the levels 
arc i*eferred, and a sufiicieut number of other bench marks, whose 
elevations relatively to the principal bench marks are to be found 
by the ordinaiy process of levelling. 

For nautical purposes the daiunirsm'faix, relaiivcly to which the 
levels of the bottom are stated, is the a/verage hw’wat&r-nhark of 
fpring tides- and the same datum surface, wlien it is sensibly hori¬ 
zontal, will answer for an engineering survey; but on the sca-coast, 
vrhen the sniwey is extensive, and in the channels of rivers, the 
low-water iSi spring tides is not a horizontal surfoce; and in snob 
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cae^, the Icrels for enj^ineering purposes must l>0 reckoned from an 
arbitrary horizontal surtace, as in sections on land. 

73. 'I'MU'-fSanarff.—Tlie sucoessivo levels of the surface of the 
water must k* observed and reeorded from time to time, as well for 
tlieir own iinporinnee tus because the levels of the bottom are 
ascertuiued l>\ sounding, and in onler to reduce the latter lerels to 
u ooiniiion datum the \an.itionR of the level gf the surface of the 
Watm* must la* knoiMi. • 

The tide-gaug< s umsI for tins jutrposc, when of the simplest kind, 
ate ])o^ts set exnetiy ujingbt, and lia\ing seah's of feet and 
of fe('t mailced u}>oii them, iminb(*red from •the bottom upwards 
'i'hi y must be fixed and sta>td 14 .such a manri<’r as to be c<i}>ab]e 
ot ve‘'istmg the wases. Sometmus the wliole rise and fidl of the 
tide at a given ])la<.t* may be observed on cue jiost; but in general 
the slope of the be.ioh make*, if necessary roJiaveaiwv of posts 
extending from low-water maik to hieli water-mark, and forming, 
111 fact, one tide-gauge, divided into stveiai stages or atijis. The 
lowest mark on the low<‘st post oi the low is the zero ot the tide- 
gauge: its level should he asieitamed relati\<*ly to the nearest 
bench mark on land b}» levelling It will form the commence¬ 
ment of a sT^ale of teet and lenths, numbereil upwards The lowest 
murk on the second ]iosf must be made at a point adjusted by 
levelling to the same h‘\<*l with the highest mark on the fimt post, 
and marked witli t)ie same iiumki’, and so on ; so that the niarka 
on the entire rowot posts may form one eonimiious scale of heights, 
above the zeio-maik 

The number of diifeient tide gauges required, and the plaoea 
wliere they are to be erected, will lie iixed by the engineer to the 
bevt of lus judgment, so .as to give the means of detirimuing the 
figuni of the surface of tbe water at any given instant. They must 
be mor(‘*numeroiis, the more the suifiice of the water at each 
instant deviates fiom a lionzont.d fonu. Such deviation always 
<*xists in river channels; and in tiiem, and u 1 sr> in estuaries, and on 
the coast, its cxistenci* and extent are indicated by difleiences in 
the time of high and l(jw-water, and in the extent of rise and fall 
of tho tide. Ev<*n when those deviations ai'o not practically appre¬ 
ciable, it is <lesir.d)le to have two tide-gauges at points distant from 
each other, in onler that the two scries of ibseiwations «iay cheek 
each other. 

The obsei'vci’s of tho tide-gaugi‘8 should bo trustworthy and 
intelligent persons, provided with watches, which should be 00 m- 
jiared every day wifJi that of the principal surveyor. 

For the purpose of reducing soundings only, it is in general 
sufficient to observe each tid<*-gaiige at each quarter of an hour. 
When it is desired also to asci'i'tain the laws q£ the tide at th» 
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locality, it» better to observe the height on the tide-gauge at each 
ten minutes, for an hour before and an hour after high and low> 
-water, and at each half-hour during the remainder of the day. • 

For engineering purposes, the tide-gauges already described, 
consisting of simjde poi^s, arc in genoml sufficient; because when 
the Witter is smooth enough to take accurate soundings, it is 
smooth enough to enable the observer of the tide-gaugf* to estimate 
the mean level between tins crc'sts and trouglis of the wa\ es, . 

When more exact observations are re(|uired, tlie tide-gsuigo 
should con«i»t of an upright tube, coniimmicating with the water^ 
outside through a few small holes only, and having ia it a float 
with a graduated upright stem, tall enough to be visible above the 
top of tlio tube. 

In a flelf-regifatering tide-gauge, such a tloat acts timmgh a chain 
or cord on a train of mechanism, and nio\es a jiencil up or down, 
which marks a liiue on a ]mper-coveri‘d cylinder turned by clock¬ 
work. (Airy Ort Tidt"* and Woven.) 

The observations at the tide-gauges having be«n copied from the 
observers’ lH)ok8 into one book, aie to be rcslueed to the datum of 
the survey by the aid of the known levels of the 7,(*ro-niarks of the 
tide-gauges relatively to tliat datum. • 

The mean of all the reduced ohserv.itions of the tide-gauges taken 
during one or moiv entire “lunations,” or revolutions of the moon, 
gives the mean levd of the t>ea, which is a tiuly Loiizoutai*sur¬ 
face. 

Further remarks on the tides will lie made in the sequel. 

74-. DetmniiiinfK Htniionn afloat. —In flg o.'!, let D represent the 
position at a given instant of a point m a boat, which is to be 
determined. 

This is done by tneasuving 
with the sextant m the boat 
the angles between three known 
objects on laud, A, B, C. 

To diminish or prevent the 
errors that would arise from the 
boat’s shifting its position while 
the angles are Ixnng measur'd, 
the BUi'veyor should have three 
sextants, if possible, with which 
he should take the angles A D B, 

B D C, A D C, in ra])id succession, reading them off at leisure 
afterwai’ds. The angle ADO, which should be the sum of *tlie 
other two, serves as a check upon their accuracy. 

Oare should be taken that the four points, A, B, 0, D, do not lie 
In or near Jibe oiroumference of one circle; for in that case the 
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obBcrvations would leave the position of D mdeterminate, as will 
prese»itly be explained. 

Theic are different methods of plotting the position of D on the 
plan. 

TVIethod I .—By Two irU&rsecting Circles .—To draw through 
two points, as A and 11, fig. 5i, a circle which shall c^nlam 
a given angh*; tlmt is to say, a circlcj anch that from any point 
in its ciremnfoi*eufe, as H, the arc A 11 slja,U subtend an angle 
A II 11 equal to the given angle, draw through A and B the 
straight lines A G, 11 G, making witli the straight line A B the 
'Angles B A^G, A 11 G, each equal to the coii)plement of the given 
angle; the iTiterheetion of those lines G will be the centre of the 
circle required. 

JiCt fig. now re})roseut tl)e jdau, and A, B, C, the j)Ositions of 
the three landmarks as ])lotted on it; thmngh A and B draw a 
circle conlaining th<* ol)'i<>r\ed angle A G 11; through B and 0 
di^iW a circle containing the observetl angle 15 D 0 ; those circles 
will give by their intersection the point 1 ) on the plan :—unless they 
should happen to coincide with each otlier and with the dotted 
circle A 11 (1 K, wlaui the poir»t 1) may be anywhere in that dotted 
circle, and cannot be jdo+ted trom the observations taken. Should 
D lie the dotted circle, the two inlciNit'eting circles will cut 
eacli other at ti)o acute an angle, like the sides of an ill-conditioned 
triangle; and th(' pK)tte<l position of 1 ) will be liable to inaccuracy. 

JMktiioi> IL— 7^y tht lnff'rt.fic/ion of a Circle and a Utraigld Line .— 


^ -From A draw A E, making the angle CAE 

=0 1) 11: from 0 draw E, making the 
/ j VX. \ angle A C K = A D B, and cutting A E in 
/ / \ N. \ E: tlirmigh the three pfiiuts A, C, E, desorilie 

I / \ N. I a cireli*; through E and B draw a straight 

\ ■ ^\ liw*^* euiliiig the circle in D; D will be the 

-T required jioint on the plan. 

The two preceding methods are both too 
D t(‘(lious for ordinaiy use, and the two follow- 

Fipj. 6.). ‘ jujr ar<* almost always employed instead. 

Method III.— By a Flece oj Trm'vng )>apcr ,—On a piece of tracing 
paper draw three straight lines radiating from one ])oint so as to 
make with each other tuigli^s equal to A 1) B and B D C. Lay it 
on the plan, and shift it ab(iut till the thn k lines traverse A, B, and 
res|KTtively; tlie point from which they diverge being pricked 
. flit‘ plao, will give the po.sit>ion of J). 

jiite iigi Stalwn-pointm '.—This is an instrument 

jMtwa ev' j^j^g ai-ms turning about one centre, and 

^' 'ht fiducial edges diverging from that centre. Mxed 

sumcieut to ja ^ graduated ciivul^ arc, and fixed to the aide 

When it IS desii ® * •• 
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AztDs, two indexes with verniets, by means of wliicb those aims can 
be set so as to make any required pair of angles with the middle 
arm. The arms being set so as to form the angles A D B, B D *0, 
the instrument is laid on the plan and shifted about until the 
three fiducial edges traverse the points rcpivsenting the three laiid- 
marka respectively. The ceiitr<‘ of the instnim(»nt will then be 
over the required point D, which Ls marked by means of a pricker 
that passes thiough a hole in the oeiiti’o of the iiistnimont; oi 
otherwise, three jHjncil lines may be dinwn along the fiducial edges 
of the arms, and produced after the instrimicnt has been lifted^ 
off the jMiper; wheiF their intci’section will give the required 
point. 

Three landmarks are all that arc absolutely necessary to 
determine the position of a station afloat; but when the station is 
an imf>ortant one, the surveyor, for the juirpose of verification, 
should measure angles to addiiioiial known obji'cts.* 

Where a sufficient minilM'r of objects on l.iiul are not visible, the 
positions of stations afh^it may bt* determined by taking angles to 
previously dctc'rmincd stations afio.it Aihieh ar<* m.arked by buoys, 
or at which boats with flags are inooivd; but this motliod is want* 
ing in precision, and objects on laud are alwa}-s to ffe preferred 
when they can be seen. 

75. fiiouudingH and i^eveiN.—The iiistniment g('nei'ally employed 
for taking soundings for nautical pui-po.ses is the lead-line^ a tough, 
hard, ami flexible cord, l<i 'ded with a conical lead weight, and 
divided into fathoms. For engincenng piuiK)s(*s, where the depth 
does not exceed about 100 feet, a chain is used. In shallow water, 
the best instrument is a rod, divided into feet and tenths, and loaded 
at the lower end. 

The sounding lead is “ armed” with a lump of tallow in a hollow 
at its lower end, by which, when the material of tlie bottom is 
loose, specimens of it are br< night up. Wlien the material is of a 
firmer textuiv, a speeimeu may be brought up by dropping a heavy 
iron pike, jagged and barbed at the lowtu* cud, called a “ jdunger,” 
and hauling it up again by a rope; or the nature of the bottom 

• The distancoe of the btation from two of the landmarks mi^ht be calculated by 
Ihe rules of plane trigonomotn and [ilotted; but the prociss is too tedious for urdinaty 
use. The folIOH ing are the steps of which it consists (see fig 66) 

In the triangle AEG, given A C, and fbo angles E A C (s B D C) and A C B 
( s A D B), calculate A E and C K. 

In the triangte ABE, given AB, AE, and--.BAE(=.BDC—BAG), 
esicalate A £ B 

In the triangle R E C, given B C, C E, and ^ B C E (« A D B — B C AX 
calculate ^ B E C. 

In ihe triangle A D E, given A E and the angles, calculate A D. 

In the trian^e DEC, given 0 £ and the anglea, calculate C D. 
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may be ascertained by boring, or by diving—operations which will 
be, again referred to furtlior on. 

foundings for nautical ])urjM)scs are noled, and written on the 
plhn, in fathoms of six feet, and half and quarter fathoms; those 
for engineering pur]K)ses, in fet't and deciinals, or feet and inches. 

Tlie levels of the bottom are ascertained by taking seveiul sbries of 
soundings along straight lines, in such positions as the engineer 
judges to be best. . In general, the position of those lines is nearly 
th.»t of the lines of steepest declivity of the bottom, and nearly at 
•right angles to the coast. 

As each sottiiding is taken, the surveyor notes the time, the 
de]>th, and the position. 

The following are two methods of determining the positions of 
soundings:— 

Method 1.— Ihj a tSerien of Amjles.— In fig. Sfi, A and B repre- 


^ simt two known objects, in a straight lino with which 

, . a set of soundings are to be taken; C is a third 

! known ohjeet lying at a sufTieient distance to one side 

{ of the line A B. Tlu* boat is rowed along the stniight 

® ^ j line B J5, elflii-r direi-lly towards or directly from B. 
t suiweyor sees tliat the boatmen ke(*p B and A 
t''// \ exactly in one straight line; and the instant that 

3 yF J eucli sounding i.s taken, he measures with a sextant 

k' the angle which the dii’cctioii of C makes with the 

*Fi 66 ^**^*^‘ »'xaiu}>l»*, if J, 2, 3, 4, Ate., are points whore 

* ' soundings are taken, the angles to be measured at 

those points are B 1 (J, B 2 (J, l> 3 0, B 4 0, Acc. The jumition of 
0 sliuuld lie so ehoseii that the most acute of those angles may be 
30° or somewhat greatt^r. 

To plot the positions found hy this method, diuw through 0 on 
the plan the straight line FOB parallel to A B F, and lay off the 


Fig 56. 


angles D 0 1 = B 1 C, 1> ('! 2 B 2 CJ, <tc.: the intersections of 


the line.s C I, 0 2, itre., w'ith B E, wdll give the points x-cquired. 

Method 11. —By two Htaimia and an uniform speed of Mowing .— 
In Kig. 57, A nqnesents a known object on which the lino of 
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souiidings is to run. The survc'yor determines 
the position of (B or C) the commencement of the 
line by tla*ee anglt'S taken b > ween known objects; 
tlie niwci'R then I’ow as steadily as possible at an 
uniform sjieed in a straight line directly from or 
directly towards A. Soundings are taken at equal 
intervals of time; and when the line has been 
carried far enough, the surveyor determines the 
position of its tennination (0 or B) by three angles 
taken between known objects. 
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In plotting a line of soundings so taken, its two ends B and C 
arc laid down by means of the station-]»ointer; the stitiight lino 
B (3 is drawn, and divide<l into as many equal as there wqro 
equal intervals of time between the soundings fi-om the beginiiiirj 
to the end of the line; and thus the inteiniediute points, 1, 2, 3, 
Ac., arh found. 

A line of soundings jnay often be conveniently prolonged on the 
higher i^artb of the ifeaeli by ordinary levelling. Jn fwt, levelling’' 
should be used wheiever it is pnieiieable, being tho moit* ai^cutate 
operation. • 

76. Tlie Rednrtion HoiindiiiKN to the datum 0^1 thh survey is 
made by taking the diffeieiiee bet've«‘n <*aeh souinling and the height 
of the water above thaf datum at ilie inslaut ■wlwn the sounding 
was taken, as found by examination of or inter])olation in tho 
register «)f tho tides. If the sounding Is tlie greater, that diffen'iice 
is a dejith below tho datum,— if tla* less, a height above the datum. 
(As to what that datum is, see Artiele 71). When the dalniii is 
the mean low-water-level <if sjiriug tub's, the lat'i r elass. of reduced 
Bonndings are said to be <7///, and aie distinguished in tho n'gistiT 
and on the jdaii by a score beiioaih tlu* figuies 

To reduce .soundings by calculation, in 'the absence of din>et 
observations of tlie tule,’ it is necessary to know tin riso of tlie tide 
above the mean water-levd, and the tinu' of liIgli-wiitcT, flcir tlie^tido 
during which the soundings w^ere made, and tlie dumtitm of that 
tide, or iiiterv.il cf time bet voon bigb-water and low-waler (which 
on an avenige is about six hours twelve mimiU's, but vanes con¬ 
siderably ai diflereut times and ])l.i(*ts). 

Let II be the height ot the mean watir-lev(*l above tho datum:— 

r, the rise of tlu* tide above the iiuaii water-level; 

D, the duiution of the tide; 

t, the time before or after high-water at wliieli a given sounding 
is taken; 

A, the height of the surface of the w.itei- above the datum at that 
instant, being tlie quantity to be subimct(*d from tlie toinuUng. 

^hen A-H f-r • cos 180® j^,. .(1.) 

in using which formula it is to be remembered that cosines oj 
obtuse wnglea are negative. 

77, ijines of Equal Orpth ai’^ analogous to contour-lines on land 
(see p. 95), being contour-lmcs of tlie bottom of the sea sketched on 
the plan so as to pas.s through those points where the reduced 
soiuidings are equal. It is customary to mark tho line of one 
faihmn, eomulings by single dots, of two fathoms by dote in pairs, 
of three fathoms by dots in triplets, and so on. 
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The Hiffh and iLow-Watcr-muk* of avei'ago spring tides, which 
ahoiild be drawn on the plan, are also analogous to cuntour-lines. 

*78. C'nrirntM—Wart‘ 1 *—^Tho directions and velocities of tidal 
OMtrenta should hi* iioteil by th(“ surveyor, and marked on the plan 
by arrows; each arrow having figuros beside it drnoting the speed 
of the current in iiautirnl miles an hour, and the time afoer the 
niooii’a transit at wliicli it ju'evalla Flood-currents are denoted hy 
•fciitliored arrovss, (‘hb-euri-eiits by unfeatbored'arrowa 

The direction of the cunvut which runs ]>aRt a moored vossid 
.tiiay he ascertained hy dro]»ping soine Heating body into it, and 
■observing uhr» angle which the <lirectioii oF motion of that body 
jnakea with the <lir<*etion <)f some known object. The velocity may 
be foun<l hy means of lj(>g, an iustrument in which the 

rotatirmsof a /an drivfm hy theeumnit are rogistei‘(‘d by wheel-work. 

1’h(i dire(‘lion and velocity of a current may also be detorminod 
by W'tting a light deal j>ole, having a weight at the lower end, to 
float upright in it, and taking simultaneous angles to that object 
from two known stations. This nmst be done bv two observers, 
who should take sjx'cial caio to make their angular measuromenta 
<‘xactly at the saim* instants of time. 

^'he usual diiecjtions ami velo 'ities of waves should be ascertained 
and iiote<l, and also tlie greatest height from th<i crest to the trough 
of a wave., 

711. ITIiNcelluiievHM luloriniition on Plan.—Hesidcs tllC SOUndingS, 
levels, eum'uts, ami otlier infonnation alnwly mejjtioned, the plan 
of a marine survey for engineering purposes should show at different 
point-B the mateiial «)f the bottom, hy such abbreviations as r. for 
roek, «(. for stones, .v. for sand, ni. for mud, i^re., ami by references 
to horujgs and examinations hy diving, Avheri* such have been 
made. Jt should also show all lighthous4‘S, beacons, buoys, fixed 
moorings, &c. 

80. Tahinj; AltltudrM bf Ihr Hrxtant— Dip of thr Worlaon.— -When 

th<> altitude of an object is taken at sen, by measuring with a sex¬ 
tant its angular eU'valion uhovci the visible sea-horizon, a correction 
must l>e nuulo by subtracting the dijj of that horizon—that is, its 
a])i>aivnt angular depi'cssion la low a truly horizontal line traversing 
the eye of the obst*rver. The amount of that depression is un¬ 
certain, owing to the variable ivfractivc power of the atmosphere; 
but on an a\ ei-age, it. is given approximately ^ j the following 
formula, in which h denotes the height of the observer’s eye above 
the sea, and r the radius of curvature of the surface of the sea. 

Dip in seconds = a 206264"’8 

= 67"‘4^Aiu1e^ ...(1.) 
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OF COFYIW, ENLAKGING, AND KEDUCING PLANS. 


81. Ti*«ciiig upon a sheet of thiu seuii-imnspareDt paper, laid, 
imoothly on the origiDal di'fl'wing, is tlie must accurate method of 
obtainiiig a co])y of a plan ou tlie seaio witli the origiiiaL 

By usiug a drawing table niado of strong pl<ite gla^-s, culloil the 
** copying-glass,” with a sloping niii*ror below, if ueccssaiy, to* 
reflect light through it, a tracing may be niadc on drawing paper 
of ordinary tliickiu'ss, provided the original is nut mounted on 
doth. 

When a tracing has been made on thin pajier, other copies can 
be made on thick papeu by nibbing the lower side of the tracing 
with black lead, or }>uttiug a sheet of black-leaded pajier lielow it, 
laying it ou the thick p.qK'r, and passing a smooth poirtted iustrii- 
ment along all the outbiies of the tracing. The new copy has then 
to be dmwn in ink and iiiiished. 


PrtcbiiiK Through is a])j)heable to plans in wliieh the ' out¬ 
lines consist chicily ot sti.cght lines, and damage to the original 
plan is unimjioi-taut. 

82. Uikifravlnd. Ijlthofirnphlna;, and PrintiiiK* —WIk'II apian is to 
be engraved ou copper, a tracing of it is jdaced on the copperplate, 
face downwartls, and Ibe outbiu's scratched on the copjier with a 
|)oint which cuts through the tracing, 'fho im]uessions iroin copper 
plates, being printed on danqi pajier, shrink when they <hy, to an 


extent which varies from l-400th to l-20l)th of the original dimen- 
dons. All mcasurouicnts, theicfore, on printed jilaus should bo 
made by means of the scale eugiaved along with the plan, and 
every sheet should have a scale ui>on it. I'hc shriukiiig is some¬ 
times slightly ditteivnt lengthwise and breadthwise. As to the 
effect of this ou sections, see Article 54, p. DO. 

Where gi’eat accuracy Ls recpiired in engraved plans (as in those 
of the ordnance survey), the principal stations are plotted <m Uta 
oojMwr, and the details only lait^ down on it by tracing. 

In lithograpliing plans, the usual process is to make a copy 
on «transfer paper ” by the aid of a tracing on thin iiajier, as 
already described in the preceding Article. The copy iso made is 
drawn and finished wdth lithographic ink, laid face downwards on 
a aton^ and^ transferred to the stone by the proper process. The’ 
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transfer paper being damp during that prooess, expands to a cei'tain 
extent, so that the drawing on the stone is Houiowhat larger than 
tl)(* original; juid this exfiansion is to a c(*rtaiu extent couiitenidtt*d 
by,.the shrinking of the jMipor on which the im])rebsions are printed j 
8t) that the ini])ressif)ns may he slightly larger or smaller than the 
original in a projiortion which it is difficult to assign witli piwi- 
sion. As with engraved plans, each sheet shoidd have its own scale, 
by means of which all measuiTinents upon it should be made. 

83. KvducinK UrawiiiiBM hr linnd is pci*fui'med, iu tlic case of 
plans, by foriiiiug triangles to cojmect the stations and other prin- 
‘ei]»al points on the original, measuring their sides, and plotting 

them on a sinfiller seah* on the redueed jdain The details may be 
I educed by ct>veiing the original •Aith a network of squat'es, and 
the i‘(‘du<‘ed cf>py with a lu twork (>1 squares having their sides 
smaller than those of the tu'iginal squares in tlie pioportion in 
which the ])lan is to be redueed, and sketching the details on the 
refluced copy iu thei»* ju’oper i>keea by the aid of those squares to 
guide the eye and hand. 

In the case of sections, reducing by hand is best performed by 
plotting tli(‘ .section aiuAV on thi smaller scale. 

84. Kf'd^rini; DrnwitijgH ififchiiiiiHui is pcr’foi’ined by loeaiis of 
instriiuK'nts called th(‘ “ I’antograpli ” aud,lh<‘ “ Eidogiuph.” Iu 
each <4 those instruments a tra,<‘ing-i»oiiit is made to travel over the 
ontb'vn,-.!' the original (lra\sing; a ]>eueil is so connected with the 
tracing point that it i*, always in a straight line with the traciiig- 

ai\il with a fixed ciaitre, and always at a distance from that 
centre \>earnvg a given (ou'-lant i.itio to tin* distance of the tracing- 
jHnnt from that <‘eutie, and th.it ]K'neil rlrawH the outlines of a 
copy of tht drawing ledueed in the given ratio. 

Fig. 58 lo a sl.t'lelon sketeli of the P\MOCi.RAru. Ft), I) B, 
EG, am} G V> are four flat b.irs, joiutcfl to eaih oilier at E, D, 0, 
and G, so that G E E I) - 1) () G, and the 
Ilgiue G Fl)(^ IS always an exact rhombus, its 
0])j'Ositc sides being iMUidlcl, and all of them equal. 
Those l>,iis are supported by ivory castors, which 
inn on tlie paper oi on the drawmg-hoard. T is 
the tr.u‘ing point. A is the fixed t*<*ntre, having 
a hea\y toot, which rests on the paper or the 
draw iijg-l»oard. On its vertn d spuidle turns 
a soeket through which the bar E G can be 
slid to any requireil |K)sition, and'fixed tlicn* by a clamp-screw. 
P is a squai-e socket, sliding on the bar D F, on which it can be 
fixed in any reejuired position; the peueil is carried by it I’he 
pt*iieil is loaded on the top with weights, whicli press its fioiut 
against the paper; it can be lifted off the jiaper when required by 
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pulling ft fltrlng. The dotted lino PAT represents the imaginary 
etraight line in which the pencil, the centre, and the tracing point 
ouglit to be situated. The bars G E and FC E have scales marked 
on them, showing the proper positions of tlie sliders for reducing 
drawings in various proportions. Jj(‘t 1 : n be the proportion in 
which tlie plan is to b(» reduced; so that— 


: 1 ; : T A : AP;.(1.) 

then • 

« : 1 : : DE : E P;.(2.) 

and , 

^•♦•1 : 1 : : DT : E A..(3.) 


The Bidofpnph is repi'esented*by tlie skeleton sk(3tch, hg. 

A is its fixed centre, witl> a heavy leadem foot. On the spindle 
■(tf this ceiiti’c turns a aquaiv socket, through whieh slides the 
bar D E, which can be claui]>ed in any reqiiire<l po.sitioii. At the 
ends of that bar aw* two jnilleys, D and E, exactly equal in 
diameter, and connected by means of a 
thin steel b(‘lt. F and G are scr<*\vs for 
adjusting the lengths of the two divisions 
of that belt, so as (o make the rods i> 1’ 
ftnd T C exactly paralltsl. These rods slide 
through square sockets carried by the 
pulleys, and having clamj)-screws. TistJie 
tracing-point, the pencil, a’»d TAP the 

imaginary straight line in which the pencil, centre, and inieiiig-point 
ahould always bo. 

lift 1 : as k‘foi‘e lie the ratio of reduction; then the proiwr 
positions of the sockets are given b}'’ the fonuiihe— 

«: 1 :: A E: A 1); ET = A Kj 1) P = A D. ... (4.) 

Each bar lias a scale of 200 equal parts on it., with t) inark<‘d at 
the middle of its length, and nundirred to lOt) eacli way. Tlic'se 
ecalcs are subdivided by th<‘ aid ot vt^rnieis on the sockets. 
When the instrument is oorreetly a<ljlisted, each soclt'*t is at the 
same distance from the middle of its bar; and that distance, in , 
-divisions of the scale, is found by the following formula:— 


p 



m 


lot).-- 

» + 


1 

r 


(. 0 .) 


The best test of the accuracy of the adjustments of the Panto¬ 
graph and Eidograph is to draw the tmeing-point T for a certain 
dishuice along the edge of a flat straight-wlgid mler; when the 
pencil P ouglit to draw an exactly straight line, of a length bearing 
the projier profxirtion to the length of the original line. 
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88. BniargiiiB Plan* may be performed by hand, in the same 
matmcr with reducing; and with the Pantoginph or Eidograph, by 
a/ijusting either of those mstrumeuts so that the pcmol shall be 
further from the centre than tiie ti'acing-point is. Tiiis, however) 
is an openition which is not caj)able of accuracy, except when the 
ratio of eiilaigeinent does not much exceed that of equ^ity.^ 

80. Kt‘duciu|{ ora«vina* bf Piiotogmpiiy is tho method employed 
in reducing the large [»laus of the orduanch survey, drawn on a 


scale of 


2500’ 


to the scale of six inches to a mile. Tho details of 


the plans ro reduced are afterNvards traced o»i tlie copper plates, on 
which the shitions Jiave been prexiouJy plotted by the lengths of 
the sides of the ti*iiugleH. A j>ro<'t‘.sa ot truiisfeiTing the reduced 
outlines to copper, zinc, or stoiu*, without tracing, lias lately been 
introduced. See the lie port on the Proifrena of tfie OrditanGa 
iSWrey, by Colonel Sir ileury James, 11, K. 




SurPLEMLNT TO ClIArTEIl III., AUTICLB 40, 

86 a. Bl‘4uclian of'Anglm to lli«- C'enti'o of 1l»«* Wlallon,— ft SOmO* 
times hap]>eus that the tlH'odolite cjinnot be planted exactly at a 

static *11 in a tngonometrical survey; but 
has to be |>laccd at a sliort distance to 
one side ot it. In such ciuses, the angle 
actn.niy nie.isured between two objcct.s is 
1 educed to tin* angle which would have 
Im'I'ii inciisuivd, had tiie theodolite la*en 
evacHy .at tlie st.itiiui, by a correction 
winch is c.dculalt'd uppioximatcly as fol¬ 
lows: — 

In fig. 59 A, let C bn tin* '•tation, Dthc jK*Mtion of the theodolite, 
A an<l 15 two objects; A J» B tlu* horiwmtal angle between thorn 
as ineaMiml at J>; A C B the required horizontal angle at the 
station V. 

Measure C D, and the angle ABC; calculat.e A 0 and C B 
approximately as if A C 15 wci*c equal to A I) B; then 



4*’!^ r>9 A- 


AOB=:AI)B—2062G4 


2G4".8 C D I- 


sin A D 0 


x k t 


BBC 


AC 


BC 


} (i.) 


The above formula gives the correction in seconds when B lies 
to the rigfd of both C A and C B. When it lies to the loft of 
0 B, sin B D C changes its sign; when to the left of 0 A, sin 
ABC changes its sign. 
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Supplement to Chapter III., Article 42, Division IV., 

Page 73. , 

86 & Aatronomlcai BeiVsrtion.—The refracting action of the 
atmosphere causes the altitudes of the stars to ap])ear greater than 
they r^ly arc. Tlie coirection for refraction, therefore, is always 
to bo subtracted fi'om an altitude. Its value may be found in 
seconds apj)roxiniately by the following formula:— 

Refraction = 58" x cotau a])par(*ut altitude. 

Fort* more exact infT^ruiatiou on the subject, see » pa'7)er by the 
Rev. Dr. Robinson in the Tmmc*ctUm<i of the Jfo//a( Irish A eademy^ 
vol. xix. Tables of Refraction are gi\oii in tivatist's on Navigation, 
such as Raper s. 

It is to be Iwrne in mind, that below about 8“ or 10“ of altitude 
the changeable eotidition of the atmo.s}>h(U'c makes the correction 
for refi'action very uncertain. 

8G C, To find ih«‘ liaiiiiidc of a Placp. 

Method I.— By the Mean A ItiJtwle of a Circumpola/r Star. —Take 
the altitudes of a circumpolar star .*< t its up])or and lower culmination 
(whicJi positions are known by wMtchiug for the instants when the 
altitud(' is greatest ami feast). From each of those apparent alti¬ 
tudes siibtract the coiTeclion for refraction; the mean o*‘ 
altitudes thus found is the latitude of the place. 

Method J L— By One Me, Lilian. Alfifude of a Star. —()l>serve the 
meridian aUitude edastar by watchim:; for the instant when its 
altitude is gn'atest c»r l(*ast, and subtract the corrections for 
refiuction, and also for dip, if necessary. The complement of the 
true altitude is the zenith distance. Find the dc'cllnation of the 
star from the Nautical Alnmnac (which is published four yeai's in 
advance.)* 

Then if the star is between the zenith and tlie equator, 

Latitude = Zenith distance-f Declination;.(1.) 

If the star is between thti equator and the horizon, 

liatitude = Zenith distance— Declination;.(2.) 

If the star is between the zenith and the elevated pole, 

Latitude = Declination — Zenith distance;.(3.)^ 

# 

* rhe (iSdumtions of a tew stars are given at p. 7S. 

K 
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If tlie stAr is botweeD tlie elevated ]X)le and the Lorizon, 

Latitude = 180® — Declination — Zenith distance.,.. (4.) 

Method III .—By live Hans Meridiem Alt/Uude. — In this method 
yhf* final calculation, from the suti’h declination, as found in the 
Nautical A Iniauac, and the fme altitude of his centre, is tho same 
as in Method 11. Jhit bf^sides the correction for rei'raction and 
dip, the altitude rofiuires to be further coiredted by subtmeting or 
adding the sun's st'inidiuineter, according as his n]>pcr or lower 
limb has been ob'.erved, and by adding the sun's ])aralhix, being 
the angle subtemhid at the sun by the distai'ce between the earth’s 
centre and the ]>laoe of obaervaiion. 

To iind the eori<*etion for )»aVallax, find the sun’s hom.Outal 
paiullax on the day of ohst'rvation, fi'om the, Nauiitud Almana^j and 
multiply it hy the cosine ol the altitude of the sun’s centre. 

(The mean value of tiic sun’s horizontal parallax is about 8"‘6). 

M’he .sun’s semidiaineter on the day of obseiwatioji is to be found 
in the Nautical Almanur. It varies from 15' 40" to 16' 18". 

The cidculution naiy be tlnis .sot d(»wn algebmicMlly— 

j 'JVjc altitude r=ap])ai‘ctit a’tltude— Dip (if the sea- | 

< horizon basbetui ob.served)'— Retract ion zir sun’s (5.) 

( semidiameter + parallax;. I 

Zenith tUstance = !J()° — tnie altitude,. (6.) 

Latituflo (see Equations i, 2, 4). 

IC(]iiHtionK 1 and 2 are the most fi\()uoutly at)])licable to the sun. 
Equation 3 is occasionally jq>]>licable between the li-ojiics; and 
Kfpuition 4 relates to observations made at midnight, in summer, in 
tile polai' regions. 

86D. 'IjInI. or AutlioriiirN on Vuaiucrriui; Oeodeiir and Mubjecl* con- 
nreied •%tith if. —Merrett’s Surveying ; Jackson’s Survey Vractice; 
Giirden’s Travel M Tables; Brough’s At iue- Surveying ; Butler 
Williams’s y-'mc/im/ frcode^y ; Ha.skoirH Engineering Field-Work;; 
ITaskoll On Railway (lonstruction ; Simms On Mathematical Jn- 
eininmnis , Simms On Levelling; Simms’s Practical TunnelUng; 
Sir Rdwar«l Belcher On Matinc Surveying ; Admiralty Manual of 
Scientific Jtiquiry, Article “ HydrographyRaper’s Navigation. 






PART TJ. 


OP MATERIALS AND STIlUCTailES. 


CHAPTER 1. 

SUMJfART OP PRINCIPLES OP STABILITY ANO STRENGTli. 

Section 1 .—Of Structures in GentmL 

87. A Sirnctnwj consists of }iorhioiiH of solid in.^Lerinlw, pul to¬ 
gether so as to preserve a dehuiU* form mid Jiri’.'ngeiiient of parts, 
and to witlifetaud exteriud forres t<*iidiiig to disturb siieli lorm an<l 
anuiigement. As the psiHs of a structure arc inteiulcd to iciiifdu 
at rest I'olativelv to eucli otluu*, tlu' foivca wliicli act oii»tIie wliole 
structure, and on each of its ]>arts, siiould be baJunced, so tb.it the 
mechanical priiiei])les on wlii«*lj the jierinauenci* and <‘rt'iei<'ney of 
sti'uetuivs dejiend for tlie most part belong to Statics*, oi '’the 
science of balanced forces. 

The maierkda of a stiTicture may be more or less stiff, like .stone, 
timber, and metals, or loose, like eni-th. 

The ensuing chapter of this part will be divided according to 
the materials of which the structui'es tlK‘y treat <»f consist. In tlie 
present chapter ai'o given a summary ol mechanical principles apjdi- 
cable to all structurea Many )>nss!igos in it are extracted from a 
previous Treatise on Applied jilechanUs, and abridged or amplified 
as may be required, in oi-dcr to suit (be pni’jjose of the present 
Treatise. Such fiassagcs ai‘e indicated by tlie lettere A. J/., with a 
reference to the number of the cun-cbpondiug Article in that 
work. 

87 A* Pieces—jrolnl*'' iiup|>oita—FonndaUonc. (A . J/., J 2D, 1 30).— 
A structure consists of two or more solid bodies, called its pieces^ 
which touch each other and ai‘e connected at portions of their 
sur&ces called jomta. l'hj.s statement may appear to be applicable to 
structai’es of stiR’materials only; but, nevertheless, it comjirehends 
masses erf earth also, if they are considered as consisting of a very 
great number of very small pleoes, touching each other at iunumci'- 
able joints. 

Although the pieces of a structure are fixed relatively to each 
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otlier, the stnicture as a whole maybe either fixe'l rr moveable 
relatively to the eartli. 

( A fixed striictui'e is 8iipf>orted on a part of the solid mateiial of 
the earth, called the fmndaJLum of the structiii^; the pi’essures by 
which the stnicture is supported, being the resistances of the 
various i>arts of the foundation, may be imn'e or less oblique, 

A moveable Btructuie may be Hiippoi*te<l, as a ship, by floating in 
' water, or as a carriage, by resting on the sbh’d ground through 
who<ds. When sucli a structiii’e is actually in motion, it pai*tal£es 
jto a certain extent of the ]»ro]>ertics of a machine; and the deter¬ 
mination of the forces by which it is supported I’equircs the con¬ 
sideration of dynamical as well as of statical prindph's; but when it 
is not in actual motion, though capable of being moved, the pres¬ 
sures which supiKut it arc d<‘tennined by the principles of statics; 
and it is obvious that they ha^e their i-esultant equal and dirc'ctijr 
opjiosed to the weight of the structure. 

88. The Condition* of I£qnilil»riuni of n Mrnclnrr arc the tbi'eo 
following (^. M., 131):— 

i. Tfiat the forces exeiieil on the whole structure hy external hotltp'i 
shall balance each other .—The tbrees to lie considert'd under tliis 
head ai:>'-A-(l.) the Attraction oj the Earth —that is, i\io weight oi' 
the stnictui*ej (2.) the External Load^ arising from the pressures 
exerted against the structure by bodies not forming pai’t of it nor 
of ifs'ioimdution; (these two kinds of lorces constitute the gross or 
total load)) (3.) the Supporting VrestrureH., or I'osistance of the founda¬ 
tion. ''rhose three elasses (»f forces will be R[X)ken of together as 
the External Forces. 

11. the for‘-< s exerteil mi each piece of the structure sludl 

balance each other .—These consist of—-(1.) tlie WeigJU. of the piece, 
and (2.) Wia External Load on it, making together the Gross Load; 
and the Resistances, nr lorces ex<Tted at the joints, between the 
piece under couskh-ration and tlu" pieces in contact with it. 

ril. That the forces exerted on, each of the parts into which each 
piece of the sfy'ucture ran be conceived to be divided shall balance each 
other .—Supjiose an ideal suiia.ee tf» di\ide any part of any one of 
the pieces r)f the slriu tore from the remainder of the piece; the 
foivoH which act tm the part so ermsidered are—(I,) its W(*ight, and 
(2.) (if it is at the exteiiial suifaeo of the pieced the external force 
applic'd to it, if any, making together its gross lou,,^, (,3.) the stress, 
or force, exerted at the ideal surljicc; of division, bi'bween the part 
in question and the obh<‘r parts of the jdece. 

, 89. siablllir, fMmiaih, and SUOaeiM. (it. M., 182, 127).—-It M 
necessary to the p<;rraanence of a structure, that the three fore¬ 
going conditions of equilibrium should bo fulfilled, not only under 
one amount and one mode of distribution of load^ but under all the 
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ruriations of tLo load as to amount and mode of distribution which 
Can oocui* in the use of the structure. 

StaMUty consists in tho fuliilmcnt of the Jvrst and second oondji- 
tions of equilibrium of a structure under all variations of tho lod^d ' 
within given limits. A structure which is deficient in stability 
gives way by the disjjlacemcnt of its pieces from tlieir proper jx)si- 
tirms. 

When a struciure^r one of its parts, in^ffexihle, like tho chain of, 
a suspension lu’idge, or in any othtu* way free to move, its stability 
consists in a tendency to recover its original figure and position 
after having heen diaturbed. . ' 

Strength consists in the fnlfilni<*nt of i})e third ct»nditiou of equi¬ 
librium of a stmeture for all loiiOs not exceeding j):’e8crilH)d limits J 
that is to say, the greatest inteni.d stress ju’oduoed in any part of 
any piece of the structui*e, by the ])re,scribed greatest load, must be 
such as the material can bear, not nuTely nitlumt immediate 
bivaking, but without such injury to its tc’xtun' as might <‘n<Ianger 
its breaking in the coni'se of time. 

A piece of a strueturc may be remh'red unfit for its pnri)ose, not 
meiely by being brokcui, but by bt'iug stivtcbed, compressed, bent, 
twisted, or otherwise strained out of its jji'oper slmjK}. d^t is neces- 
Sfiry, theiefore, that (*acli piece of a stiMicture should be of such 
dinieusions that its alteration of figure under the gix'atest load 
a]>j)lied to it shall not exce(‘d given limits. TJiis jiriperty is‘called 
stijfhess, and is so coiinectt I with strength that it is necessaiy to 
consider them together. 

Section 11.— Summary of the Principles of the BaUince of Forces. 

90. (^4. M., 12, Hi, 17 to 21).—A rorvr is an action between 
two bodies, eitluT (*aii.sing or tending to cause change fifi their 
rc'lativo rest or motion. Kquiiibriam or Bainnrr is uhe condition 
of two or moixj tbi’ces wliich are s»’ opjwised that their combiimd 
ar-tion on a body ju-oduces no cliange in its rest o»; motion, and 
that each fore© merely temls to cause such change, witheuit actually 
causing it. « 

In treatises on statics, the w’oi’d p^'essure is often used to denote 
any balanced force; although, in the ])opular sense, that word is 
used to denote a force, of tho nature of a thi-ust or \msh, distributed 
over a surface. , 

The relation of a force to one of tlie two bodies between which it 
acts, is determined, or made known, when tho following thiue 
things are known ivspecting it:—first, the pfaeSf or part of the 
body to which it is applied; secondly, the direction of its action; 
thii*dly, its magnitude. 
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I. The 'pXaxiB of the applicatmi of a fon^o to a body may be the 
whole or part of ite iutemal mass; in wliirh cane the force ie an 
a^racUon or a reptdmonf accoi'diiig ae it tends to move the bodies 
betwiieu which it acts towards or from each other; or the place of 
applicHtioji may be the stirface at which two bodies touch each 
other, or the bounding surface hotwoeii two parts of tho same Iwdy, 
in whioh case* tho forc‘e is a tension or ptiUf a or pueh, or a 

^lateral stress, nceoiding to circumstanoea i 

'Dins e\(‘iy frnce lias its action distributed over a oeitain spuce^ 
either a volutiK* or a surfiee; and a force concentrated at a single 
* point lias no real existence. Novrrlhelesa, it is necessaiy, in treat¬ 
ing of the inaiiciplcs of statics, to begin by (lemonstmting the 
propcilies of sii<*h idc.d l’oi*<'t‘s, conceived to lie concentrated at 
singh* jioints; tor the c<'neIusions s<j arrived at rcsjiocting single forces 
(as they may bt‘ calhd;, are a]i]>licable to tlie distributed forces 
which reall) a<-t in nature. 

In reasoning re,spec-ting forces concentrated at single points, they 
arc iussuined to be ai»]ilied to solid bodies which are perfectly rigid, 
or iiicapiibh’ of alteration of tigni-o under any forces whicli can be 
ajtplied to them. Tiiis also is a su|iposition not roalissed in nature; 
but its <wjso<nu'ur <-s may be a]i| lied to actual bodies, when tbeir 
alterations ot tlunie are imsensihle. 

II. 'l'ln‘ itiiedion of a foj-ce is that of tlie motion which it 
tends ti/^producc. A straight line* <lrawn through the point of 
ap|)lieati«)n of a single force, and ubmg its direction, is the lino of 
acdtm of lliat (br* e. 

Jll. The oingintuftcs u? two foie<s are ei|ual, when, being 
applied to tlio ‘•ame body in (t[ipOiit< diiections along the some 
line of action, they balaiue each other. 

A single force may be repre.seni(‘<l on j)<i])cr by an arrow-head<‘d 
sti.iigbt.line; the commcnccmcnl •iI‘11m line i in heating the point of 
flpjiHcation of the iorce, —the direction of tin line, the dire'Ctioii of 
the force,—and the lenoih of iLi- line, the magnitude of the force, 
aceordiug to nn arbitraly scale. 

01. Htuudurii tJnit of \v«-i«ihf* {A, M., 21).—The luagliitude of a 
force is e.Kpri'ssed arithaietieally by stating in numbers its ratio to 
a certain nnil stamUwd of foicc, wliich is usually the weight 
(or attraction towards tho eai-th), at a certain l"titti<i^, and at a 
certain level, of a known mass of a ccrlain mau-ilal. Thus the 
Biitish unit of force is the stnmJoird poand avoirdvpoie; which 
is tho weiglii in tin* litilude of London, and near thfe le\el 
of the sea, of a certain piece of plaliiium kept in the Exchequer 
office. (See the Act 18 and 19 Viet., cayv 72; also a paper 
by Proftissor W. U. AFillor, in the Philosophical Traneacthm 
for 1850.) 
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Amongftt other units of force employed in Britain are,— 

The grain = of a pound avoirdupois. * 

The troy pound = 5,760 grains = 0-8^585714 pound avoirdupois. 

• The hundredweight =112 pounds avoirduj>ois. 

The ton = 2,240 pounds avoirdupois. * 

The French standard unit of force is the (/ramme, which is th«k 
weight, in the latititde of Paris, of a cnbio centimetre of pnro 
water, measured at the temperatun* at which th(‘ dengity of water 
is greatest, viz., 3"’-945 centigrade, or *1 Fahrenheit, and under 
the pressure which supports a baromeiric column of 760 millimetres 
of mercury—that 29 922 inche.s. 

A comparison of Frcuich and British mca.sur<*s of force and of 
size is given in a table* set llic end of this volume. 

92. JBesultawt of VorccM At'tiiia in One Mtrnigh. Iiliie. (d. il/., 22). 
— The Besultant of any number of given forces apjdied to one body, 
is a single force cajiabh* of balant-ing tli.at single force which balances 
the given forces; that is to say, the re.snltaut of the gif on forces is 
equal and directly o]>posed t<i the loree wliich balauct'S the given 
forces; and is equivalent to the given forc-t-s so far as the balance of 
the body is conci'med. The given forces are called componehts of 
their n'snltani. 

The resultant of a set of balanced forces is nothing. 

The resultant of mmibt'i- of forces acting on one body in tho 
same stinight line of action, acts along that line, and is equal in 
magnitude to the biini of the rom|)onent forces; it being niulerstood, 
that when some of tlie eonq)onent forces are o]»jK)scd t(t the others, 
the word “ eurn'' is to he taki'ii in the algebraieal sense; that is to 
say, that forces acting in the saim* direction are to bo addt'd to, and 
forces acting in opposite direction'- subtract'd from each other. 

WIicnaBystem of forces acting along one straigiit lin** are balanced, 
the sum of the forces acting in om* dii-f'ction is equal to the sum of 
the forces acting in tlie opposite dm'ction. 

93. Reimltiinl and Balance af Inclined VorccK. (^A. M,y 51 to 54). 
—The smrllest number of inclined forces which can balance each 
oilier is three. Those three forces must act through one jioint, and 
in one plane. Their i-eiulioii t/i each other depends on tbe follow¬ 
ing theorem, called the “ pAitAU-ELooRAM op Forces,” from wjbich 
the whole science of statics may be deduced. 

I. If two . ^ces Vf/wee fines of oetUm traverse one point be reprer 
sen^ in dirtHion amf mmjnitude hy tho sides of a pa/raUdoyrarn^ 
rmdtqint is represented by dw diagonal. 
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For example, through the jwint O (fig. 60) let two foivses act> 
fe]iresented in ilireciion and nmgiiitnilo by 0 A and O B. The re- 
’ ^ biJtant or equivalent single force of 

/ those two forces is lopiesented in 

diif'ction and magnitude by tlie 
diagonal O C of the paralleKigi'am 
O A C B. Its« magnitude is given 
algebraically by tho equation, 



OG=y^ |pA» + 0 

+ 2’0 A ■<) Boos A O b! 


( 1 .) 


To iMilanco the forces O A and O B, a force is roqubvd cMjual and 
directly opjiosed to their rt'sultant O 0. This may l»e expressed by 
if the directions awl magnitmleH ofUtree forces he repre- 
senUd by the thi'ee siden of a triangle (such as O A Tl, 0 ()), then 
those three forcesj at tiny through one imnt, balance each otherj or in 
other wordy, <ha< tliiec lorces in <^lu* same ])lane ludanee each other 
at one j»oinf, wlnn each is piopoitional to the sine of the angle 
between the other two 

The4i'k‘^i'^.' v'lng corollary from the paiMllelf>gram of forces is called 
the “ Polygon op Forces - 

II. If a nunther of forces arVnti, through ili/e t<aine point be repre- 

sented by /iius ewal and parallel to the 
siift's of a dosed polygon, ih.ose forces 
bolante foch other To fix the idi^is, 
let tlu'ie be fi\e forces uotmg through 
till' point O (fig 61), and representi*d 
in (lij'i’ction and magnitude by the 
liius Fjj, F 3 , F 4 , Ff^, wliicli are 
ecpial and pamllel to the sides of the 
closed jiolygon 0 A B 0 l> O; viz.;— 



F, = and 11 O A ; Fg .ind it A B; Fj - and ll B 0; 


F^^aud II (Jl); F5 = and ii D(' 


Then, by the principle of the paralhd ignnn of forces, the resultant of 
F, and 2^ is 0 B; the lesulLuit of F^, Fg, and Fo is O 0; the re- 
eiutant of Fi, Fg, Fj, and F^ is 0 D, iHjual and opjiosite to F 5 , so 
that the fihal iTsultant is nothing. 

The closed polygon may be either plane or “gauche”—that 
not in one plane. 
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TIL Pnnc^pU of the Parallelopipedo/ Forces .—The simplest gaucht 
polygon is one of four sides. Let 0ABC£]FQ1I (hg. 622), be a 
{>anillp]opiped whose diagonal is O H. Then 
any throe successive edges so ]>laced as to 
begin at O and end at IT, form, together with 
the diagonal II O, a closed quacliilateral; 
consequently, if thi*ee forces Fj, h\. h\, act¬ 
ing tlirough O, bo rcprcsenttid by the three 
edges O A, C) B, O C, of a parallelo})ij)ed, 
the diagonal OH ropi'csents their i-esultaut, 
and a fourth force Squal and o|H)osit<‘ to 
() 11 balances them. ' 

Kcaolntlon of n Force. —I. Into two i^ompomnts. (A. M., 65f 
56).—- In onler that a given single force iisiy be resolvable into two 
components acting in given lines inclined io each other, it is neces- 
KU'y, ,/irst, that the lines of action of those components should 
intersect the line of action of the gi^en tore< in one }>oint; and 
secoiuJfi/f that those ijirec* Hues of action should be in one plane. 

Ibduming tlien to Fig CO, let () C i*e])i‘eMent the given force, 
which it is i-equiied to rcMilve into two eonijHnient tbrco7, acting in 
tlie lines C) X, O Y, wliich he in one jtlaue with O O, and intersect 
it in one point O. 

Thi'oiigh dr.iw O A ii C) Y, cutting (> X in A, and V'TB FO X, 
cutting OY in B Then ill () A and i) B repivsent the com¬ 
ponent forces required. 

Two forces i‘<'spoctivelv ei]ual to and <lii(‘ctly opposed to O A 
and O B will balance OH. 

The magnitudes of the forces are in the following ])ropoi*tions:— 

O O : O A : () B 


:: sin A O B : sin BOO: .sin A O O.(1.) 

II. Into three Components .—In ordei* th.it a giver^ single force 
may be resolvable into thi*ee couq'oiicnts aiding in given Iint‘S 
inclined to each other, it is necessary that the lines of action of the 
conijioneuts should intersect the line of action of the givt'n force in 
one point. 

Returning to Fig. 62, let O H rcjireseut the given force which it 
is required to resolve into thi'^ component forces, acting in the 
lines O X, O Y, O Z, which intersect O II in one point O. ' 

Through H diuw three plants pai'allel respectively to the planes 
Y O Z, Z O X O Y, and cutting respectively O X in A, O Y in 

B, O Z ill C. Then will O A, O B, 0 C, represent the component 
forces required. 
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_Tlir6e fd^es respectively equal to, and directly opposed to 0 A, 
O B, and O 0, will balance 0 H. 

RectangvJar Corrqtoiientft .—^The rectangular coiui>oncnts of 
force are tboso into which it is resol veil when the directions of 
their lines of action are at right angles to each other. 

For exam}>le, in fig. 02, suppose OX, O Y, 0Z, to be three 
^ axes of co-ordinates at right angles to each other. Then O H is 
’ restdved into three reclfiiigularcomponents, C/A, OB, 0 0, simply 
by letting fall from 11 periH3nchculai’s on 0 X, O Y, 0 Z, cutting 
them at A, B, 0, respectively. 

Let tho'thrso rectangular com])oiieutH be denoted respectively by 
X, Y, Z, the resultai«t by 11, andrtbo angles which it makes with 
the components by «, /3, y, res]3<'etivr*ly; then the relations between 
the three r(‘ctanguhu‘ comi>onenth and thek resultant are expressed 


by the following equations — 

X - B cos «; V H eos |8; Z = R cos y;.(2.) 

J12_ X2 + Y2 + Z2.(.3.) 


When tjie resultant i.s in the s.nne plane with two of its com¬ 
ponents (as X and Y), the third component is null, and the 
equations 2 and 3 take the following form;— 

X *-*11 eos « - R sin -3; Y 11 eos /3 11 sin *; Z - 0. (4.) 

+ . (.».) 

In using equation® 2, 3, 4, and o, it is to bo remembered that 
cosines of obtuse angles are negative. 

93. KcHUllnue nud Biiliiuvc- ol auy nnmSer of Inclined Forem 
Actingfhroagh one i*oint. — 1^0 find thisrcsnltantby calculation,assume 
any three dirf‘ctions at rigid angles to each other as axes; resolve 
each force into thrive components (X, Y, Z) along those axes, and con¬ 
sider the components along a given .axis which act in one direction 
a.s j»osilivo, mid thost* wliieli act in the oppo.site direction as nega¬ 
tive; take the algolira'cal snius of the coinjunients along the three 
axes rc'spectiiely (il * X, 2 * Y, 2 • Z); these will be the Tf^tcmgvlwr 
etynvponfuts of the remlfant of alf ifte foreex; and its magnitude and 
du*eeti<»u will be given by the following equatio,. - 


R2 - fS • X)2 f (2* Y)2 4 (2 • Z)2;.(1.) 

2X , 2Y 2Z 

eoK« ,, ; cos/3- ; cosy- ^.(3.) 

Jv * fV' 

If the forces all act in one plane, two rectangular ^xea in that 
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plane are suiUoientj and ilie terms containing Z disappear fiom 
the equations. 

li' the forces balance each other, the comiioiienta parallel ^<0 each 
axis bilauce each other independently; that is to say, the thi\3e 
following conditions an* fulfilled:— 

' S-Y = 0; S-Z = 0..(3.) 

If the forces all aet in one plane, these conditiona of equiUbriunt' 
are reduced to two. 

96. Brnillant and Balance ef Conplcu. {A. M.^ 2f) to 37).~~TwOi 
forces of equal magnibudo ap])lied to the same body in parallel and 
opposite directions, but not in the same line of action (such as 
F, F, in fig. 63), constitute what is called a “ cowp/e.” 

The arm or hverage of a couple (L, fig. 03) is the per])eu(liculat 
distance between the lincjs of action of th<^ two equal forces. 

The tendency of a couple is to turn the htaly to which it is 
applied in the plane of the couph'-- that is, tlie phiiie which con¬ 
tains the lines of acthm of the t^^o 
forces. (The plane in wliich a brtrly 
turns is any plane painllol to thosi* 
planes in tlie body wlx«»se position is not 
altered by the turning;. The tuming 
of a bodj^ is said to be Htfltf-hande I 
when it apixeai’s to a .s]>ectator to t»ike 
place in the same direeLjon *vith that of 

the haiuls of a watch, and left-handed w hen in the opposite direction; 
and couples are designated os right-handed or left-handed according 
to the direction of the turning w hit h tlvey tend to produce. Tlxe 
couple rejpreseuted in fig. 63 apjtear« right-handed to the reader. 

The Afoment of a coujde means the prodn<*t of the magnitude of 
its force hy tlio length of its arm (1^' L); and may be represented 
by the area of a I'eetangle whow' sides are K ami Ij. If the force 
be a certain number of poun<ls, and the arm a certain number 
feet, the product of those tMvo immbors is called the moment in 
foot-poicnda, and similarly for other measures. IMie moinent of a 
couple may also be repreHsentt'd by a single line on paper, by setting 
off upon its axis (that is, upon any line pei*pondicular to the plane 
of the cou]: le) a length pi'opoi’tional to that moment (t > M, fig. 6.3) 
in such a din‘ctioji, that to an ohserver looking from O towards JVl 
the couple shall seem right-handed. 

The following prinoiplc is the groundwork of the theory* of 
couples. It may also be made the gixnindwork of the whole sci<*nee 
of statics, instead of the principle of the parallelogram of forces; 
fbr each of those two principles is a necessary consequence of tlie 
other. 


■f 



l-’ift C3, 
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I. Jf^ mmmnts of two couples acting in Hie smw direction and 
in tJie smve or parodldplomes are eqwdy i^se coupUs are eguivaleid: 
tleat is, tlioir tend(*ncies to turn the liody to wliioL tlu*y are 
a|)j)lied are the same. 

The following jn’opositions are the cliiel' consequeneeH of the 
principle jiLst &tale<l. % 

TI. The resultant of any nuinher of eonples acting in the aainc 
or j)ai’all<*l jilanes is equivahuil to a eouj>le t/hose moin(‘ut is ihe 
algebraical hiiiii of tlie moiiieiitH (if the combined couples. 

111. Two o]»posite couples of equal moment in the Hume or 
IMirallel planes balance each otb<*r. Any number of couples in the 
same or ]»arallel jdanes balance each other when the nn»inent.s of 
the right-handed couples an* t<jgether e(pi}i! to the inoinents of the 
left-handed coujdes; in other words, wlu'ii tlie msultant moment is 
nothing—a condition ex])re.ssed algebniKially by 

IFL -0 .( 1 .) 

JV. If the two sides of u paralh’Iogram ivprewuit tlie axes and 
moments of two coapI(‘s acting on the same body in planes in¬ 
clined to each other, tlic diagonal of the pirallelogram will ivjire- 
sent the axis and nioin<‘nt of tl»c resultant ciiuph*, wldeh is e(|mva- 
Jent to those two. 

Ip ojjjei; words, thm* coujdes jcpn'seiited by the thive .sides of a 
tidangle balance each otlu*r. 

V. If any iiumbiT of C(>u})l('s acting oii the sam<* body be iX'pi’e- 
sented by a s(*iics of liiuxs juiiied end t(* end, .-o as to form sides of 
a polygon, and if the polygon is closed, those* coiqiles balance each 
other. 

Those projKiaitioiis are analogous to <*orrospoudmg ]n’o]>usttioiis 
relating^ to single forci*s, and eon]»lasj like single foi'oes, can be 
W’Kolvod into coinpi>iients aet mg about two or tlii'ee givmi axes. 

07. Reinllaut and Bnlancf* of Parallel Forceik (A. M., ibS tO 17). 
•— .V balanced system of parallel fore(*t consists either of pun*s of 
directly ojipiised equ.il to»‘e('s, ('v of coujdes of eipial foi*ces, or of 
combinations of such j»ai”s and eouph'S 

Hi'iice tbe following propositions as to the relations amongst the 
magi/lfml&i of sj (it<‘ni.s of parallel forces. 

I. In a lialanced 8 y.stem of parallel forcp.s the s , 3 , ( td* the forces 
acting in opjHisite directions are equal; in otlier words, the alge¬ 
braical sum of the niagnitudcB of %.!] the forces taken with their 
propt'r signs is nothing. 

II. The magnitude of the i-esultant of any combination of jiar- 
allel foi*cea is the algebraical sura of the magnitudes of the forces. 

Tlio relations amongst the positions of the lines of action of 
balanced parallel forces remain to be shown; and ixvtliis inqiiixy 
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liU pairs of directly opposed equal forces may be left out of ooii< 
Hideratiou; fbr each such pair is independently balanced whatso- 
ever its position may be; so that the question in each case is to 
be solved by means of the theory of coupea * 

The following is the simplest case:— 

IIL Principle af the th/n'ee pofTctUdiforces applied to on$ 

body %tidano9 each other^ they 
must be in one plm^; the tvoo 
extreme forces must act in the 
same direction j the middie force 
must ad in the opposite direr- 
tlon; and the mayaifudeof each 
free must be p7‘oporHonaI to 
the distance between the lines of 
action of the other two Let 
a body (fig. 64) bo mamtained 
in equilibrio by two opposite 
couples acting in the hanw* pl.im‘, and of equal niomenls, 

FbL„, 

and let those couples be so applied to ihe body that the lines of 
action of two of those foicc's, — E* — winch act in the same 
direction, shall ooiiieidc Then those two foiees are equivalent to 
the single mid<lle force Ft, — (F^ -4 Fq), (‘qual and opposite to the 
sum of the extreme’ forces j- F*, + Fn, and in the same plani» with 
them, and if the straight line A 0 B be drawn pei’pcmlicular to 
the lines of action of the forces, then 

AC-L,, CB--Lb; AB“=L,t + LBi 
and CMniftcquentl) 

Fa : Pb ; F« : ; C B : AC : AB; (1.) 

This proposition holds also when ihe straight line A 0 B crossi's 
the lines of action of the llii’ce foi-ces obliquely. 

TV. The resultant of any two of the three forces P^, Fg, Ft,, is 
equal and opposite to the third. 

In order that two opposite'* parallel forces may have a single 
resultant, it is necessary that they should be unequal, the resultant 
being their difference. Should they be equal, they coustifcute a 
cowle, which has no single resultant. 

V, U^suUanJt of a Couple amd a Single Force in Paralld Planes .— 
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Let M denote tiie moment of a couple a])plie(l io a body (fig. 65); 

and at a point 0 let a single 

^---foi'ce F l>e ap])lied; iii a plane 

> A >v parall<‘l to lliat of tho couple, 

r t w \ For tlie given cou])le substitute 

( _ ^ I an equivalent couple, consisting 

\ ^ ) of a force — F equal and dlt*eotly 

^ O, and a force 

V ^ acting through tho point A, 

tli<‘ arm A O perpendicular to 

^ F bf'ing - |jr, and i>arallel to 


the plane of the couple M. Tlieu the forces at O balance each 
other, and F acting through A is the resultant of the single force 
F ajjpliod at (), and the c<uip]o M; that is to say, that if aith n 
single force F there be combined a couple whoso plane is painllel 
to file foine, the ('fil'ct of tljat combin.itioii is to shift the line of 

action of lli(‘ fom* parallol to itself through a 

-t rliatjtiiee () A j to the left if M is right- 



Fjg. 66. 


Imnded—io the right if M ia left-handed. 

YI. Moimui of a Force mith respect to an 
A,vis .— Jn fig. t>6, let the sir,light line F repre¬ 
sent a lovec. bet OX be any straight line 
perpiudieular in diu'ction to the line of actiou 
ol the force, and not iutersecling it, and let AB 
be the eonunoii )« ipi'iidicular ol those two lines. 
At li com'cive a ]t.iir of equal and directly op- 
posi'd foi-ees to be applied in a lino of actiou 
]«irallel to F, tiz.: F' F, aml — F'- — F. The 
bU]>posed ajiplication uf sucli a |)nir of bahmeed 
forces does not alt(‘r the statical condition of the 


body. Then the original single force F, ajiplied 
in a line travoraing A, is equhah'ut io the force F' iqiplicd in a line 
travei*sing B, the point iu 0 X w hich is nearest to A, combined 
with the couple composed of F and — F', whose moment is F • A R 
This is calh'd the momevt of the force F relatit ehj t*' the aonis O X, 
and sometimes also, tho vnotunU of fhs force F raat^dy to 
plwne traversing O X, |)arallel to the line of action of the foim 
If from the point B ilure be diu*(rn two siiuight lines B1) and 
B to the extremities of the line F repre senting the force, the 
area of the triangle B D E being = 4 F • A B, represents one-half of 
the moment of F rolatively to O X. 

VII. Balomce of my System of Femdlel Forces in One Flam .— 
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In order that any systeiu of parallel forces ^vhoso lines of action 
are in one piano may balance each other, it is n(‘cessary and suffi¬ 
cient that the following conditions should be fulfilled:— 

li'irst —(As already stated) that the algebraical sum of the force'll 
shall 1>6 nothing:— 

SeconfUt/ —That the algebraical sum of the moments of the foi*ces 
relatively to any axis ])(‘ipcudieular to the plane in which they act 
shall be nothing, 

two conditions which are expressed symbolically as follows:— 
Let F demote any one of the forces, considered os positive or nega¬ 
tive, aocoidiug to the diivction in which it acts; let y bo the per¬ 
pendicular distance of the line f)f action of this ffirce from an 
aibitraidly assumed axis OX., y being considered as positive or 
negative, according to its dii-ection; then, 

S-F = 0; 2-^F = 0 . (2.) 

Tn summing moments, riglit-lainded cou]>les are usually considered 
as jMsitivo, and loft hnndod couples as negative. 

V HI. Ijct denote the rmdtanl of any nvmher of paratld 
forces m one plane, and the distance of the line of action of that 
rc»sultant from the assumed axis O X to which the positions of forces 
are referred; then, 

R-2F; 


In some cases, the fovciss may lu^ c no single resultant, S * F 
being = 0; and then, unless the forcc.s balanee each othei’ ooni- 
plctidy, their n*8nltant is a couple of tin* inoimmt S •?/ F. 

IX. Bcdame oj any System of ParaUd Forces .—In ordci that 
any system of iiainJltd fom's, whether in one plane or not, may 
balance each otlier, it is iiec< ssary ami sutlicient tliat the three 
following conditions should be fulfilled ~ - 
' Fisrst —(As already stated) that the algebraical sum of the forces 

shall be nothing:— 

Secmuily and Thirdly —That tlie algebraical sums of the momenta 
of thfe forces, relatively to a pair of axes at right angles to each 
other, and to tJie lines of action of the forces, shall each bo nothing, 
two conditions which are expressed symbolically as follows:— 
Ijet 0 X and O Y denote tlie pair of axes; let F be the magnitude 
of any one of the forces; y its perpendicular distance trom O X, 
and to its p^endicular distance from O Y; tlien, 

2'F«0; ^ yF^O; S-aF-O;. 


(3.) 





144 


materials and structures. 


X. Let R denote tlio r^sulUjmJt, of cmy system of parattd forces^ 
and as, and y, the distances of its line of action from two rectangnlar 
axesj then. 

> « S-yF 

9r‘ 


R=S F; flc. 


P 


2F 


.(4.) 


In some cases the forces may have no single resultant;, S’F 
being = Oj and then, unless the-forees balance each other completely, 
thoir resultant is a couple, whose axis, direction, and moment, are 
found as follo^^ s:— 

Let M, - 2, p F j My = - 2. «(• F; 

be the moments of the ])iiir of partial resultant couples about the 
axes O X and O Y resjun tnely. Prom <), along those axes, set off 
two line.s r«»]>resentii>g I'espeetively M, and M/ that is to say, pro¬ 
portional to those moments in length, ami pointing in the dii'octioii 
from which those couples must respectively be viewed in order that 
they may appear right-handed. ('Jomjdcte the recfeiiiglc whose 
sides are tliose lines; its diagonal will ivprcsent the axis, direction, 
and mommit ol the final resultant coiijtle. Let be the moment 
of this coRple; then, 

M,. .(6.) 

and if be the angle which its axis makes with 0 X, 

cos fl .(6.) 

98. The Centro of Parallel Fopcf*i» (J. ^1/., 49, flO) is the single 
point^jvfeiTcd to in tin* following principle. The forces to which 
that prjuci[)]e is ai)i>lie<l me in gen(‘nil either weights or jurssiuvs; 
and the point in ipiestion is then ealled Cent re of G mvky iM' 
the Cmire of ns tlie case may be. 

Jf there le gix>en a sustem vf points, and the mutual ratios of a 
system of parallel f trees applied to those points, which forces have a 
single resultant, then there is one point, and one rndy, which is tra¬ 
versed by the line of action of the resultant of ewry sysbm of parallel 
forces having the given mutual ratios and appliea f the' given system 
of points^ whatsoever may he the absolute magnitudes of those forces, 
and the angular position of their lines of action. 

The position of that {K>iut is found as follows:— 

Ijet O in fig. f)7 bo any convenient ]>oinb, taken as the origin of 
eO’Ordinates, and OX, O Y, 0Z, three axes of coordinates at 
right angles to each otherr 
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Let A be any one of tlio pointH to wliiuU the system of piirallel 
forties ia question are applied. l‘>om A di-aw ® jiaiullel to O X, 
aud j»erpendicvilar to the phiuo Y Z, 
y pamllel to O Y, and perinmcliculai* 
to the plane Z X, aud z jiarullol to 
O Z, and poqiendiciilar to the phnio 
X Y. a?, y, aud z ai;o the rcctjiiif«ii 7 
lar co-onlinates of A, 'svldch, heinq 
known, the position of A Ls deter¬ 
mined. L<'t F denote either the 
niagiiitiule of the ioree*!ipplie(l at A, 
or any mugriitude pi‘oj>ortioiial > to ^ 
that magnitude, a;, y, and F are 
.suppoM'd to he known for e\ery point of th(‘ given syKteiii of 
jioiuts. 

First, coneeive all tin* jiav.dlel forees t(» act in lines paiullel to 
the plane Y Z. Tluni the distance' of their resultant, and t)f the 
centre of jiaiullel lorees from that ]>1an<' is 



riir 67. 


aCr- 


:i; - .rF 
i,- h 


1 • 


:i) 


Set'Oitdfy, coneeive all the ]>arallel ftiives to .'wt in lines jiarallel 
to the plane Z X. Then the distance ot their resultan£|*and of'fche 
centre of ])ai*allel force.s from that ])lane is 


y- V • F • 


( 2 .) 


Thirdly, conceive all tho parallel forces to act in lines parallel to 
the plane X Y. Then tho dishmcc of their resultiiut, ancfol’ the 
contre of parfillel forces from that jdanc, is 


If the forces have no single resultant, so that ^ • F - 0, there is 
ao centre of |»ara]lel foi*ces. This may he the case witli pi‘es8ure.s, 
but not witli weights. 

If the parallel forces ap])licd to a system of points are all equal 
and in the sami* direction, it iH*obvi<»us that the dishmet* of the 
centre of parallel forces fi’oin any given plane is simply the mean 
of tlie distances of tlie jioiuts of the system from that plane. 

99. Remliiuit lund JBalanre of any Mjrtilrai of Force* In One Plane. 

(d. M., 69),—Let the plane be that of the axes 0 X and O Y in 
fig. 67; and looking from Z towards 0, let Y lie to the right of 

L 
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X, HO tliat rotaiiou from X towai'ds Y hIiuII be right-bauded. Ia-4 
X ami y b(" tJje co-ordinates of the point of application of oiio oftlie 
or of any point in its line ol’ action, relatively to the aasutned 
origin and axes, llcsolve each force into two reetaugnlar coin- 
jmnents X and Y, its in Article 94, p. 137; then the nto* 
tangitlar conipononts of the iv‘snltaTit are 2 ‘ X and 2 * lY; itH 
maguitii^ is givcji by tlie ctpistion ^ 

V+(2-Y)=. (1.) 

and the an^le*«.. v hicli it nuikcs m ith O X fotind by tlic equations 

\ . Y Cl V . \' 

<‘OS r- ; HU «r== ■ 1,*. 

K It 


This angle is acute or obtuse according as 2 ■ X is positive or nega¬ 
tive; and it lies to t)je riglit or left of U X act'onling as 2 • Y is 
j)Ositivc or negative. 

Tljc rcsnlt.int luouicnt of the system of forces about the axis 
OZis 

M=2(a' Y-yX), . (3.) 


%nd is righ^ or left-handed accortliiig as M is ]>ositivc or negative. 
The |jerpendicular distance of tljc resultant f<.»rce R from O is 


L=r 


M 

w 




JjOt av Rod y, be the co-ordinaies of any point in the line of 
ficction of tliat rcsidtant; then the (‘(piatiou of that line is 

av2-y-i(/, 2'X=M .(5.) 

If ]VI = 0jtho resultant acts through the origin O; if M has 
magnitude, and 11 = 0 (in which case 2*X = 0, 2‘Y = 0) the 
resultant is a <*ouph‘. The conditions of equilibrium of the system 
of forces are 


2 X = 0j 2-Y = 0; M = 0.(6.) 

100. and Balance of ouf Myeiem nf Fnrcee. (A. J/., 60.) 

*-<>To find the resultant and the conditions of equilibrium of any 
system of forces acting through any system of points, the forces 
and {mints are to be referred to three rectangular axes of ccs> 
ordinatea 
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As before, let 0 in fig. 07, p. 145, denote tl»c origin of co¬ 
ordinates, and 0 X, 0 Y, 0 Z, tbe tliree reotangiikr axes; and 
let them bo arranged bo that in looking from • 

XI ( Y towards Z \ 

Y > towards 0, roti^itiou from ( Z towaixls X ]■ 

• Z j (X towards Y j 

shall appear right-handed. 

Let X, Y, Z, denote the rectaiigulai- component.s of any one 
of the forces; x, y, z, the coordinates of a point in its Ime of 
nction. • • * 

Taking the algebraical sums of all tlie toives which act along 
the same axes, and of all tlie couphs -whit'h act round the same 
axes, the six following quantities art* found, whidi compose the 
i ('snltant of the given syhtem of forces:— 

Foici'm. 

:s-x, i:-y; ^ . (i.) 


C'oupl(*s> 

about OX; M, =2 (y Z-a^Y);' 

() Y, M, = 2(^X-.«Z); V.(2.) 

„ OZ; ]M, = 2(aiY-^X). j 

The three forct's are equivalent to a lingle force 


11=Y' I (2 ■ X)2 + (2 • Y)^ + (2 • Z)* I .(3.) 

icting through 0 in a line which makers with the axes the angles 
pven by the equations 


2X 


2-Y 


2Z 


cos ee ~ cos $ = - cos V = . i^’) 


The three couples Mj, Mj, are equhalcut to one oouide, 
whose magnitude is given by the equation 


M = ^(M?-1-]V1> + M2),.(5.) 

iud whose axis makes with the axes of co-ordinates the angles given 
yy the equations 

coSit« = ^; cos»i = ^“,.((!.) . 


in which 



denote res|>ectively the angles 
made by the axis of M with 
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The Conditions of Equilihrium i»f the ayistem of forcCH may be 
expressed in either of the two followiiisf forms:— 

^•X=:0;2*Y=0;^-Z=:0; M =0;M =:0;]V1, = 0; (7.) 
or R = 0;M=:0 .(8.) 

When tlie system is not hnlanre I, its resultant may fall nnder 
one or other of tin* following cast's ■ 

Oakf: J.— Whni M=:(), the resultant is the single force H acting 
thnmgh t). 

(VsE IT .’—When the axh o/’M is at right angles to the (Urecimn of 
R,—a ease expresst'd li\ the following equation;— 

cos « cos X 4" cos $ etiS f*- com y cos »»= 0; . (H.) 

the resnUant of M mid R is a single toree equal and jiarallcl to R, 
acting in a plane perpendicular to the axis of JVl, and at a iM'i*]>eu- 
dicular distance from 0 gi\en hy the equation 



Case III.— When 11 = 0, there is no Hiigle resultsnit; and the 
only i-esnllaiit is the couple M. 

< * \HE 1V*. — Whe7i the oxU of M is paraftel to the Hne of actmi of li, 


that IS, when either 

>_=«; ^ = «» = y,. (11.) 

or X = — «; /S; v = - y: .(lli.) 


there is no single r<'sultaut; and the sjstcni of torces is equivalent 
to the force R and the couple JM, being incapable of being farther 
siiuiJificd, 

(Use V.— When the axis of M is oblique to the di/rection of 
making with it the angle given by the equation 

cos tf = cos X cos fit 4* cos f* cos /34*eos » cos y,.... (13.) 

the couple M is to be ivsolved into two rectangular components, 
viz:— 

M aiu 6 iwind an axis pei’inmdicular to R, and in 
the plane containing the direction of R and of 
the axis of M ; 

M cos 6 round an axis parallel to ll, 

Th(* force R and the couple M sin i arc equivalent, as in Case 
U., to a single force equal and parallel to R, whose line of action 







PARALLEL PROJLCri'IOIffS IN STATICS. 


149 


is in a piano perpendicular to that coutaiuing K and the axis of 
M, and wboho jwTpondicuJ'Jir distance from O is 


. M sill $ 
“R 


( 16 ) 


The couple M cos 'whose axis is p.n\illol to tlie line of action of 
11, is incapable of further eonibinaiian.. 

Ucnee it appearb linally, tJiat eveiy 8yfit(‘in of forces which is not 
bclf balanced, is cqui\aleTit either, (A); to a siugle force, as in Cases 
1. .md II. (B), to a cou))le, us in Case JIl, (C); to a force, com¬ 
bined with a couple w^iose axis is p.ir.t]lel to the li^Je of action of 
the force, as in Cases JV. and V''. This cun occur with inollued 
forces onl^ : for tin' rf'sullant of anj’^ number of parallel foiees is 
either a single force or a t'onple. 

I()l. Parallel Projerlioni* or TrmiNlotmnlloii** in SmiiCM. (J. J/., 

(il t(» 66.)—If two figure's be so related, that lor each point in one 
there is a cori'esponding ])onit in the otla'i*, and that to each ]>:urof 
equal and p.uallel Inns in the one there coriesjionds a pair of 
(‘qual snul jiaralh'l lines in the other, those fignivs ai'c said to be 
PARALLEL PROJECTIONS of each ollu'r, • 

'I'he relation between such a j».ui of iigun'b is exjaessed ulgebrai- 
Cidlv as follows. - Let an_) liguie be referred to axes of co-ordinates, 
whetluT uctaiigulav or onlique; lot a-, /y, z, di'iioti' the oo-ordinai/cs 
ol any point in it, which may be di noUd by A let a second figure 
bo eonsiniclcd fioin a second set of axes of co-ordinates, cither 
agreeing with, oi dilleriug Irom, the liist set as to icetaugularity 
01 * eblupiity , l('l .r', ,y, be the eo oidinatcs in the si'coud figure, 
of the point A'which corresponds to any ]H>int A in the tii'st figure, 
and let tboit* cocadinaies lx so idaLed to the co ordinates of A, 
that for each pair of (oiTtsponding jioints. A, A, in the two-tigures, 
the tliree jiairs of correspmuliiig co-ordinates sliall bear to each 
other three eonstant ratios, sm-h tu 



then are those two tiguies parallel projections of each other. 

For exuirple, all circles and ellijises are parallel projections of 
each other; so are all spheres, spheroids, and ellijisoids; so are all 
triangles; so uro all triangular jiyramids; so an* all cylinders; so 
are all cones. 

^ Tlio following are the gouiii(‘tric.il properties of pamllel proj^o 
tifins which lu’e of most importance in statics:— 

I* A parallel projection of u system of thi'ee jioints, lying m 
one straight line and dividing it in a given proportion, is also a 
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kystem of three pointM, lying in one straight line and dividing it in 
tho same projiortion. 

IJ. A imrallel projection of a Hystem of iwallel linos whose 
lengths bear given ratios to each other, is also a system of parallel 
linos whose lengths boar tho sjuno ratios to each other. 

Ilf. A j>ar.il]<‘l projection of a closed polygon is ai clo.sed 

polygon. . . c . 

IV. A piiwlh'l projeotiou o1 a pamllelogriini is aparallolograin. 

V. A pamllol projeotiou of a paralh'lopipod is a parallelopiped. 

VI. A parallel ])rojection of a pair (d’pandlel plane surfaces, 
whoso arean in a given- niiio, is also » pair of pamllel plane 
surfaces, whose aieas ai‘e in the same ratio. 

YIT. A panillel projection of a pair of volumes having a given 
ratio, is a ])nir of ^oluinos )iiivin£> the same ratio. 

The iblh»\viug are tin* mediaiiioal properties of imullel projec¬ 
tions in connoctioTi with .the principles set foHli in thi.s section:— 

VIJ I. ]f two systems ol‘points be parallel projections of each 
other; and if to eaoli of those systems there be applied a system of 
pirallel forces hearing lo eacli oth<*r the same system of ratios, then 
the centres ojpnralhi foras for ihose two systems of points will be 
|)arall<‘l jtrojeetions of each other, mutually related in the same 
manner with tlie oiher paii-^ of coiTcsjMdiding points in tliu two 
systems. 

fX. If a balanced 'ti/'tietn 0 / forces aeting through any system of 
points bo repivsonti‘d l)y a system of lines, then will any parallel 
projection of that systoni of lim's rejn’cscpt a balanced system of 
forces; .ind if ans two sv'.toms of iorce^ lx represented by lines 
whiuli are paralh-l pvojretions of eaeh other, <he linos, or sets of 
lines, re])rcsent mg bhoiv rt'snlfmii^^ uve coiresponding ])arallel pro¬ 
jection.'* of eaeh <»tlier.--it lx ing oh^Tved that couples are to be 
represented by pairs ol line'-, pair" of op]K)silr* forces, or by areas, 
and not by single lines al<mg their iixe.s. 

. Section III.— Of Distribufed Forces. 

102. mbitribuleil Force'll in Irfeiicml. (A. Jll.,07y 08.)—Jn Atliole 90, 
p. 133, it has already hecn exjilained, that the action of eveiy reaJ 
tbreo is distributed throughout seme volume, o’* over some surface, 
It is always possible, however, to find cither a sitiffle resultarUf or a 
residtant couple, or a coniblnalhm of a sin/jk force with a couple, to 
which a given distributed force is Equivalent, so far as it aOects the 
cquilibiium of the body, or part of a body, to which it is applied, 

In the application of Mechanics to Structures, the only force dis- 
tiibttted throughout the volume of a body which it is necessary to 
consider, is its weight, or uttmctloii towards the earth; and tho 
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bodies conaidei*ed are in every instance so small as compared with 
the eaHh, that this attraction may, without appreciable ciTor, be 
held to act in parallel directions at each i)oint in each body. More¬ 
over, the forces distributed over surfaces are eitlier parallel at eeCJh 
point of their surfaces of application, or capable of being resolved 
into sets of parallel foiees; hence, parallel dwh'ibuted forces have 
alone \o be considered; and every such force is statically equivalent 
either to a single resultant, or to f 'eanltant couple. 

TIk‘ hitensify of a D'o<tr\buted /^orreisthe ratio which the magni¬ 
tude of that foi’ce, expressed in units of weight, beai-s to the sj)ace 
over which it is distributt'd, expressed in units of volume, or in* 
units of sindace, an tfie case may Ims An unit of*JtifemUy is an 
unit of force distnbiited over u.) tmit of volume or of surface, as 
the case may bo; so that there are two kinds of uuiLs of intensity. 
For example, one 2ionndper ndtiefoof is an uiiit of intensity for a 
force distributed lliroughouL a volume, sneh as weiglit; and one 
puwnd 2)Gr squm'e foot is an unit of intensity for a force distributed 
over a sm-fiice, such as pressiu’c or fVietion. 

JOll. Wciahi—liJrnviif. (A. J/., 05).)—File hifeiisify ofths 
veight of a body is expressed citlj<'r by stating how many units of 
weight are contained in an unit of volume (for excinqjle, pounds 
avoirdujjois in a cubic foot, or in a cubic inch), or hy stating tlie 
ratio whi<‘h the weight of a given volume of th<' body bears to the 
■w<nghl of tho same volmne of a standard siibstHiiet (pure water) 
nndcr a standard ]irehHiii*t‘ <'llu‘ avenge atraosi)heric jn’c.ssure of 
J4‘7 lbs. on the square inch) and at a standard temperaluro (which 
in Britain is 02° Fahrenheit, and in Fraiic(\ the teniperaturo at 
which water is most dense, or .'ll)"'I Fahr. — »‘l"*94r’) Cent). The 
last-ra(‘ulioned ratio is cjilh-d the Specif c (r>’«r<Vy ” of the liody. 

I For tho weight of a cubic loot, there is no single term in -English : 

I it might perliajw be called “ hkavini:.sh that being a word 
which at present is not ap[»ro 2 )riated to any .scientific purpose. 
According to tho French system of measurt‘s, tliere is no need for 
this distinction; because, as a litr(‘ (a cubie deciinetro) of iniro 
water at its maximum density weighs a kilogramme, the weiglit of 
a cubic decimetre of any subslanee in kilogrammes is its spccitic 
gravity, that of pui*e wati'r boing unity. 

The weight of a cubic foot of pui-c water at 39®*1 Fahr, h» 

62*425 lbs. avoirdiqiois. 

In rising from 39°*1 to 62'^Fahr., jutre water expands in the 
ratio of 1*001118 to 1, and has its density diminished in the rptio 
of *996883 to 1,* hence the weight of a cubic foot of pure water at 
62® Fahr. is 

* See ProfesBor Miller's paper “ On the Standard Pound,” Ph^ Trana., 1856 , Part L 
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02‘425 X *998883-- 62*355 lbs. avoiitliipois; 

ai»<i fur any otLci* snbstanco wo have, 

* 11 (■aviiiess Jn lbs. avoir<lu]H)ih ]»ei‘ cubic foo+ Specific 

r»m\ity ' ()2*355. . 


lu a fable al the end oftliis volume are gi%eu the specific gravity 
^and heaviness of .such iiiateria} ti.s most coiupionly occur in struc¬ 
tures. Ko far as that and similar tsibles rehm* to solid inatenals, 
they tii’C a]>pro.\imate only; for the specific gi-avity of the same 
solifl substance \aries in it only in diflerent sp«'eimouK, but fre¬ 
quently even 'in dill'emif parts of the same hpecinien ; still the 
a])i)i‘oxiruate values are sulHeieiitly near the truth foj' praetieal 
jmrposes in th< ait of et nisi met ion. 

104. (J. J/., 7b to iS,').) - 'I’he I'cnire o< fiirn^iiT of a body, or of a 
syslein of bodies, is tlie point al\vay.s tja'\(‘rsed by the resultant of 
the weight of the body or .^vstelu of bodies,- in other w’ords, the 
centre of para^fd forroi for tin* wt'ighi of the body or sy.stem of 
b(Mlie.s. (?!ee A rl ii'le 1>8.) 

To inipport a body, tlial is, to b;tlaiie<‘ its weight, the resultant of 
the supporting fore< must aet (hiwugJi tlio eeiitre of gravity. 

Will'll the centre of gravity oJ‘ a (jcnmrtnral jiynrc is spoken of, 
it i.s to be undei.'.iood to mean the point where the ei'utre (»f 
gi'a\ity won'I be, if tlu' fiiiiiie were lilh*d wdtli a substance of 
uniform hea\iiiess. 'I’lie following are the most useful of the pro- 
cesM*y for finding eenti’Cs of gravity. 

I. [fa body is iKwtoyrnrous, or of etpial specific gravity through¬ 
out, and so far st/m/uUricaf as to have a centre of ftyure; tliai is, a 
]>oint within the liody, which bi^ei t.s every diameter of the body 
drawn tiirougli it, that pond is also the centre of gunity of the 
body .. 

Amongst the bodies vviiieh an-wer this di. .sen] it ion are, the 
8])here, the ellip.soid, the eircular evlinder, the ellijitic ^‘ylinder, 
jirisms whose base.', li.ive centres of figure, and ]karallok)]ii]i<'ds, 
wh('tlier right or obli<[ue. 

II. The comnion venire of yrarity of a set of bodies who.se seveml 
centres of gravity are known, is the centre of para/ZcZ forces for the 
weights of the sevi'ial boiUos, each considered ‘i«! acting tlirough 
its centre of gravity. (See Article 08. ]). 144.) 

III. If a lioinogencons body be of a figure vvhieli is syniumtriccd 
on either side of a giv*en }iluiie,tlie rtuitve of gravity is in that plane. 
]f two or more such planes of syinnietry intersect in one line, or aada 
of symm^nji the cent re of ginvity is in that axis. If tlirec or more 
planes of symmetry intersect each other in a point, that ^[loiut is 
the centre of gravity. 
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IV. To fiud the centre of gravity of a liOntyag&Mom body of any 
Hgtm, a«sume throe* rectangular oo-ordinato planes in any con¬ 
venient jX)sitiou, as in fig. U7, p. 145. 

To find the distance of the centre of gmvity of the body from 
one of those plJtnes {Hot example, that of Y Z), conceive the body 
to be divided into indefinitely thin ])lauo layer's parallel to that 
plane. Let s denote the area of any one of those layers, and dxi\» 
thickness, so that s is the volume cif the layer, and 


% 



4 


9 

the volume of the whole body,d)ejng the sum of the volumes of 
the layers. Lot x bo tlio ]>orj)oudioiilar distance of the centre of 
the layer sdx from the plane of Y Z. T’hen tire })er|)ondicular 
distance of the centre of gravity of the body fi-om tluit plane is 
gi\en by the equation 


a-,, 



( 1 -) 


Find, by a similar pr<H‘(‘s,s, tlu) disbinces z,„ of the centre of 
gin,vity from tlie other two eo-ordinale jdaues, and its 2 ) 0 .sition will 
be com^detely deterniim d. 

If the centre of gravity is ] >’ti\ious]y known to be in a particular 
plane, it is sufficient to find by fhe abov(* ])rocess its disteuiccs from 
two planes porj)endicidar to ihat ])lane ami to each otlier. 

If the centre of gwivity is pr<*\ ionsly known to be in a jrarticular 
lino, it is sufficient to find its distance from om jdanc, perpendicular 
to that line. 

V. If dte h'pocijic (jnuHiy if the body va/rl&i, let w be thte* mean 
heaviue.ss of the, lay(*r* e Ux, so that 



w s d .u, 


is the weight of the body. Then 




fxwsdx 


W 



YI. Centre of Gramfy found by Addition .—When the figure of a 
body consists of whose respective centres of gravity are 

known, the centre of gravity of the whole is to be found as in 
. Case U. 
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VIL Centre of Gravitif found by SuUractii ^—When the iigiire 

of' a homogen(’ons liody, ■whose centre of 
gi’avity it. sought, can be made by taking 
away a figure whoso centre of gravity is 
known from a larger figure whoso centre 
of gi-avity is known also, the fojlowing 
riieth(»<l ni.iy be iis(‘d. 

L A C D be th^ larger figure, Gj its 
knovii ceiiiro of gravity, Wj its weight. 
Jj('l A 11 E be the smaller figure, whose 
e(uitre of graxity^Clg is known, Wg its 
\\ eiuht. Lot EII (J I) be the figure whose 
centre of gravity Gj is sougbt, inade by hiking away ABE from 
from A 0 T>, so that its ^’(Mght is 





Join G^ G 2 ; G 3 will be in the prolongation of that straight line bS' 
yond G|. In tin* same fctr.»ight line produced, take any point 0 os 

origin of co-ordinates. Make (.> Gj - a-i; O .Tg, 0 XI 3 (tlie un¬ 
known quantity)-oTo. 

Then 


ri 




•■,w, .I-.W. 


(3.) 


It 


VHl. Centre of Grantn Altered Ijf Transposition .—In fig. CD,let 

A II I) bo a boily of the weight W„ 
who.so (><‘ntve of giuvity G„ is known. Lei 
tho iiguu of this boily be altered, by trails- 
poiing a jiart \^lloso weight is W^, fj'om the 
jMtsitioii E (’ F to the position F I) JEi, so 
tliai the llev^ figin‘(* of the body is A B H E. 
Lei Gj 1)0 the origimd, and G.j the new 
])Ohitioii of tho centre of gravity of the 
tiunsyutscd part. 'J’h<*n the cc-ntro of gravity 
ol' the whole body will be .silifted to Gg, in 
a direction Gg G 3 jiarallel to G 2 Qi> and 
through a distanci- given ■> - tlie formula 

_w 

^ 0 ^.. = ^1 ^2 . C ^*) 

rm A 



IX. Centre of Gravity found by Projection or Transformation, 
—If tho figures of two homogoueous bodies are parallel projections 
of each other, the centres of gravity of those two bodies are corres¬ 
ponding points in those parallel projections 
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To express this ^anbolioally,—as in Article 101, let x, y, he 
the co-ordinates, rectangular or ohlicpio, of any point in the figure 
of the first body; as', y'f those of the con-esponding point in the 
second body; the co-ordinates of the centre of gravity of 

the first body; x'„ a',, those ol'the centre of gravity of the second 

body;then 


X. 


) i*; 




This theorem facilitates much the finding of the centres of gravity** 
of figures which are ^’nllel projections of inoie ^^nple or more 
symmetrical figures. 

For example, let it he suppos<*d that a fonnula is knou n (which 
will he given in p. 157) for 
finding the centre of giMvity ol .i 
sector of a circular’ disc, nn<l let it 
lie required to find the centi’c of 
gravity of a sector of an elliptic 
disc. In fig. 70, let A B' A B' he 
the ellipse, A O A = 2 «, and 
B* 0 B' s= 2 ft, its axes, uud (TOD' 
the sector whose centre of gravity 
is required. About the centi’c of 
the ellipst*, O, describe the circle, 

A B A B, whose radius is tlie semi- 
axis major a Through C and D' 
respectively drawE C 0 and F D'D, 
parallel to O B, and, cutting the circle in C and D respectively; the 
circular sector <J O D is the parallel projection of the elliptic 
sector O' 0 D'. Let G be the centre of gnivity of the scett r of the 
circular disc, its co-(»rdinatcs being 



Ki(? 70. 


Oil = a;„; 11 (J =?/,. 

Then the co-ordinates of the centre of gravity Q* of the sector of 
the eUiptio disc are 


O H=a;'j=iro; ) 
a ) 



X. Centre of Cremity found JSxperimenfalty, —The ^ centre of 
gravi^ of a body of moderate size may be found approximately by 
experiment, by hanging it up succrasively by a single cord m two 
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diflerent jxjsitions, awd finding the single ])oint in the body which 
in boUi powitiouB is int(*rsoc*ted by the axis of tlie coid. 

,105. KxnniplrK of Wrlshl* and Centrrn of Oravliy. (J. J/., M.)— 
Tho following exanijdes consist of fominlw for the weight, and the 
]K)flition of the centre of gravity, of homogeucons bodies of those 
foniis which most coniitn^nly ocenr in ])radico. In each cawi wde- 
nolos the heaviness of the boil^, W, its weight, and d'c, the co- 
•ordinate.s of its centre of gntv'iily, uhich in tlA‘ diagrams is marked 
(t, the oiigin of co-ordinates being marked O. 


A.~ IhiisMs ANi> Oilin'j>i:es with PiBALLEL Baseh. 


The word ci/finder is li< i-c <(» he taken in its tuost gciiend mean¬ 
ing, as e(mi])rehending all solids traced hy the inohou of a ]>lano 
enr\ilinoar figure ]»av.ill( 1 to itvlf. 

The exaniplus Jiere given u]>ply to flat jdatisof uuil'orm thiek- 

IICBS. 

In tho fonnnhe for weights, the length oj thickness is siqipostsl 
to he unit if. 

The centre of giuiity, in each case, is at tin* middle ol the length 
(or thiclaiess); ami the fornuila' give its situation in the ])lane 
tigure which rcjuvsi'iits tlte <aoss ‘'Oetion of the jnism or cylinder, 
and winch is speeified at the comnn ncmiunt of each example. 

1 Tnamjle. —(Fig. 71.) U, any angle, liisect 
opjiosite bid*' B in I). Join A l>. 



W 


ar =() (i=: ■ OT), 

O 

^e-on Bd-sin.^OI)C 



TT. J*oli/(f(nt. —Dii ide it into triangles; find 
the eiiiirc of g»‘a\ity of eaeli; then find their 
common ceiitii- of graiitv as in AHicle 104, 
^ ^ Case JL, j>. 1.1:1, 

JIL 7Voy>c:o/d-(Fig, 72.) 
AI5IICE. 

Or(‘ateat breadth, A H = B. 
•Ijeasfc „ CE=t6. 
Bisect A B in O, (1 E in 1); 
join 0 I). 


X, 


r 





'’ISNTEB OF ORAVITY. 


= w 0 D • —^ - • sin D 0 H. 

IV. TrwpfsmA .—(Second solution.)—(Fig. 7 3.J 
0, point whei*e inclined sides meet. Let 0 F 
ss iCj, 0 D = a-gj ^ == 3^0* 

?, £rj 

- • rxi — af, 

■Wr=io-®’=^^8in2^0?B. / 

(cotan ^OA.'R-]r colsm ^ 0 B A). 


V. Parabolic Half-Segny'iU .—- 
(O A B, fig. 74.) _ O, vertex: of 
diameter OX; OA = a;j; A B 
= 2/^, ordinate || iaiig<‘iit (J C Y. 

3 3 

X >/„== -g- Vy 

W=: w jfj • sin .asT X 0 Y. 



ini;. ^a. 



G 


i*lg. <4. 


VI. Parabolic Spcmdril .—(O B C, fig. 74.) O', centre of ginvity, 
3 3 1 

20 »i; ^0— yi; w = ~ M> a-j sm ^X O Y. 


VII. Circular Hedor. —.(0 A C, fig. 75.) Let 0 X bi&<'cb the 
angle A0C;0YJL0X. 

Radius 0~A =: r 

Halfiarc, to ladius unity, = A 

2 sintf . - 

5 y.=o- 

W 55= u>r* I 



1^8 


MATERIALS AHJI STRUCTURES. 


VIIL Oirmlar Salf^SegTMni.-^A B X, Fig. 7o.) 

. n . 4 sin® ^ — sin® ^cmi 

_ _ ^ am ® B ^ ^ 2 _ 

**”3^ bin cos 3 (i?—oos sin ^ 

W - y tc/*® (<? — cos ain tf). 

IX, CirciUar SpaiidriL —(A D X, Fig. 75.*) 

_ 1 ^ sin® i 

3 * 2 sin — sin ^ cos 9—6' 


3 sin*' 6- '1 niij® 9 ct>s — 4 sin® t 
1 2 

~ 3 ^ 2 sin - sin 9 cos 9 9 

/ . 1 . 

W-wjr® ‘ (sin ~ sin 9 cos 9——y 


X iSserfor of ltlng.--{X 0 F E, Fig. 7.>.) O A ^-r; 0 iS ^ f'. 

2 r* —r'® ,iu .. 

XI. JSlliptic Sectary Ilalf-Segment, ur SpatidrU. —Centre of gravity 
to be funnel by jn-ojectiou from tlmt of correH)M)nding circular figure, 
as in Article 104, Case TX,, p. LH, 


B.—^WKDGEa 

XIL Oe/ii£7'(d Formvicp for Wedyef>. —(Fig. 76.) All wedges may. 
be divided into parts aucli as the ligiirc liere represented. O A Y, 
O X Y,'planes meeting in the edge O Y; A X Y, cylindrical (or pris¬ 
matic) surface perpendicular to the 
plane O X Y j O X A, plane triangle 
perpeudiculai; to the edge O iT; O Z, 
axis iierpendicular to XOY. Lt i f)X 

«<»,; X A • «,. Then a 

* Xi 

W~to*-^ fxy'dx Fig. 76. 





CRMTRE OF OKAVItY. 


Id 9 

(This Ust eqiiation denotes that G is in the plane which travei'ses 
O T and bisects A X.) 

In a symmetrical wedge, if 0 be taken at the middle of the edge. 
Such is tiie case in the following examples, in eadi o! 
which, length of edge » 2 y^. 

XIIL H&ElmyvJwr irefl^&~(5sTriang*iIar Prism.)—(Pig. 77.) 


ao = |«r 

1 i{j. 77. 



XrV. Triangtdar Wedgt —( = Triangular Pyramid.)-—(Fig. 78.) 


W 


1 1 



XV. Stmici^Gidar Wedge. —(Fig. 79.) 

Radius <TX== (nr ^r. 

W-^ x^- ^r=*68900r. 



XVI. Annul(xrf or Jlolhw Semkircufa/r Wedge. —(Fig. 8C.) 



C. —Cones and Pyramids. 

Let 0 denote the apex of the cone or pyramid, taken as the 
ori^, and X the centre of gravity of a supposed flat plate whose 
middle section coincides with the base of the cone, or pyramid. 
IHie centre of gravity will lie in the axis 0 X 
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Deno1« tlie aim of the base by A, and the angle '»hich it nmkos 
vrith the aids by 6. 

XVIL Co 7 npl^€ Cone w Fytamld .—Let the height 0 X r= /*; 


Tq— " //; 'VV' = .j w A A sin A 

XVIII. Truncat&J Cone or Pyrmiid. —Height of portion tnin* 
catt'd = h\ 


D.—PtlRTlOInS OF A SpIIERE. 

XIX Zone or Bluff of a Sphcricaf tihdl, bounded by two conical 

Ksnrfacps having thoii' common apex 
at the centre () of the &j>heit' (fig. 81). 

O X, axis of cones and zone, 
r, extcnial radius ) . 
r, internal ladius j 
^ X O A = «e, half-angle of less 
:X()I3 —/3, greater 

Fig. 81. 

3 cos «cos/3 

—"4 ' ^8_^8 ‘ ■ "2 




cona 



W = - J - * ^cos fi — coH 

yy. Soctor of a Uemu^plierwai Shdl. —(C X D, fig. 82.) O Y 

bisects angle DOO; -^DOOsstf. 



8TRlB^—THBUSt— 


161 


106 . StMMM—lit Inteasli}* Bi'hnltnnt, Centre, and Mnnient* (A. Jf,, 
^ 86 to 89 .)—The word Stbesb lias been adopted as a general term to 
comprehend various forces which aro exerted between oontigiiojis 
bodies, or parts of bodies, and which art* tiisfcributcd over the aur* 
fact* of contact of the masses between wliich they act. 

The^ Intensity of a sti-ess is its amount in units of weight, 
divided by the <‘Xteiit of the surfajje over whieli it acts, in units of 
area. ' 

I’he following table givt's a comptirihon of variou.s units in which 
the intensity of .sti'css is expreased 


• Poimdb on the 

•i(|iiaii> toot. 

OuC pound on the square ineh,. 144 

One ]}ound on the stpiaro fo(»t,. i 

One ineh of luoreuiy (that is, weight 
of .s, column of mercury at lilJ 

Fahr., one inch high),. 7073 

One foot of water (iifc . 3 !)'’*! Kilir.), 62'425 

One iucli of wafer (at 30 ®-l F.ilir.), 5'202i 
One foot of water (at 02 ^ Fj«hr.),... 62 ■.j/;,'; 

One inch of wafta* (at ( 12 ° Falir.),... 5’* 9625 


One atmosphere, of 20*923 inches 

of mercuiy, or 7O0 niilliio&trea, 21104 
One foot of air, at 32 ^ Fahr., ainl 
under tlie pressure of one . nio- 

sphere, . 0*080728 

0n<* kilogratnine on the square 

mStre, . 0*20481 

One kih'gramme on tlie s<|uure 

millime^v,.204H i o 

One millimetre’of mercury,. 2*7847 


Puiinds on (he 
inch. 

1 

1 

l IT 


0*4912 

O-l.I.h') 

0*036125 

$’43^0 2 

0*036085 

14*7 


0*0005606 

000142228 

1422*28 

001934 


The various kinds of stixjss may be thus classed;— 

’*1. Thntstf or l^restture, is the force vliioh acts between two con¬ 
tiguous bodies, or pai*ts of a body, when each pushes the other from 
itself. 

II. PfiU, or Temlon^ is the foi*cc which acts between two con¬ 
tiguous bodies, or jiarts of a body, when each draws tlie other 
towards itself. 

Pressure and tension may bo^ither normal or dbliquef relatively 
to the surface at which they act. 

in. SJt^a/Tf or TemgmUial titressj is the force which a(*ts between 
two contiguous bodies, or paiiis of a body, when each draws the other 
sideways, in a direction parallel to their surface of contact. 

In expressing a Thrust and a Pull in parallel directions algobrai- 
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cally, if one is treated us i>()si(i\e, the oilier must he‘ treated as 
iK'^ative. Tlie choiee of the jiositive or negative sign for eith(‘r is 
aniiatter of eonveiiienee. 

Tlie word Pressure," altliough, stricfJy sjieaking, equivalent to 
is sometimes a])]ili<^l to titreas in general; and when this 
is tlie case, it is to be nntlei*atood that thnist is tr<iatod as positive. 

The following are, the jiroees^'s for finding the inagniturle of the 
of a sti'esa clistrilmb'fl over a plane rfhrfaee, and the centre 
of niress; that is, the point w here the line of action of that ri'snltant 
•cuts the ]»lane siirfaeo:— 

1 . If th< hti^sn in of iinifonn fine iBugnitude of its re¬ 

sultant is file product of that iiifepsity and the area of the suiface; 
and the ernlif* of sfit^w-. is at lht‘ eeutre of gravily of the surface. 
Dr in symbols, h-t S be the aiva of the snrfaee, p the intensity of 
the stress, P its resultant, then— 


r jfH.. 


.( 1 .) 


Tl. If the bfresH is of ntrt/inif infensift/, hut of one sign; that is, 
all tiuision^^or all pressure, or all sheai' iii one direction. 

In lig. vSTl, let A A bi* tlu* given | lane surfju*e at wliieli tlu* stress 
acts; D X, D T, two rectangular axes of eo-ordinates in its plane; 

{)'/j, a third axis peipendionlar to that plane. 
<'oiieei\e a solid to exist, bounded at on<‘ end 
bv the gi\eii pl.iiie sindaco A A, lateivilly by a 
e\ln<<lri(.d or prismatic snrfaee gener.iUsl by 
the motion of ;i str.iigbt Hue ])arallel to () Z 
r.mnil tin* outline ol A A, and at the other 
<'ml by a siirfaei l> !>, of sucli a figure, that its 
'* (udimift'; at an\ ])oint shall be proportional to 

the intisisil’v of tin* stress at tlu‘ ])oiut a of the surface A A fixini 
whicli that ordinate proeeecb, as shown by the equation 


P 

to 



Conceive the snrfaet* A A to he divided into an indefinite number 
of small rectangular areas, each denoted by dx d and so small that 
the stresM on each is sensib)}' uniform; the entire ari ajieiiig 


S - J J ij^x d y. 

The volume of the ideal solid wdll lie 

j’^'dxdy .. 

So that if it be conceived to eomdst of a material whose heaviness 


.(3.) 




resitl-tant and centre of stress. 


1G3 


tlie amouut of the stress will be equal to the weight of the 

z 

solid; tliat is to say, 

P - j f pdxtl (/-wV .( 4 .) 

Tlw^cetUre of stress is the point on tlie .suifaco A A ]M‘rj)on(lieula]*ly 
oppohite the centre of gra\ily of ifh'al s<.>li<l. 

The siiuplestj and |^t the sjune tie. >.the uoiiiinouest cuHe of this' 
kind is where the stress is VNtformlp-rnnfimj; lhat is, whei-e its 
inteiiHity at a given point is simjily j»rojMn-tioiial to thf‘ ]ierp<‘ndieiilHr« 
di^tanee of that point fj’oui a given straight lino in Uie jdano of the 
surfaC/O A A. The ideal solid is now either a wedge, or a figure 
that ean be made by adiling aiitf suhtraeting w<*dges; so that tho 
resultant and centre of stress are to be found by tin' nndhods of 
Artiele 10 /i, (Sises XII. to XV]., and Artiele 104 , (Sisi's 11 . and 
VJJ. To exjn'ess tliis symbolieally, take the straiglit Jim* in que.s* 
tion for tin' a\i.s <) Y; eoueeive the surfuei* to be diiided into band.s 
by lines jiamllel to O Y ; let y denote tin* lengtl. of one of theao 

bands, and </x its breadth, so that t/i/x is its area, and S - 

the. area of tho whole surface. .r be tin* j)er|»endienlTir distance 

of the centre of a band from llie /lut of no stnss () V, and J(‘t tho 
intensity of the sti*ess then* be 

p <fx; . (o.) 

ft lM*ing a eonstaiit eo ellieienl, (hen the amount or jvsnltant of the 
stress is 


]* Jpyiix ft I xf/dx; .(<),) 

and the jierpendieiilar distanei* of tin* centre of Mri*.s.s from () Y is 


pxj/ilx 
jpydx 

Examples of this ease will be gi\eu in treating of tlio pressure of 
water and of earth, and the stability of masoniy. 

111. Wlten, tlie stress is of contrary signs; for (example, jiressum 
at one jiart of the surface and tension at another, the resultants and 
centres of stl’ess of the pri'ssure and tension arc to bo found .sej)a- 
rately. Those partial resultants are then to be treated as a pair of 
})ai^lel forces acting thi-ongli 111*' two respective centres of stivss; 
their final resultant will be equal to their difference, if any, acting 
through a })oint found as in Artiele 97, Case JV., p. 141. 

If tho total pressure and total tension*are equal to each other, 
they have no single resultant and no single confni of stroas: their 
resultant behog a couple, whose moment is equal to the total stresi 
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of <‘itlior kind multiplied by the i»crpen<liotilyr distance between the 
resulbnit ei' Iho pressure and the resultant of the teiisioiii. Ex- 
amph'S of this <'as(‘ will bo givtm in treating of the strength of 
beam''. 

1^7. Pi'rMHiir** and Balance of Flnid*—Principles af HydroiitaticM. 

—Fluid is a t(‘nn (»pposed to soJldj and compr(*hendiiig tlic^liqaid 
and gaseous conditions of bodinb. The propciiy e<»uiuioii to the 
’lujuid and the gas<‘oiis Cfunliftlfins is that of m ' tending to prem’ve a 
d(f\nife shai><i, and the jiossession of this property by a iKxly in 
* perheliou Ihronghont all its c'oiistilutes that body a perfect 

Jill,id. • • 

A necessary coji'ie()uenec of Hist projK'rty is tin' following prin 
ciph', wljieh is the fouinliiiieii of Jlic whole science of hydi’ostatiea;— 

1. In a prrffcl Jhiid., ndion efilf, the pressure exerted at a ijiren 
point 11 normtd to the snrfnce on, which it acts., and of eqiud infensifg 
for all jtosilioiui o f that mrface. 

The followifig are some ot the most useful emisequenees of that 
principle;— 

[I. A HO r face of apud preswre in ii stiff/laid mass is erergu'fiero 
p<rpendicii/ar to the diratom of graoo'if; that is, horntmtul through- 
oul. In other words, l]je j)res.sure at all poiiit.s at tin*same level is 
of e(jn.il intensitv. 

n 1. rhe htcHHitf/ of the pres<!,nre at the loioer of two points in a 
stillJlaid ntasH is gnafer than (he intensify at the higher pointy by an 
anionnt >'<piaf to the Wf ighf of a oertieal column of the Jiuid toluine 
height is llw dijli rente if deration of the points, and base an unit of 
area. 

T<» exprcis this s> iuho!ic,»lly, h*l denote the intensity of the 
]>ressure tt tin* Inghei of iwo points in a lliiid mass, and the 
intens"/^y at a point wlios(* \crtieai dejith below the former point is 
X. la’t Iff hi the mean hearmess of tin* la\or ol fluid between those 
two plants; then 

Pi~Po ^ . (0 

In a g.is, sneh as air, w vaiies, being nearly proportional to p; but 
in a liquid, such as water, the vanalions of w ure too small to be 
eon»id<*i’t*d in practical eusi's. 

For e\amj)le, let the ujtper of the two points bt .he surface of a 
mass of water where it is ex^Kiseil to the air; then is the atmos^ 
phcric piv*ssm*e; let the depth x of the second jwiint below the 
sui’faee be given in fet‘t, mid let the temjierature be 39 “’Ij then 

in lbs. on the square fbot = p0-f (ii ‘425 x. .( 2 .) 

In many questions relating to engineering, the jiressure of the 
atmosjihoro may be left out of considmtion, as it acts with sensibly 
equal intensity on all aides of the bodies exixised to it, and so 
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balances its own action. The pressures calculaied, in such cast*8, is 
the excess of the pressure of the water above the atmospheric 
pressure, which may be thus expressed,— 

P'-Pi^Pq~ 621 a;nearly.(Jl.) 


TV^ Tlie pressure of a liquid on n Jloatin or iuimet'sed hotly^ is 
e«pial to the weight of the volume*of fluid displueed by that body; 
and the rcsultaiit of that pressure , ts v^rtieully upwards tlirough 
the centre of gi-avity of that \olui.‘e; nhieh eiuitru of gravity is 
called the centre of buoyant'y^ , 

V. Thu pressure of iicpiiil against a yfaue snrft^cc imnivrsed in 
it is perpendicular tp that surface in direition; its ]uagnlt\ule is 
equ/tl to the weight of a volume of the li(pfi(l, found by multi[)lyiiig 
the area of the surface by the thq'ih to whi<-h its centj’c f>f gi*avity 
.is ijnmorsed, 

VI. The centre of pressure on sueh a surf.iee, if this suifaceis 
horizontal, coincides wilJi its centre of gr.nity; if the suiface is 
veHical or sloping, the centre of pressure is alw.i>‘ below the centre 
of gravity of the surface, and is found by eonsideibig that tbo 
pressure is an itniformiy-caryiny stress, whose intensity at a given 
point varies as the distance of that point fiom the line ^^herc the 
given plane surface (produced if uecoss.n’y) intcisects the upjier 
surface of tlie liquid. 

To oxprt'SH the last two ])rineij)les b} symbols ni the ease in which 
the jaesMd surface is \crfic. or sloping, h t the line >vheri‘ the 
plane of that siiif.ice cuts the ujiper surface of the liipud be taken 
as tho axis O Y. Let 6 denote the angle of inclination of the 
pressed surface to the horizon. Coneiise that surface to bo divided 
by pai'aJhd horiz(>nial lines into an indciluili* numlu'r of nanx>w 
bands. Let y be tho length of any one of those bands, dx its 
breadth, a* the distaneo of its ciniie from O Y ; then ydx is its 
area, 07 sin the clejith at which it is immersed; and if w bo tlie 
weight of unity of volume of the fluid, the intensity of the pressure 
on that band is 


2) ~ leujsin 0 . .(t.) 

The whole area of the jirossed surface, being the sum of the ureas 

of all the brnds, is S- / ydx; tlie whole pressure upon it is 

•* 

P= ^i^ytlx ~w^\\\d jxydx; .(d.) 

The mean intensity of tbe pressure is » 




jxydx 
= 1C sin — ; 

jydjf 
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tirul the distance of tlii* ccnti'e of pre^Miiv fi“Din O Y is 

J X j) y (J X y tf X 


0*0- 


i> - /■ 

/ X ydx 

For oxawjiJc, lot tho .sloping yrcssod snrliwo he ivetaiiguyr, Jike 
rA sluire. or iiie b.u k of ji iv'^rvoir-wull; sncljin the instance, 
Jet it extend Iroiii the snHnee of a mass of water down to a distance 
, a5j, measured along the slope, so tint its lower edge is inimei*8ed to 
the dejitli y^sin Then iis eenire of gi’avitv is immersed to the 
depih sin tf 2, and the mean intensitv of tin* pressure in lbs. on 
the stpiaro foot, is ' 

P d2-lr, Silltf /y V 

<1= - —. 

n J 

TJie In’i'adlh y is cousttiiit; so that the urea of the surliu’e is 
S = .'r^y; and the ttdal jtressnri' is 

(I2’l .ffvsintf 

•> 


J*.-.' 




The distance of the cisitre of jiressiin* fr/uu the upjier edge is 


2 

«o== .> *-’j 

tl 


.( 10 .) 


Next, let tlu* tijijiLT (‘dge, iustiMd of l*eing at th<* surface of the 
water, U* at the distincc .*•, troin it, so as lobe i miner,sod to the 
depth x^ sill tf. Then tin* centie of gra\i1y of the pressed surface 
is immersed to the dejith (. •, p j\)) am tf -j- 2, and the mean intensity 
of the pie,same upon it. in Ihs, on the Mpiure foot, is 

P 02-1 p . 1 * 2 ) sin tf, /1 I \ 

S 2 ~ ’ .' 

the area of the surface i,s —arg) y, ami the total piessure on it 

,,___G5i'4 (®: - ioi)*/ Sia < . 

The distance of the centre of pressure from the Imi. U Y i.s 

2 


a'n — 


a ±f—X] 


.(13.) 


v-^oa €*oin|»onnd Internal IttroM of Mollde. (A. J/., 90 to 113.)—' 
If a body Ikj conceived tp be divided into two pai'ts by an ideal 
plane traversing it in any direction, tlie force exerted between 
those two parts at iho plane of division is an internaf iftress. 
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According to the principles stated in the preceding article, the 
internal stress at a given point in a fluid is normal and of equal 
iiitensitj for all i>ositions of the ideal jilano of division. In a solid 
body, on the other hand, the stn'ss may be oithiT normal, oblique, 
or shearing j and it may vary in direction and intensity, as the posi¬ 
tion of the ideal phine of division varies. 

If file direction and intensity of tin* sti’ess at a given point in a 
solid muss are given, for three jio*/Hous of the plane of division, 
they can be found for any position whatsoever. It is nnne<M*ssai’y 
in the present tieatise to give the nw'tliods of solving this problem 
in all its geneiahty. Certain particular cases only will be given, * 
which are useful in tluftheories of th(‘ stability of citjfth and of the 
strength of materials. 

^1. Conjuffatc JStreKses—Principal Stresi^eft. —If two planes tmverse 
a jioint in a body, and the directitni of the stn'ss on the lirst plane 
is jiarallel to the st'coiid piano, then the direction of tlw* stress on 
the second fdane is parallel to the first jdam*. Such a pair of 
Bti*esses ai*c said to lie cmijuyate; and if they are both nonual to 
tlieir phmes of apjdication (and oonseqiu'iitly perpendicular to each 
other) they are called principal strentfes. Tlirei* conjugate stresses, 
or thi*ee ]>rincipa] stresses, may act tlirongli one point fbni in the 
jirescnt treatise it is sulhcieiit to consider (wo. 

Fig, 8t I’epresents a ]»air eon jugate oblique tensions acting in 
the dir(‘etions X X and "Y Y tlirougls a 
pi’ismatic particle A HC 1), 

The ivottingulsir directions in which 
piincipal stresses—that is, direct jmlls* 
and thrusts—u<’t, ilirongli a given ])oint 
in a solid, are called aoccs of stress. 

In a fluid, the stress at a gi \ en point 
being of equal intensity in all direc¬ 
tions, every direction has the pi' 0 ])(‘rty 
of an axis of stress. A solid inatj Imj 
in the same condition with a fluid fis 

to stress; but it may also liave the i)rincipal stresses at a given point 
of different iiiiensities. (in a mass of loose grains, the ratio of 
those intensities lias a limit depending on friction,> as will after- 
wmrds be more fully ex])laiued in treating of the stability of earth ; 
—m a firm continuous solid, the princijial stresses at a jHiint may 
bcai* any ratio to each other, and may be either of the same or of 
opposite kinds. • 

^ Jl. The Shem'ing Stress, on two planes traversing a point in'a 
solid at right angles to each other, is of equal intensity. 

HI. A Pair of Equal and Opposite Principai Stresses] that is, a 
pull and a thrast of equal intensity acting tlii’oiigh a particle of a 
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solid in directions at riglit angles to eacli other, are cquivalont to 
a pair o£ shearing stresses oi' the same intensitj on a pair id 
planes at right angles to each other, and making angles of 40 ® 
with the lirst jiair of planes. 

IV. Vomhinatmt, of an if Two TnncljicU ^iresees. 

PfiOfiLKM.—A j)air of principal stresses of any intensities, and of 
the same c»r op)>osite kinds, hemg givou, it is required to iind the 
, direction and intensity of theiitre.s.s on a plane i^ any position at right 
angles to the ]>lane ])uralleM'> wliieJi tht‘ two priueiital strosst^ act. 

lA't 0 X and 0 Y (tigs. 80 and 8C) be the directions of the two 
principal s/rc () X being the direction of the greater stress. 
fjOtpj be the intensity ot the greater .stress; 
and P2 that of the U'ss. * 


X 



Fig S5. Fi^ KG. 

The kind of stress to whit h each of these belongs, pull or thrust, 
is to be distingnished by nu aiis of the algebraical signs. If a pull 
is <*onhidered a.s p.>siti\e, ailu’iid is to be considered as negative, 
and rice ven^d, Jt i.y in g<’uetJil (•oji\oiiient to consider that kind of 
stress ns ]H>sitrivo to wliieh the greater priiicijMl stress belongs. 
Fig. 8/5 represents the case in whieh pj and tlie same 

kind; fig. 8() the ease in which they are of opposite kinds Ju all 
the following eijuations the sign of py is held io b Implied in that 
symbol; tliai is to say, wlu'n is of the eontiar) kind to />j, the 
sign applied to its aiithuictical value, in comjaitmg l>y means of 
the equations, is to be i'e\erscd. ^ 

Let A B be the plane on which it is required to ascertain the 
direction and intensity of tlie stress, and O N a normal to that 
plane, making with Uie axis of givatest stress the angle 
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On 0 N take 0 M tkis will I’epiesent a normal sli'ess 

<0 

on A B of the same kfiid with the greater princii)al siress; and of 
an intensity whieli is a mean between the intensities of the two 
piMnoipal stresses. 

Thi^igh M dmw P M Q, making with the axes of stivss the 
fame an^es which O N makes, bukin tlie opposite dh'ectiou; that 
is to say, take M P M Q = M 0 . 'hi tlio line tlim found set 

off from M towiii’ds the axis <il* gi’<‘atest sln'ss, M ^ 

Join O it Then will that line represent the Mireciion and 
intensity of the stitss on A B. 

The algebraical expi’essioii of this .soluticni is easily obtfune<l by 
means of the formnla^ of plane tnj'ononietiy, and oonaists of the 
two following equations:— 

Intensity, O li or p — cos- aAi -f p] • sIti® ...( 1 .) 

A 

Anglo of obliquity, N O 1 ? o» i)r 


i_aiv bill 


/ ^ 

• I sin 2 as » 




This obliquity is alvMjys towards the axis of gi-<*atost stress. 
Tn^g. 85 , and jr>2 are iv]>resent<‘d as being of the same kind j 

and M 11 is conseijuently less than OM, so that OB tails on the 

A A 

same side of O X with ON; that is to say, nv^xn. In fig. 80 , 
pj iULdp2 Jiire of ojiposite kinds, M R is gie.iter than O M, and O B 

falls on the ojiposite side of O X lo O IM, that is to say, u r x tu 


The locus of tin* jioiut M is a eiiele of tlie radius 


ft +ft 
“2 


end that of the point B, an ellipse whose semi-axes arepj andpgi 
and which may be called the Elltpsk or 8trt:ss, because its semi- 
diametor in any direction rejireseuts the intousity of the stress in 
that direction, 

\/V, Deviafion of Princi^ml Stt ‘Citses by a Sheariity Str&iS. 

Problem. —Let and denote the original inb'nsities of a 
pair of' priuoqial sti’esscs acting at i-ight angles to each other 
through one particle of a solid! Suppose that with these there is 
combined a shearing stress of the intensity acting in the saifie 
plane with tlie original pulls or thrust.s; it is reejuired to find the 
new intensities and now directions of the jirincipal staples. 

To asshHi the conception of this problem, the original strossei 
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ruferifd to ui'c I’eproseiited in fig. 87 , ass acting through a imrfciole of 

the fonu of a square prism. The principal 
stresses, botli original aiid new, are repi’esented 
as tensions, although any or all of them might 
be jnvssiij’es. Itt the fonnnla* annexed, touaious 
nvr eon.si(lered positive, pres?furcs ue^tiye; 
angles h ing j^o the right of A A are coiiSidored 
as |)ositi\^, to tlio loft as i^'gative; and a shear¬ 
ing btres-s lb considered as positive or negative 
ateoiding us it tends to make the upper right- 
lijind and lower left-hand comer of the square 
paitieh* lu ut« or obtuse * 

'I'he :iriows*J\ A represent the grt'aier original 
tension /f,; llie angles 1» 15 , the less original 
tension f*, 0 , I), 1 ), rcjaoscnt the positive shear of the inteu- 
sit as iietmg at the tour faees of the particle. 'Hie coiiibination 
of this shear with the onginal tensions is e(|uivalcnt to a now pair 
of prin<*i])al tensions, oblique to the original pair. The gi-<*ater new 
principal tension, yq, is h presented by the ariovvs K, E; it dev'iates 
to the light of />j ihioiigli an angle which will be denoted by 4 . 
The less uCw jniijeip.i .1 tinision is represented hy the aiTOWH F, F; 
it deviatcH tJirongh the Stiine aiiglo to the-ught of py 

Then the intensitns of tlie new juiiieipcd atresse.s are given by 
the eqnatioiis'J 



Fik S7. 



and tlie double of the angh of de\ latioii by eitlior of the following* 
I an :i fi ~ : or eot in 2 ^ . (4 ) 


The greatest vabu* td' i is 1.5 , wlieu /q = yq. 

The new principal sti*ts^es are to be coiioeived as acting normally 
on tin* faces of a new square ]>risin. 

lop. |*arallrl Projertioii of Diatrlbatcd Force*.— In applying thc 
principles of p,irdllel j»rojei*tioii to distributed foivt's,' V t(* be borne 
n mind that tho.se prinoi]>les, as stated in Article Jbl, are appli¬ 
cable to lines represmitiug the annymi^s or resiiJtnnfs of distributed 
forces, and not Oieir inteimtieif. TRc relations amongst the intened- 
ties of a system of distributed forcos, whose i’e,snltaut.s have been 
obtained by tlie method of piojeclion, are to be arrived at by a sub¬ 
sequent process of divhling each projected i*esultant by the projected 
space over whicli it Is distributed- 
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110. pvtctiMi (A. M., 189, 190, 191) that force which acts 
between two bodies at their surface of contact so as to resist tlicir 
sliding on each otlier, Utid which dei)endH on the force with which 
tlie bodies are pressed together. It is a kind of bht>anng stress. 
The following law resj»ecting iho*frictioTi of solid bodiiis lias been 
ascertained by exjioriment:— 

TlieyritMon which a given pair of sofid bodies^ with their surface 
in a given couditioHjjxre capable of crerting, is simjdg projfortio/icd 
to the force with whu V Ut^y arc pressed toyefher. 

If a liody be acted nimu by a force tending to make it sUdu on 
another, then so long as that force does not exceed t1i<) amount fixed 
by tills law, the frictioif will bo equal and ojiposite to it, and will 
Imlauce it.* 

There is a limit to the exactness of the above law, when the 
pleasure bi'conies so intense as to crush or indent the jiarts of tlie 
bodies at and near their surface of coni.ict. At and beyond that 
limit the friction increases inoie rapidly than tlie pressure; but 
tliat limit ought iie\er to he nttaiinsl in any strmtn?‘<‘. For bome 
Bubstauces, especially tlmse w1u)K* siufaces are sensibly indented by 
a moderate pressure, such as timber, the friction between a ^wiir of 
surfaces which have remained for bonie time at ri*st relathely to 
each other, is somewhat gr(‘ater than that bi'twism the same jiair of 
surfaces when sliding on each other. Tint exc(‘ss, however, of the 
fnction of'rest o^er tJie friction of ^notion, h instantly’dchtroyed by 
a blight vibration; so that Ww Jriction of motion is alone to be taken 
into account, as contributing to the stability of a btructum 

The friction hetw(*eu a pair of sinfaces is caleulati'd by multiply¬ 
ing the force with whi<*h th(‘y are directly jiresbcd together, bj a 
factor called the co-efficient of frictionj W'hich has a sp(‘cial value 
depending on the nature of the uiatcri.vls uml tJie state of the .sur¬ 
faces Lot F denote the frietioii between a pair of surfaces; N, 
the force, in a direction perjM'iidieidar to the burlaccs, with whi ch 
they ai'e pressed together; and f the co-ellicieiit of friction; then 

F=yK .(1.) 

The co-elHcient of friction of a given jiair of surfaces is the tartr 
gerU of an angle called the angle of repose^ being the gi’eatest atigle 
which an oWique pressure betw'eeii the surfaei's can make with a 
perpendicular to them, without making them slide on each other. 

IjCt P denote the amount uf«an obliijne pressure lK.‘twocn two 
plane surfaces, inclined to their common normal at the angle of 
repose 9; then 

F =/bI = N tan <P = P sin ^ ~ ^ 

• Sae Addendum, pp, 789 aud 797. 


(2.) 
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The an^^le of repose is the steepest inclination of a plane to the 
horizoDj at which a block of a given suhstanco will remain 
Imhmcctl im it without sliding down. • 

The z/ifM/tt/// of the friction betAVToii <\ro surfaces hears the same 
|>roj>ortion to tlie intousity of the* i)rea.suro that the whole fiictiou 
hoars to tlie whole pressuiv. ^ 

The followiiig is a table of tl^j angle of repose the co-olfioient 
. of friction/ = tan aiiJ its/t'oijo’oeal 1 :/, f^* various mutorialfl— 
coudciisctl from the tables (Tf (Joneral Morin, and other sources, and 
arranged in a few coinprehensivo classes. The values of those 
Constanta V hi <ib arc gi\ en in the table have reference to the f/'icdon 
of motion. 


SliltVACES. 


Diy nins(nir> uiid brickuuik,.I 

Itiusonry and brickwoik willi wcl inortsrj 
Masonry and bjicloNoilv, vith slulitly) i 

damp mortar...) 

Wood on stone,. j 

Iron on stone,... 

Masonry on diy tl.'o,. 

„ on moist (Ia\,... 

Karlli on earth,*. I 

„ „ dry sand, tlay, and 

mixed eaith. 

n >. . 

11 11 vitfliy, . 

„ hbin^le .nu) < r.oel........ 

Wood on wood, div,.I 

11 -1 s-fipcd, .I 

Metab on ).dv, dt\, .. 

II '• » well. 

Metals on elm, dry, 

Itron/e on lignum ('on^tantly wet. 

Hemp on oaU, dry, . 

•1 11 "el, . 

I<eathor on onk,... 

Hcalber on nn tab, drj^, . 

» II wet. 

11 11 Kvea-j, . 

It u 1 . 

Metals on nicbils, dr^.. 

„ „ wet and clean,.. 

„ „ damp and slhnj'. 

Smooth surfaces, uccasionall} greased,... 

„ „ coutinimlly greased,... 

Smoothest and best greased surfiaces, ... 


I 

J 


31^ to 35° 

0-lito0 7 1 

1 1-G7 to 1-48 

2.')r 

0-47 

21 


(» 74 

1 .35 


about 0‘t 

2^5 

.‘>5° to 1 tin ' 

0*7 to rt'3 

1-4;} to 3*33 

27° . 

0-61 

1’9G 

1H[° 

0-33 

.3 

1 r to 45° 

0 25 to 1.0 

4 to 1 

21° to Ti' 

0-38 to 0-76 

2>G3 to 1-88 


1*0 

1 

17° 

0 31 

3-23 

35" to 48" 

0 7 to Ml 

1-43 to 0 9 

11° 1<. 2C.J 

•25 to ‘i 

4 to 2 

11 to 2' 

•2 to *04 

5 to 25 

2t;)" to 31° 

'!> to ‘G 

2 to 1-G7 

Ml" to 14 V 

•21 to *20 

, 4-17 to 3 86 

‘jir ‘ 

•2 

I 5 

Ill’ll. 14° 

•2 to *26 

6 to 1 

c*-? 

•05 ? 

20? 

28° 

•63 

1-89 

18]° 

•33 

3 

15° 1ol9i° 

•27 to •SS 

3^r to 2*8C 

294° 

•5G 

1-79 

2(1° 

•.30 

2-78 

13° 

•23 * 

4*85 


■16 

6*67 

84° to 11]° 

'15 to '2 

6-G7 to 6 

• 16i° 

•8 

8-83 

8® 

•14 

7-14 

4° to 41° 

•07 to '08 

14-8 to 12-5 

3° 

•05 

20 

1 * 4 *° to 2° 

•03 to *036 

|33‘3 to 2P6 
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SJBCTioir XY,-^Baiance mid BtaHUty of B’mrtteB, Chains^ lOb^t and 

* Blocks. 

{A. 21., l.iTto^n,) 

'^111.* A Frame is a struotuiv c(|niiposo(l of bins, lods, links, oi 
corals, attached togetlj,}.T or 8ii])j)oi toil h'f johtis, such as occur in oar- 
pentiy, in frames of metaJ bais, and in sti iictim‘s of ropes an^ chains, 
fixing the cuds of two or more piece's togetlier, lait ofh'ring little 
or no resistance to change in th(' relalivo uugulaj* positions of those 
pieces. In u joint of *thib class, the centre of rc.s\^ance, or point 
thimigh which the resultant of the rosislance to displa<*ementof the 
|>ieccs connected at the joint acts, is at or near tlie middle of the 
joint, and does not admit of any variation of po.siti(*n consistently 
with security. 

The Lme of Resistance of a fi*aiue is a line tiuvei’sing the cenXres 
of resistance of the joints, and is in gi'im.il a poJygon, having its 
angles at these centres. 

112. A Muaie Bar in a frame iniiy act as a ^I’lK, a SrauT, or a 
Bkam. (A. at., 138 to 112) • 

J. A Tie has equal and dii-ectly o])]>osite tbiccs ajiplied to its two 
endj», acting outwards, or from each other. The )ur is in a slate 
tension, and the stiess exerted lietweou anj tw«) Oivj^ion'A of it is 
a pull, equal and oppi»sile 1 > the a]>]>lu*d foicos. A rope or 
chain will answer the puipose of a ti(‘. 

2'he cqvUiln'ivmi of a moveable ti*' is stable, for if its angular posi¬ 
tion hi' deviated, the iorees apjdied to its ends, which originally 
were dii’ectly opposed, now constitute a couple tending to restore 
the tie to its original position. 

II. A Strut has equal and directly o])posite forces apjdhd to its 
two ends, acting inwards, or towards eaoli other. I'lie bar is in a 
state of compression, and the atiess CKcitod between any two divi¬ 
sions of it is a thrust C(]na1 and opposite to the applied forces. It is 
obvious that a flexible body will not answi'r Hie puiqiose of a strut. 

The equilibrium of a moveable strut is unstable; for if its angular 
position be deviated, the forces applied to its ends, which originally 
were directly opposed, now constitute a couple tending to make it 
deviate still fartJier from its original position. 

In order that a strut may have stability, its ends must be pre¬ 
vented from deviating lateinify. Pieces connected with the ends 
of a strut for this purpose are called 
^ HI. A Beasii, is a bar supwried at two points, and loaded in a 
direction per^ndicular or oblique to its lengtli, 

OiAjSB X.— «^Let the supporting pressures bo parallel to eaob 
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Other and to the direction of the load; and Icttlie load act between 
the pointH of 8ui»])ort, as in fig. 88; where 1> roprewntb the i-esiilt- 
.5:* R ^ gross loa<i; inchiding tho weight 

_ li _of tho beam itself, L, the point where the 

Ttrr-T—!%■ resultant iuteraects the 

wi I [ . axis Iv^, Itg, the two supporting 

1 irtvssuivMor r<'sistaii,.-’'i{fs ol the }>i*o])s mmllel 


'p 

I 


intersects the 
pporting 

pj. !■'.. ..V#i» -j.! -J ■■' 

to, and in tli(‘ same plane "^i.d^.th P, and acting 
tljtough the points m tho axis of th(‘ beam. 

1'hou, aoconling to the priuoipli' of the lever, Article 97, ]>. iTiT* 
ea<h of those,tliroo lorces is projttu’tional to the distance ladween 
the lines of mdion of the other two; and the loud is equal to the 
bum of tho twtr suj>])ortiug jtri'ssuVc's; that is to sjiy, 


i ; Uj : Lg . : Hj : Ij i^2 : 1-* 
ami K,+P 2 .. 


.(I.) 

(ii.) 


(Use II.- 

A/ 


1 -r 


tig. 8!). 


!.< t (he load tut hi}fOi'l the points of KU])j>o]'t, ns 
in fig. whieh repieseiits a eautileviT or pro- 
j( etiiig beam, hehl up by a wall or other prop at 
Sj, h(‘]d down by a notch in a ]nass<»f masoniT 
or otherwise at Sg, and loaded so that P is tho 
lesullaiit of the load, including the weight of 
the beam, 'riion thi* propor*^ionul equation (J.) 
leiuuins t‘.\aetly as bedbre; but the load is equal 


to the difierence of th< supi>oi ling pressures; that Is to say, 

lu these exauqiles the beam is ?‘epre.senled as horizontal; but the 
8ani<‘ princi])los would liohl if it wm-e inclined. 

Case III.--Let the directions of the, supporting lorws Kj, Rg, 

be now inclined to that of the resultant of 
the load, P, as in fig. 90. 1’his case is that 
ol‘ the equilibrium of thit'e forces treated 
of ill Article 93, p. 13U, an*' consequently 
the following principles apjily io it:— 

The lines of action of the supporting 
foi’ces and of tlie rosultaut of the load mubt 
be in one piano. 

They must intenwet in one point (0, 
(fig. 90. 

Those three forces must be pro]>ortional to the three sides of a 
triangle A, respectively parallel to their directions. 
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'' Problem. —Given, the i-csultaut of the loml in magnitude and 
position, P, the line of action of one of the supporting forces, 
and the centre of lesistauce of ilio other, Sg; requiivd, the line 
of action of the second supj)oi'ting force, and the magnitudes of 
both. 

Prodyce the lino of action of Hj, till it cuts the lino ol action of 
P at tlie point C; join 0 82 ? this \#ill be the lino of action of E 2 ; 
construct a triangle A with its sidi's iY]j.pcetively j)am]h'l to those 
three linos of action ; the r.dios of the sides of that triangle will 
gi^'e the ratios of tli<‘ foiv(‘S. 

To express this algebijiieally, let /j, /j, bo tlu* anglo^i mode by the 
linos of notion of tho supporting forces with (hat of *1110 resnlhint 
of tlie load; then 

P • : Hg : : sdu (<j f i.^) : sin L : .(4.) 

Tlie same ])iec(‘ in a frame may act at onee as a beam and tie, 01 
as a beam and strut; or it may aet alternately as a strut and as a 
tie, os the action of the load \arie.s. 

Tho load tends to la-oak a lie hy tearing it asunder, a strut by 
crushing it, ami a beam by breaking it across. The, power of 
luabn-iaTs to i-csist those tendencies will lu- considoi-ed in a later 
section. 

J13. iMMiribiiind liondfi. (^4. J/., 117.)—IVforc applying the prin¬ 
ciples of tho priseni section to i’ramos in which the k»ad, whether 
external or ai-ising fniiii tlie \uiglil of the bars, is distributed over 
their length, it is necessary to reduce that (bstribulcd load to an 
ecpiivalout load, or seric-s of loads, apjilied at the centres of resist¬ 
ance, 1 'lie steps in this process arc as follows :— 

I. Find the resultant load on each single bar. 

II. Resolve that load, as in Article [l:i, equation 1, p. 174, into 
two jiarnllol coinjioiients acting through the centres of resistance at 
the two ends of the bar. 

III. At each centre of i-csistance wheiv two bars meet, combine 
the component loads due to the loads on the two bars into one 
resultant, which is to be considered as the total load acting through 
that, centre of i-esistaiicc. 

IV. When a centi-e of rt'sisiance is also a })oiut of supjiort, the 
component load acting through it, as found by step II. of the pro¬ 
cess, is to be loft out of consideration until the supporting foi-oe 
required by the system of loads ft the other joints has been deter¬ 
mined; with this 8 up]jortiiig force is to be com})Oimded a foroe 
equal and opposite to the component load acting directly through 
the point of support, and the resultant will be the total sup]»orting 
force. 

In the following Articles of this section, all the frames will be 
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Fnipposecl to 1)0 loiided .only at llioso eeiiiroH of resistance which 
are not points of snpport; and therefore, in those cases in which 
components of tho load net dirc'clly tli rough the })ointH of sup|>ort 
also, forc(‘S and opposite to suelj components mnst be coni- 

hined witli tho snp])orting forces' as (ictermined in the following 
AH ieh's, in order to cornjdote the* solution. 

114. Fraiiir« of Two Unrw. ''j1 . Jf., 1 4.'>-0.)—Figures 992, and 
9'h repres(‘ut eases in ^vhieh a frame, of t\v;o bars jointed to each 
at the point L, is loaded al that point with a given force, P, and is 
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supported by tho eonneclifm of the l)^^* at their fai'tlicrejiti'omities, 
•^ 2 » ^'ith fixed bodies. It is required to find tho stress on each 
bar, au<l lh(‘ supporting forces at and ^ 2 * 

Kesoha* the load P (as in Artielo 94, p. 137) into two com¬ 
ponents, Pi, llj, acting along the respective lines of i-esistanco of the 
two bars. 'I’hose conq>on<‘nts are the loads borne by the two baifj 
respectively ; to whif‘h loads the supporting forces at S|, Sgj equal 
and directly o])posed. 

Ti)e symbolical exju-ession of this solution is as follows;—Let i,, 
bo the respective angh'S made hy the lint’S of resisbince of the t^rs 
with the line of .action of tJu* load; then 

V : 111 h • h* 

The inward «)r outward dinjcLiou of the forces acting along each 
bar indicates th.at the stress is a Ihnist or a pull, and the bar a strut 
or a tie, as the ejise may 1)(*. Fig. 91 represents the caso of two tics; 
tig. 92, that of two struts (such as a pail* of rat*ten^ abutting against 
two walls); fig. 93 that of a stint, L Sj, and a tie, L Sj (such as 
the jib and the tiivrod of a crane). 

A frame of two bars is stahh as regards deviations in the plane 
of its lines of i-esistanco. 

With respect to lateral deviations of angular position, in a 
direction perpendicular to that plane, a frame of two tics is stable; 

also is a frame consisting of a simt and a tie, when the direction 
tof the load inolmes Jrom the line Sj ^ joining the points of support 
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A lifame consisting of a strut and a tie, when tlie direction of the 
load inolinos tmm/rda the line S, Sg, and a frame of two struts in all 
cases, are unstable laterally, unless provided with lateral stays. 

'I'hese principles are true of anyfnir ofctdjitcent bars whose farther 
centres of resistance are fijeed; iVliether forming a fmme by them- 
selvef^ or a jjart of a more eoinj)lex frame. 

115. Trinnffniar 148,1 iU.)—Let fig, 94 represent 

a frame, consisting r/ the three bar^i 4, I>, 0, e(UJ- 
nected at the three joints 1, 2, 3,—viz., and A at 

1, A and B at 2, B and C at 3. L<‘t a loiul I*j bo ^ 
a})plied at the joint ^ in any given direction j h‘t • 
supjiorting forces, P„, be applied at the joints * 

2, 3; the lines of action of those two forces must 
be in the same plane with that of Pj, and must either be parallel 
lo it or interseet it in one ])<iint. Thf* l.jttei- case is taken first, 
because its solution compiHdu'nds that of tli(‘ former. 
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The three external forc(‘a balance ('aeh other, 
and ara therefore proportional to tlie three sides 
of a triangh' I^^spec^ively parallel to their direc- 
ti«)ns. In tig. 95, let A B 0 bo such a triangle, 
in which 

() A r(‘j)resetits l‘j, 

TTi , . Po. 



UD 


Fig. 9.5. 


Draw C 0 parallel to the bar (1, and A O parallel to the bar A, 
meeting in the )»(>mt O, and jf)in B O, wliieli will Iw parallel to B. 

The lengths of the tlm*e lim‘s radiating from O will repi’estmt the 
Btreasos on the bars to which they are resjandividy parallel. 

When the three external forces are parallel to each other, tho 
triangle of forces A B 0 of fig. 9.5 becomes a straight line C A, as in 
fig, 96, divided into two segments by tho point B. Let straight 
lines radiate from O to A, B, C, rcs]»ectively ]iarallel 
to the bars of the frame; then if tho load C A be ^ 

apjdiod at 1 (fig. 94), A B applied at 2, and B 0 
applied at 3, are tho supporting forces required to 
balance it; and the radiating lines O A, O B, 0 0, - h 

represent the stresses on the bars A, B, 0, respec- 
tively, as bofoie. \ 

From O let fall O H perpendicular to C A, the \ 

(Mmmon direction of the external forces. Then that a 

line will roprei^nt a component of tho stress, which is 
of equal amount in each bar. When C A, as is usually the case, ia 
vei'tical, O H is horizontal; and the force ropresented by it is called 
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the “ koriaoTitcU thrust ” of the frame, fforhmtal Stress or lieetH 
once would he a more precise tenu; hocause the force in question 
is a pull in some parts of the fmme, and a thrust in othei’s. 

In fig. 94, A and (J are stnUs, and B a tie. If the frame were 
exactly inverU'd, all tlK‘ forces woiild hear the same proportions to 
each other; hut A and 0 would be tieSf and B a stmt. ^ 

'file tragoiiomotrical expreasiou^rif the relations amongst the foi*ce8 
acting in a triangular frame^.uiider parallel forces, is as follows;— 
Let tty by Cy denote the respective angles of inclination of the bars 
'A, B, C, to the line () 11 (that is, in geneml, to a horizontal Ihie); 


then 


Htirizontal Stress O IT = 


load G A 
tan c : ‘ :tan a 



Snppoi-ting I A B — t) H • (tan a =j= tan t»); i v 

Forces | B (^ = O II • (tan b =+= tan c). j ' *' 

. I + 1 is to be ii«ed when the two ) opposite.' directions 

J he sign I __ I incliijsitiona are in f the same direction., 

( O A = () il ■ sec a 

Stresses | O B = 0 11 &<*c b J . (Jl.) 

I O G = O 11 sec c j 


116. Polrgflimil Frame. {A J/., l.)0,15:l.)— In fig. 97, let A, B, C, 

J),E,be the lines of resistance of the 
^ ^ connected together 

Jr at the joints, «vho.se centres of 

Jyr \d iTsistance are, 1 between A and 

y _B, 2 U'tween B and 0, 3 between 

n ’ C and D, 4 between 1) and E, 

97. and /) between E and A. In the 

J'* 

figure, tlie frame consists of five bai-s; but the principle is appli¬ 
cable to any number. From a ])oint O, in fig. 98, 
('which may be called the Diayrainof For(ies)y di'aw 
radiating lines O A, O B, O 0, O D, O E, parallel 
^j/si rt'spectively to tlie lines of resistance of the bars; 

and on those radiating lines take any lengths 
2 whatsoever, to rejireaent the siu'^ses on the 
He\eral bars, which may have any magnitudes 
within the limits of strength of the material 
\.\ A points thps found by strai^t lines, so as 

Nir to fono a closed jiolygon ABODE A; then the 
, sides of the iK)lygon will represent a system of forces, 

* which, being applied to the joints ofi^he frame, will 
baittnee each other; each such force being applied to the joint 
between the bars whose lines of resistance ai« parallel to the pair 


Fig. 98. 
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of ludiating lines that cndose the side of the iKjlygon of forces 
representing the force in question. 

When the external forces arc i»arallol to each other, the polygon 
of forces of fig. 98 becomes a straight lino A D, 
as in fig. 99, divided into segmei ts by the radiating 
lines; and each segment represents the extc'inal force 
which^cts at the joint of the bar^whose lines of re¬ 
sistance are parallel te the radiating lines that houiul o 
the segment. Mt»reover, tin* scgineut of the line 
A D which is intercepted between tlie ladiuting lines 
parallel to the lines of resistaiiee of ovt/ two bars, 
whether cantigaoiLs or represents the resultant of* 
the external fbm‘s wliieh act at pomts hetwfen thf^bars. 

Thus, A D represents the total load, consisting of 
the thre<‘ portions A 15, 15 (1, C D, applied at I, .“5, Fig. 99 . 
resjiectively. 1) A represents the total supporting 
force, equal and opposite to the load, eousisliug of the two portions 
1) E, EA, applied at 4 and/> respirt ivoly. A ''J I'cjm'sents the 
resultant of the load aj^plied between the bans A and 0; and 
fiimilaily for any other pair of bars. 

From O dinw O H piTjiendicular to A D; tluMi that !ine repre¬ 
sents a component of the stress, whose amount is tlie same iu each 
bar of the frame. When the load, as is usually the case, is vertical, 
that component is called the “ horizontal thn/st" of the fmme, 
and, as in Article 11^1, might more corri'ctly be called horizontai 
strehs or resistance, seeing that it is a jaill in some of tlie bai*a and 
a tlirust in others. 

Tho trigonometrical expression of those ]»rineij)les is as follows;— 

I^et the foiTe O II be denoted simply by H. 

Let i, i', denote the inclinations to () H of tlx' lines of resistance 
of ang two bars, contiguous or not. 

Let II, II', be tlio respectiie stw'sses which act along those bai’.s. 

Lot P be the I’csultant of the extemal lorccs acting ihiougli tlie 
joint or joints between those two bars. 

Then 



P - II (tan i db: tan i');.(1.) 

II ss H sec i; 11' -= H * sec t'..(2.) 


I difiercnce } tangents of the inclinations is to be 

»8ed, according M aw I I. 

117. Open Palrganai Frame. (A.if., 151,1»54.)-—When tho frame, 
instead of being closed, as in fig. 97, is converted into an ojien frame, 
by the omission of one bar, such as E, the corresjionding modifi(»ition 
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is made in the diagnim of inclined forces, fig. 98, by omitting the 
lines O E, D E, E A, and in the diagram of parallel forces, fig, 99, 
by omitting the lino (> E. Thou, in both diagi’ams, D O and O A 
r(‘proseut the sujyportkig /one'i respectively, equal and directly 
oppobcd to the btresboa alorjg tiio eitreme bars of the frame, D and 
A, which must he cxci-tod by the suppoHs (called in this case 
(ibnftnent}*)y «i tlio points 4 and against the ends of those*’ bars, 
in oixlcT to maintain tlic eqnilibiiuni. 

lu the case of iwalld loads, tlio following formuliE give the 
'horirontal stress and sup]>orting piossnrcs. 

Lot ai'd denote the a7igl( s of inclination of the bars T) and A 
respectively. 

Ijct Ilj, = (.) 1> and IL ■=. () A bt* the stresses along them. 

Let 2 • P=A1) donot( the toi.il load on the frami*; then, 


H=: 


tan <j4-taii 


llrf = H ' see ; 11^ = H • sec 



118. Po|T«onai rrnni«>—Mmbiiitf. 'i J/., l/>2.)—The stability or 
instability of a ])ol> gonal frame Jej^cjids on the pnijoiples stated in 
Article 112, p l7o, viz., that if a bar be frac to change its angular 
jMJsition, then jf it is a tie it is stable, and if a strut, unstable; and 
that a sti ut may be rtaidoi ed stable by fixing its ends. 

For example, in the fianic of fig. 97, E is a tie, and stable; A, B, 
r, ami I), are struts, tree to change their angular position, and 
thcrt*forc unstiible. 

But these struts m.iy be rt ncleved stable in the plane of the frame 
l»y luouns of st.iys; fbi’ ex.imjde, let fwo stay bars connect the joints 

1 w*ith 4, and 3 'with f), then the points 1, 2, and 3, are all fixed, 
HO that none of the stmts can change their angular positions. The 
Hanie etleot might he jiroduced by t^o stiy-bsirs connecting the joint 

2 with 5 ami 4. 

The frame, as a whole, is unstable, as being liable to overturn 
laterally, unless ]mjvided with lateral stays, connecting its joints 
with fixed ]H)ints. 

Now, suppose the frame to ho exactly inverted, the loads at 1, 2, 
and 3, and the supporting forces at 4 and 5, bci a' the same as 
before. I’hcn E b<*conies a strut; but it is stable, because its ends 
arc fixed in position; and A, B, 0, and D becomes ties, and are 
stable without being stayed. ** 

An open polygon connisting of ties, such as is formed by A, B, 0, 
and D, when inverted, is called by mathematicians, a funwuloflr 


t is to be observed, that the stability of an unstayed polygon of 
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ties is of tho kind which admits of oscillation to and fro about the 
position of equilibrium. That oscillation may be injurious in 
practice, and stays may bo required to prevent it. 

119. fintcinui oClPramc*. (A, M., 15.^.)—A is a stay-bar on 
whicli there is a ])crinanent stre^^. If the distribution of the loads 
on the joints of a jKdygoual Imme, though consistent with its 
equilibrium as a whole, bo not coasi&tout with tho equilibrium of 
each bar, then, in the diagram of forces, when convcigiug lines 
ies})ectivcly parallel to the lines of re.si.staiieo «ire drawn from tho 
angles of flu* polygon of external forces, those converging lines,* 
instead of meeting in ^ue ]K)ini, will lx* found to haw* g. ps between 
them. Tlie lines necessary to fill u]> those* gajis wfll indicate the 
forces to be supplied by meair ut the lesistance ot braces.* 

The resistance of a brace inti’oduces a ])air of equal and oj)posite 
forces, acting along the line of resistance tif tho brace, upon the 
pair of joints which it connects. It therefore does not alter the 
TCbuhantof the forces ajiplicd to Hint jiair of joints in amount nor 
in ijosition, hut only the distnhnth ol the components of that 
resultant on tho pair of joints. 

To oxcinplity the use of braces, and the modi* of d(*tQ)t*niining tho 
fetresses on them, lei fig. 100 rt'presi'iit a trainc such as frequently 


f 



I'ii?. loa. 


occui*H in iron roofs, consisting of two struts or rafters, A and E, 
and three tie-bars, R, C, and D, form¬ 


ing a ])olygon of five sides, jointed at 
1, 2, 3, 4, 5, loaded veriically at 1, and 
supported by the v(»rtical resistance of 
a pair of walls at 2 and 5. The joints 
3 and 4 having no loads applied to 
them, are connected with 1 by the 
braces 1 4 and 1 3. 



Fig. 101. 


To make the diagram of follies (fig. 101), draw the vertical line 
E A, as in Article 116, to rej)res(*ut the direction of tho load 
and of the supporting forcea 


• This method of treating braced frames contains an improvement sug¬ 
gested by Mr. Clerk Maxwell in 1867. 
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The two Begments of that line, A B and I> B, are to be taken to 
represent the supporting forces at 2 and 6; and the whole line BA 
will 1 ‘epresent the load at 1. From the ends, and from the point 
of division of the scale of external forces^ E A, draw straight lines 
parallel respectively to the lines f)f resistance of the frame, each 
line being drawn from the poinyin E A that is marked with the 
corresponding letter. Then A.U and B 6, meeting at «, 6, Vill 
n'epresent the stresses along A and B respectively; and B e and 
D dy meeting in c?, c, will represent the stresses along D and B 
(.respectively; but those four lines, instead of meeting each other 
and C c parallel to C in one point, leave gap^y which are to be filled 
up by drawing straight lines parallel to the braces: that is to say, 
from a, by to c, parallel to 13; and from dy e, to c parallel to 4 1. 
Then those straight lines will represent the stresses along the braces 
to which they are respectively parallel; and C c will reprCtsent the 
tension along 0. To each joint in the frame, fig. 100, there corre¬ 
sponds, in fig. 101, a triangle, or other closed polygon, having its 
sides res|)ectively parallel, and therefore proportional, to the forces 
that act at that joint. For exami>le, 

Jients, 1, 2, 3, 4, 5, 

Polygons, EAace E; AB6A; Bc6B; DrfcD; DEeD. 

The order of the letters indicates the directions in wliich the forces 
act relatively to tho joints. 

Another method of treating simple cases of bracing is illustrated 
by fig. 102. A and B are two struts, forming the two halves of 




one stiaight bar; 0 and D are two equal tie-rods; E, a stmt-braoe. 
A vertical load P is applied at tho joint 1, between A and B; two 
vertical supporting pressures, each denoted by E « P + 2, act at 
the joints 4 and 2. The joint 3 has no external load. 

Fig. 103 is the diagram of forces, constructed as follows;-^ 
Through a point 0 draw O B A parallel to A and B, 0 C parallel 



to d, and OD i»arallel to D; Make 0 D = 0 0; join 0 D; this 
line win be parallel to the brace E, and perpendicular to 0 A. 

Through 1) and 0 draw yertical lines D B, C A; these, being 
equal to each other, are to be taken to represent the two supporting 
pressures K; and their sum DB +A C will represent the load P. 
The equal tensions on 0 and X* will be represented by O C and 
0 D,%nd the thrusts along A, Bf. and E, by 0 A, O B, and C D. 

The polygon of external forces in this case is the crossed quad-, 
rilateral A 0 D B, in which C A and B D represent (as alieady 
stated) tlie supporting pressures, and D C and A B the components^ 
of the load P respectively parallel and perpendicular to the brace 
R When A and B a.te lioiizontal, and E vertical,^ B in fig. 103 
vanishes, and B D and C A coinnde with the two halves of C D. 

120. Kigiditr or « TrBiwfc (A. M., laG, 107.)—The word trues is 
applied in carpentry to a triangular fmme, and to a polygonal frame 
to which rigidity is given by staying and bmcing, so that its figure 
shall be incapable of alteration by turning of the bars about their 
jointa If each joint were cA^ohddy of the kind described in Article 
111, that is, like a hinge, incapable of ofifering any resistance to 
alteration of the relative angular position of the bare connected 
by it, it would be necessary, in oivler to fulfil the ftonditiun of 
rigidity, that every polygonal frame should be divided by the lines 
of resistance of stays and braces into triangles and other polygons, 
so anunged that every polygon of four or more sides should be 
surrounded by triangles on dl but two sides and the included angle 
at farthest. For every unstayed polygon of four sides or more, with 
flexible joints, is flexible, unless all the angles except one be fixed 
by being connected with triangles. 

Sometimes, however, a cei*tain amount of stiffness in the joints 
of a frame, and sometimes the resistance of its bars to bendhig, is 
relied upon to give rigidity to the frame, when the load upon it is 
subject to small variations only in its mode of distribution. For 
example, in the truss of fig. 104, the 
tie-b^m A A is made in one piece, or 
in two or more pieces so connected 
together as to act like one piece; and 
part of its weight is suspended from 

the joints 0,0, by the rods OB, OB. . F” 

These rods also serve to make the re- 

eistance of the tie-beam A A to being bent act so as to prevent the 
struts AC, 0 0, 0A, from dbviating from their proper angular 
motions, % turning on the joints A, C, 0, A. If A B, B B, apd 
B A, wore three distinct pieces, with flexible joints at B B, it is 
. evid^t that the frame might be disfigured by distortion of the 
quadrangle BOOK 
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The object of stiffening a truss by braces is to enable it to sustain 
loads variously distributed; for were the load always distributed in 
one way, a frame might be designed of a figure exactly suited to 
that load, so that there should be no need of bracing. 

The variations of load pr(.)dnce variations of stress on all the 
pieces of the frame, but es[»eciaw on the bi’aces; and each piece 
must be suited to withstand the 4**Gatest stress to which it is*liable. 

. Some pieces, and especially biuces, may have to act sometimes as 
struts and sometimes as ties, according to the^inode of distribution 
of the load. 

121. Merondarf nnil Compound Trnwslng. (d. if., 158 to 160.)— 

A secondary truss is a truss which is supported by another trusa 

When a load is distributed ovsr a great number of centres of 
resistance, it may bo advantageous, instead of connecting all those 
centres by one polygonal frame, to sustain them by means of several 
small trusses, which arc supi)ui-ted by larger trusses, and so on, tlie 
whole structure of seooudary trusses resting finally on one large 
truss, which may be Cfilled the primary truss. In such a combina¬ 
tion the same piece may often foim part of difierent tiussesj and 
then the stress u])on it is to be determined according to the follow¬ 
ing principle;— 

’ When the same bar Jhi'ms at tlie same dime part of two or more 
different frames, the stress on it i,s‘ the resuita'nt of the seoeral Presses 
to which it is sid>j€ct hy reason of its podtion in the s€n>eral frames. 

In a Gtmipound Trass, several fmmes, without being distinguish¬ 
able into primary and secondary, are combined and connected in 
such a manner that certain pieties are common to two or more of 
them, and require to have their stresses determined by the principle 
above stated. 

Examples of secondary and compoimd trusses will be given in 
treating of structures in timber and iron. 

123. Keisltdunce of uFranu* atuSrclion. (A. i/., 161.)—The labour 
of calculating the stress on the bars of a frame may sometimes be 
abridged by the application of the following principle:— 

If a Jrnme he acted upon hy any system of external forces^ and if 
tibot frame he conceived to he c<ympletely divided into two pa/rts hy an 
ideal surface, tlse stresses along the bars which are intersected by ihai 
mrfaee, hedemee tite external forces which aet on each -f ^ two pa/rts 
of the frame. 

In most cases which occur in practice, the lines of resistance of 
the bars, and the lines of action of the external forces, are all in one 
vertical plane, and the external forces are vertical. In such^ cas^ 
the most convenient position for an assumed plane of section is 
vertical, and perpendicular to the plane of the frame. Take the 
vertical line of intersection of these two planes for an axis of oo- 



BESISTANOX OF A FRAME AT A fiOSCmOK—CHAINS. 


185 


ordinates^—aay for the axis of y, and any convenient iK)int in it for 
the origin 0 j let the axis of a? be horizontal, and in the plane of 
the frame, and the axis of z horizontal, and in the plane of section. 

The external forces applied to the part of the ^mo at one side 
of the plane of section (cither majF be chosen) being combined, as 
in Article 99, p. 146, give three\ata—viz,, the total force along 
«; = 2I 'Aj the total force along • Y; and the moment of the 
couple acting round z ■= M; and the bars which are cut by the plane 
of section must exert resistances capable of balancing those two 
forces and that couple. If not more than three bars are cut by the 
plane of section, there are not more than three unknoji^n quantities, 
..Jl^nd three relations betv^en them and given quantities, so that the 
proRlesj^s determinate; if more’than three bars are cut by the 
plane of BetkLm, the problem is or may bo indeterminate. 

The formulae to which this reasoning leads are as follows:—Let 
w be positive in a direction from the ])laiie of section towards the 
jMuii of the structure which is considered in determining 2 • X, 2 * Y, 
end M; let-(-y be measured upwards; let angles measured from 
O X towardsH-y, that is, upwards, be positive; and let the lines of 
resistance of the three bars cut by the plane of section mak<j the 
angles ij, ig, with x. Let nj, n^, be tlie j)erpenmcular dis¬ 
tances of those three lines'of resistance from O, distances lying 


upwaids 1 fj.Qm q jg being considered as I I. 

downwards j ® ( negative j 

I^t Rj, R^, Rs, be the resistances, or tolrj stresses, along the 

three bars, pulls being positive, and thrusts negative. Then we 

have the following three equations:— 


2 * X = Rj cos H" Rg cos 4 cos * 3 ; 
2 ‘ Y = R j sin 4- R 2 shi 4 + R 3 sin ; 
— M = Rj Wj “k R2 W2 H“ R3 



from which the three quantities sought, R^, Rg, R 3 , can he found. 

Sjteaking with reference to the given plane of section, 2 * X may 
be called the rummd stress, 2 • Y, the sJtmnng stress, and M, the 
fnMnffnt of Jl&mre, or hendmg stress; for it tends to bend the frame 
at the section under consideration. M is to be considered as 


{ n^ative R tends to make the frame become con- 


/ ) 

(downwards.) ^ 

Examples of the application of this method will be given in 
treating of lattice-beams of timber and iron. 

eCja .chaiii or A loaded chain may be looked 

upoDL as a polygonal frame whose pieces and joints are so numerous 
that its hgure may without sensible error be treated as a continuous 
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curve. The fbUowing are the principles respecting the eqmliV 
rium of loaded chains and cords which are of most ixnportatioe 
,in practice. 

I. Balance of a Chain in gm&ral. —Let DAO, in fig. 100, repre¬ 
sent a flexible cord or chain supported at the points 0 and D, and 

loaded by forces, in any 
direction, constant or vary¬ 
ing distributed over its 
whole length with con¬ 
stant or varying intensity 
Let A and B be any 
two points in this chain; 
from those points draw 
tangents to the chain, A P and B P, meeting in P. The load acting 
on the chain between the points A and B is balanced by the puUs 
along the chain at those two points respectively; those pulls must 
resfMictively act along the tangents A P, B P; hence the resultant 
of the load between A and Bacts through the point of intersection 
of the tangents at A and B; and that load, and the tensions on the 
chain at ^ and B, are I’espcctively proportional to the sides of a 
tiiangle parallel to their directions. 

II, Clw/m under Vertical Load — Curie of Equilibrium. —If the 
direction of ^tho load be everywhere parallel and vertical, draw a 
vertical straight line, C D, fig. 106, to represent the total load, and 
finm its ends draw C O and D O, parallel to two tangents at the 

points of support of the chain, and meeting in O; 
those linos will represent the tensions on the chain 
at its points of support. 

Let A, in fig. 10/5, be the lowest point of the 
chain. In fig. 106, draw the horizontal line O A; 
this will represent the horizontal component of the 
tension of the chain at every point, and if O B be 
parallel to a tangent to the chain at B (fig. 100) 
A B will represent the portion of the load 
ported between A and B, and 0 B the tension at R 
To express this algebraically, let 

H =; 0 A = horixonlal tension along the chain at A; 

R = 0 B = pull along the chain at B; 

P A B = load on the ch/dn between A and B; . 




%ss 


then, 

>« 


X P B (fig 100) = ^ A 0 B (fig. 106) = inclination of 

chain at B; 

P = H tan f j R = (P® + H*) H sec t.. (1.) 
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To deduip$ from these formolse aa equation by which the form of 
the curve assumed by the chain can be determined when the distri¬ 
bution of the load is known, let that curve be lefennd to rectangular 
horhsontal and vertical co-ordinates, measured from the lowest pointi 
A, fig. 105, the co-ordinates of B l^ing, A X =s a;, X B y; then 

..W 

a differential equation which enables the form assumed by the cord 
(or “curve of equilibrium^') to be determined when the distribution 
erf the load is known, % • 

124, To Draw a Carre ofEqiiillHriuai approxiaaatr>lr* 

Pboblkm. —Let H and K, fig. 1(<7, be the two points of suspen¬ 
sion of a chain under a vertical load; let the distribution of the 



load be given, and the direction of a tangent II L to the chain at 
one of the points of suspension; it is required to draw approxi¬ 
mately the figure of the chain. 

Find the centre of gravity of the entire load, and let G L be a 
vertical line passing through it, cutting the tangent H L'in L. 
Join K L; this will be the tangent to the chain at the other point 
of suspension. 

Conceive the load to be divided into any convenient number of 
portions; the more numeinus these are, the closer will be the 
approximation to the required curve. Find the centres of ginvity 
of those portions, and let Pj, Pg, &c., be vertical lines passing 
through those centres of gravity. 

In fig. 108, draw the vertical lino, or ecede of hadst A G, whose 
Vrhole length represents the entire load; divide it into parts, A B 
or 1, B 0 or 2, &a, representin^the several portions of the load, 
through A dmw A 0 parallel to L H, and through G draw G () 
jterall^ to X L, cutting each other in 0. From O draw radiating 
lii^ O B, O C, &c., to the points of division of the scjale of loads. ' 
’ /Then, in fig. 107^ fiom the point of intersection of A^ or H 1^ 
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with Pj, draw B parallel to O B, cutting Pg; from the point of 
intersection of B and Pg, draw C jmrallel to O C, cutting Pa, and 
«o on, until the “funicular polygon” ABO, &c., is completed; 
'that polygon is composed of tangents to the required curve of equi¬ 
librium, to wliich an approxinijdion may be drawn by sketoliing a 
curve so as to touch the sides the polygon. ^ 

125. c^hnlii Niitier an Unlforni Terticnl Lioad—Suapeainiau Bridge^ 

(-4. J/",, TB9, 170.)—By an uniform vertical^ load is meant a load 
uniformly distributed along a horizontal straight line ; so that if 




A, fig. 109, be the lowest point of the rope or cord, the load sus¬ 
pended between A and B shall be propo!*tional to A X = a?, the 
horizontal distance between those points, and capable of being 
•expressed by the equation 

P-px; ..( 1 .) 


where p is a constant quantity, denoting the intemUy of tlua load in 
u7iUs of weight per unit of horizontal length; in pounds per lineal 
foot, for example. 

In this case, because the load between A and B is uniformly 
distributed, ite resultant bisects AX; also, the tangent B P bisects 
AX; and the cui-ve tissumed by the chain is a parabola whose 
verl-ox is at A. 

The proportions of the load, and the horizontal and oblique ten¬ 
sions “are as follows:— 


P : n : E : : B X : X P : P B : : y : I: + 

-.fX- 


K2.) 


The focal distance of the ])arabola is 


m 




_H 



These equations are applicable, -with sufficient accuracy for prac¬ 
tical purposes, to most examples of SvspenHvon Bridgea uoiih wrlvyd 
rods i for although in a bridge of that class the load is not con¬ 
tinuous, the platform being hung by rods from a certain number of 
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points in each cable or chain; nor nniformly^ disturbed, the load 
arising fi’om the weight of the cables or chains and of the suspend¬ 
ing rods being more intense near the piers; yet, in most cases 
which occur in practice, the condition of each cable or chair? 
approaches sufficiently near to that of a cord continuously and 
uniibnnly loaded to enable the p^ceding equations to be applied 
without material eri*or. *, 

The following solutipns of some useful problems are deduced from , 
tliese equations:— 

Pbqblbm First. —Given iJie devatiom, y^, yg, of die ttoo poirUs 0 / ^ 
support of the chain above ifo lowest point, and (deo the JuyrvspTUal dis¬ 
tance, or span a, hetwem those points of supjmrt: it is required tojmd 
the horizontal distances, Xj, Xg, oftM lowest poind from the two points 
of support: also die focad. distance m. 


X\ 


a 


JVx 








n/^iH- v'2/; 


.(4.) 


7ft = 


4yi+4?/2 + ^ 

When the points of suppoiii are at dw same level, 


(«■) 


a 


a* 


V,=I/2-,^i = p ”*=16^, 


yi 


(«•> 


PaoBiiEM Second. —Given the same data, to find the indinatiom 
ij, ig, of the chain at the points of support 

taEHtan 4 = ?»S= 22 ^±liM*-( 7 .) 

^ Xi a ^ £Co cb ' ' 


when 


Vi = .V2» h = h = 


a 


( 8 .) 


Prob l em T hird. —Given the same data, and the load p per mU 
of lengdk: re^wred the horizontal tension H, and the tensions Rj, R 2 , 
qH the potato of support. 


H=;2p7ft = 


pa^ 


. 


23/1 + 2^2 4-4^^1^2 

E, = Hv(l + ^; S, = Hj(l + ^)....(10.) 








190 


MATEEXALS AND ffTBUCTDEia 
Whon ffi -itk those equations become 

, H =g; Ri = E, = H V(l + .(tl.) 


’' Problem Foubtil, —Gwen the fame cfeito as in Problem Fvtt$t to find 
the'Wi^VCofiihe cluiin. , 

The following are two well-known formulce for the length of a 
parabolic arc, commencing at the vertex, one being in terms of the 
co-ordinates x and y of the farther extremity of the arc, and the 
other in terms of the focal distance m, and the inclination % of the 
farther extresmity of the arc to a tangent afe the vertex. 


8 


= V (»*)+4“ • ^yv- log- ^ 

2 


==w[tan i ’ sec i + hyp. log. (tan sec i)j ..... (12.) 


The length of Uie chain is where is found by putting ajj 

and y^ in the hrst of the above formulae,-or in the second, and «2 
by putting jCg ^^<1 2/2 formula, or in the second. 

The following approximate furmida for the length of a parabolic 
arc is in many cases sufficiently near the truth for practical 
purposes: 


2 

fi = aj 4" ■ nea/rlyf 


3 X 


(13.) 


which gives the total length of the cord, 

4- ^2 = « + +^'nsarly, 
and when = y^t this becom^^s 

8 v* 

2 Sj = rt 4- 2 * — nea/rly^ . 


(14.) 



* Prob lem Fifth. —Gwm ihe same data, to find, approximdt^ty, 
the small elongation of the chain d (sj«4" Sg) required to produce a ytven 
email depression dy of the lowest point A, am conversely. 
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Wbeii Pi^z tliU eqimtioii becomes 

ICy-^'Ta'"' 

These formulse serve to compute the depression which the middle 
point of a suspension bridge undergoes in consequence of a given 
elongatidn of the cable or chain,* whether caused by heat or by 
tension. 

Pbob uem Sixth.—- 2b find the pressure on the top of each pier. 

When the piers of a suspension bridge arc slender and veitacal 
{as is usually the case), the resultant pressm-e of the chain or cable 
dn the top of the pier ought to be vertical also. Thu^ let 0 E, in 
fig. 109, represent the veitiical axis Df a pier, and C G the portion of 
the chain or cable behind the pier, which either supports another 
division of the platform, or is made fast to a mass of rock, or of 
masonry, or otherwise. If the chain or cable passes over a curved 
plate on the top of the pier called a saddle, on which it is fi*ee^to 
slide, the tensions of the jK)rtions of the chain or cable on either 
side of the saddle will be equals and in order that those tensions 
may compose a vertical pressure on the pier, their inclinations must 
be equal and opposite. Let i be the common value of thosS inclina¬ 
tions j B the common value of the two tensions; then the vertical 
pressure on the pier is 

V = 2 B sin i = 2H tani = 2/?®; . (18.) 

that is, twice the weight of the portion of the bridge between the 
pier and the lowest point, A, of the curve 0 B A D. 

But if the two divisions of the chain or cable 1) A C, C G, which 
meet at 0, be made fast to a sort of truck, which is supported by 
rollers on a horieontal cast iron platform on the top of the pier, 
ihen the pressure on the pier will be vertical, whether the inclina¬ 
tions of the two divisions of the chain or cable be equal or unequal; 
and it is only uecessaiy that the horizontal components of their ten¬ 
sion should be equal; that is to say, let i, H, be the inclinations of 
the two divisions of the chain or cable in opposite directions at 
0, and B, B', their tensions, then 

B = H sec i; R' = H sec i'; 

V R sin i + B' sin = H (tan i -b tan i') .(19.) 

126. BmqiMimtow Bridge witb Shkplng Rod*. {A, M,, 172.)—Let 
tlm ninformly-loaded platform of a suspension bridge bo hung from, 
the chams hy parallel sloping rods, making an uniform angley’with 
the ver^osd. The condition of a chain thus loaded is the same with 
that a chain loaded., vertically, except in the direction of the 
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load j and the form assumed by the chain is a jiarabola, haring its 
axis piarallel to the direction of the suspension-rods. 

In fig. 110, let C A represent a chain, or portion of a chain, sup- 
Iported or fixed at 0, and horizontal at A, its lowest point. Let 

A 11 be a horizontal tangent at A, repre¬ 
senting the platform of the bridge; and 
let the suspension rods be all*parallel 
to C E, which makes the angle ^ E C H 
= j with the veitical. Let B X repre- 
,sont any rod, and suppose a vertical 
load « to be supported at the point X. 
Then, by the jn'inciples of the equilibnunf* of a frame of two bars, 
this load will jiroduce a puU, p, on the rod X B, and a trusty y, on 
the platform between X and IT; and the three forces r, p, will be 
proportional to the sides of a triangle parallel to their directions, 
such as the triangle O E H j that i.s to say, 


7^ 




y 


Fig, no. 


w : p : 5 ': : C H : 0 E : EII : : I : sec J ; tan^.(1.) 


Next, instead of considering the load on one rod B X, consider 
the entire vertical load V btjtween A and X. 

Let P represent thes amount of the pull acting on the rods between 
A and X, and Q the total thmst on the platform at the point X; 
tlien, 

V : P : Q : : OH : CTl : ETI ; : 1 : secy : tany... (2.) 


The obliqijce load P = V sec J is what hangs from the chain between 
A and B. Being \miformly distributed, its resultant bisects A X 
in P, which is alstj IIk*. (loint of intersection of tiic tiingcnts A P, 
BP; and the I’atio of tlui oblicpie load P, the horizontal tension 
H along the cliain at A, and the tension B along th(3 chain at B, 
is that of the sides of the triangle B X P; that is to say, 

P : 11 : R ; CWX :"X P = ; BP..(3.) 


The curve C B A is a parabola having its axis parallel to the in¬ 
clined suspension rods; and its equation referred to oblique co-ordi¬ 
nates, with the origin at A, is as follows. Let AXsa:, XB=p; 
then, 


2 / = 


COH^j 

4m 


(4.) 


where m, as in Article 125, denotes the focal distance of the para- 
^bola, given by the equation 
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’ cos® J 

m = —.-= 

iy 




* aod y being tbe co-ordinates of any hnovm point in the cur^Aa. 
The length of the tangent B P = f is given by the following 
equation;— 


(^+2/®“+fl5y *siny^.(C.) 


IFence are deduced the following forrnulse for the relations amongst, 
the forces which act in a suspension bridge with inclined »’ods:—Let 
V now be taken to dendte the ivdermty of the verticai load per unit 
of length of horizontal platform—per foot, for example y p the in¬ 
tensity of the oblique load; q the rate at whicli the thrust along 
the platform increases fi'om A tf)wards H. Then 

Y =:VX] ) 

V =z p X = -»; a; • sec^‘; J- .(7.) 

Q = <7 as = a; • tanj; ) 


H 


sbP 2 pm 

2y ! 2?/ cos®y 


2 « »n ■ sec® j 


( 8 .) 


B = 


tV 

y 


2tyL 

X 


ptx vtxsecj 

V ~~ y ' 





The horizontal pull H at the point A may be sustained in three 
different ways, viz.:— 

I. The chain may lie ancltored or iiiade fast at A to a mass of 
rock or masonry. 

II. It may be attached at A to another equal and similar chain, 
similarly loaded by means of oblique rods, slojung at an equal 
angle in the direction opposite to that of the rods B X, &:c., so that 
A may be in the middle of the span of the bridge?. 

HI. The chain may be made fast at A to the horizontal platform 
AH, so that the pull at A shall be balanced by an equal and oppo¬ 
site thrust along the platform, which must be strong enough and 
stiff enough to sustain that thrust. In this case, the total thrust at 
any point, X, of the platform is no longer simply Q = ^ a;, but 


H + Q 



X 


ss «(2 OT* sec®y + x • tan jf). 


( 10 .) 


The Unyth of tihs paraJbolw arc, A B, is given exactly by the 

o 
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following formulae:—Let i denote the inclination of i^e pamhola 
at the point JB to a line perpendicular to its axi». Then 


( 3S ^ 

^ ’qohJ^ 


.( 11 .) 


which, when B coincides with ,,A, becomes * - j* - Then 

from the known fonnulae for the lengtlis of parabolic arcs, we have 

parabolic arc A B =? w -j tan i si.‘c i — isaij sec J 
, , tan i +sect.) 


, , tan 1 +sect,) 

+ . 


In most cases which occur in practice, however, it is s\i£icient to 
use the following approximate, ibrmnla:— 

y /if2 • Q 

arc A B = SB + y * sin i + 3 nearly.(13.) 

The formula} of this Article are ap])licable to Mr, Dredge’s sus¬ 
pension bndges, in wliich the suspending i*ods are inclined, and 
although not exactly jximllcl, are nearly no. 

127. licflecUoii of a Ficxibio Tic. {A. ;1L, 171.)—^Let a Vertical 
load, P, be applied at A, fig. 111, and sustainerl by means of a 

horizontal stiut, A B, abutting against a 
pier at B, and a sloping rope or chain, or 

I Ti. other flexible tie, ADO, fixed to the 

I 1”^*’ weight of the 

strut, A15, is supposed to bo di\dded into 

_components, one of which is sup- 

a I-:-j- ported at B, while the other is vmluded 

** in the load P. The weight, W, of the 
flexible tie, ADC, is supposed to be 
known, and to be considered sejmrately; and with these data there 
is proposed the following 

Problem. —W being small convpa/red wUh P, to Ji/tid a^nroarnixUdg 
tlie verHcal depression ED of the feocible tie bdow the efy'otight line 
A C, the pulls (dong it at A, D, and 0, and the thruet 

along A B. 

B^use W is small compared with P, the curvatuie of the tie 
will be small, and the distribution uf its weight along a horizontal 
liue Uiay be taken as approadmcUelg uniform; theremre its figure 
will be nearlg a parabola; the tangent at D will be sensibly i)ara]lel 
to AC, Rud the tangents at A and 0 wUl meet in a point .which 
will be near the verth^al line E B P« which line bisects A 0, and. is 
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bisected in D. Hence the following solution is in general suffi> 
cieutly near the truth for practical pujr|H>Be8. Let be 

the tensions of the tie at A, D, C, respectively, and H the horizontal 
thimt; then 



The di^hrmice of length between the cuiwe ADC and t|je straiglit 
line A E G is found very nearly by ilie following formula:— 


_ __ AB2 DE2 

adc-aec=5 - 


AB2B02 

"a'c» 


p+w ....(2.) 

I ) 


If E E be made = 2 D E, F C and A will be appi'oxiinately 
tangents to the chain at 0 and A. 

12d. The CaieMary {A. M., 17d), iu the most general sense of the 
word, is the curve formed by a chain when loaded in any manner; 
but when used without qualification, its application is usually 
restricted to the case of a chain of uniform section and mateiial, 
loaded with its own weight only. As thus defined, the catenary has 
the following properties:— 

1. All catenaries are similar. 

IL The fgure of the catenaiy is expressed algebraically by 
' the following equation. (See fig. 112.) 

Itet A be the vertex, or lowest point of 
, th^ catenary, where it is horizontal. 

A 0 is a vertical line, called the para¬ 
meter, or modulus of the catenary, on 
whifiih all its dimensions depend; let 
the length of that line be denoted by 
. Tf^e O for the origin of co-ordi- 
hIKteek IdCt B be any other point , ih ,the catenary, whose abscissa. 
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or horizontal distanco from. O, is 0 X = a;, and vei-tical height above 
the same point X B = y. Then 


the ordinate X B = y = ^ ” -j- g 

Jfl /■ i _*L\ _-_ 

the arc AB=s= 2 (e’" — e *")= ^ip- — Wi®; 
the abscissa in terms of tlie ordinate, 

* = m l,yp.log. (I ); 

the area, A U X B =y^fly — c“ “^ = 7 

the rate of slope at tlie point B, 


dn 

dx 


tan i 


. I f Z _ 8 

IJ \ / 7it 


( 1 *) 


(i being tht^ fnigle of inclintiiion of the curve at B to the horizon) 
The radius of curvature at the same point is, 


'’ = m = l(*" + '' ” + ^); 


at the point A, ^ = w. 

OiuB X as a hypotlu'nuse construct the right-angled triangle 
X B, in which X T = 0 A = m. Then T B will be a tangent to 
the catenary at B, and will be equal in length to the arc A B = 

Through B draw B N perpendicular to B T, cutting 0 X pro¬ 
duced in X ; B N is equal to the radius of curvature at the 
point B. 

III. The mechanical properties of the catenaiy ai’e as follows ;— 

Letp l)c the weight of an unit of length of the chain (as one foot); 

* X 

• The functions < "» and a ' m, or the Naperian Anti-logarithm of ~ and its recip¬ 
rocal, are nK»t easily calculated by moms of a tablo of Naperian or hyperbolic 
anti-logarithms, or, in its absence, by a table of hyperbolic logarithms. But should a 
tabic of common logarithms or •mtUlogarithms alone be at hand, the following formnla 
is to be used 

4843 £ 

10 * nearly. 
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H, l^e horizontal tension at A; P, the vertical load between the 
l)oints A and B ; E, the tension at B. Then 

H ; P = jt)s ; K=: ; *. 

80 that the parainetar r()presents a length of chain whose weight ia 
equal to the horizontal tension; and the ordinate X B s= 1 / at any 
point represents a length of chain whose weight is ecpial to the 
tension at that j^oint. 

IV. PkobTjEM.— Given two points in a catenary^ and the kngth of 
chain hetiveen them ; required the remainder of the curve. 

Let h be the horizontg,! distance between the two ^loiiits, v their 
difference of level, I the length of chain between them. Those 
three quantities are the data. 

The unknown quantitirss imiy bo expressed in the following 
manner;—Let x^, yj, he the co-ordinates of the Ijigher given point, 
and Sj the arc terminating jit it, all measiirfsl from the yet unknown 
vertex of the cfitenary, and y. 2 > coiTtjspondiug quantities 

for the lower given jjoint. 

Then the parameter rn is to be found by a series of a])proximations 
from the following equation:— ' « 

m — e ;. (d.) 

the position of the vertex horizontally, by cither of the eejuationa. 


*1 = 



a :2 = ^(w'hyp. log. 



and the position of the vertex vertically by calculating y from x 
and m for either of the given ))oints. 

The part of a catenary in the neighbourliood of the vertex 
differs but little in liguj*c from a parabola whose focal distance 
is m < 4 * 9, half the modulus of the catenaiy; and in calculations for 
practical purposes within certain limits, the parabola may be used 
instead of the true catenary, its equation being more simple. 

To sliow the amount of the difference between those curves, the 
following comparison is given, in which, instead of tlje finite equa¬ 
tion of tlie catenary, an infinite converging series is substituted. 
The ordinate is supposed to be measured f^m the point O in fig. 
113, at the distaince m below the vertex. 


Ordinate J 
of the 1 


Catenaiy; y =r/n(^l + 
Parabola; + 


a?" 


2 7n^ 


/fc» 4 r 

"b —, ; - 7 " "H m nn —ft “1" 

720 




aj2 V 

2 my* 
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Slope of 
♦ the‘ 


CatenMj; + g^sH- 

Pambola; ^ ; 

ax m 


as* 

120 



Area of 
the 


Length 
of the 


Catenary ■. j y dx =.m<c{l ++ &a); 
Parabola ) j 1 / dxrr.m x ^ » 

(iutenavy; a = * (l + &«.); 

Parabola; s=x (l -f . -j- &c.). 

\ (> y/i^ 40 'm* / 


It is to be borne in njind that the quantity denoted by m in 
these formula! is doable of that denoted by win Ai-ticle 126. 

The following labhi exemplifies their results for the case ac =:wi 


Catenary,. 

Pambola, .... 


Difiereiico,. 


I 

1 


Ordinabi 
z=zm X 

Slope. 

•1 Area 

1 = «/ aj ^ i 

Length 
! =0! X 

I *056 1 

0-3395 

1*0186 

i*oi86 

I -0556 

0-3333 

1*0185 

1*0182 

0*0005 

o*oo6s 

O'OOOT 

0*0004 


Tlie jCntcnary of Uniforui sircnuth is the lj.gui*e assumod by a chain 
loaded in any inannoi-, whose sectional area at each point is propor¬ 
tional to the ten.sion. I’lie figure assumed by such a chain, when 
loaded with its own weiglit only, was iimistigated by Mr. Davies 
Gilbert, in a paper published in the Philosophical Trcmsactiom for 
1820. The Reverend Canon Moseley, in his Mechamcs of Engim^- 
iag mid Architecture^ has investigated the figure of the catenary of, 
equal strength 'when the chain is loaded with suspending rods and. 
a platform, as well as with its own weight. The r^ulting equatipna 
are of great complexity when in their exact form; but Mr. Moseley 
shows that in those cases which occur in practice the parabola 
forms a close approximation to the true curve, as it does in the case 
of the common catenary. 

Tinder the head of “ Metallic Structures,” it will be shown how- 
far it is useful in practice to take into account the peculiaiities cd 
the oatenary of uniform strength. 
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iOO. Cemre •FWmrlit •F « ff'le**Me Structure. {A, M.f 176.)—In 
every case in whicli a perfectly flexible structui-e, such as a cord, 
a chain, or a funicular polygon, is loaded with weights only, the 
hgiiro of stable equilibrium in the struqture is that which corres- 
[)onds to the lowest possible po.sition of the centre of gravity of the 
entire .i'Dad. This principle enables all problems respecting the 
equilif)rium of vertically loaded flexible structures to be solved by 
means of the “ Calci4us of Variations but it 1ms not hitherto been * 
much applied to practical questions. 

130. Tmiiarormaliott of Fraiucii and Ohain*. (^A.M.y 166.)-*—The , 
principle explained in Article 101, p. 150, of the tmn^formatiou 
of a set of Unes ropretfenting one balanced system*of forces into 
another set of lines representing .mother system of forces which is 
also balanced, by means of wliat is called “ Pakallel Projection,” 
being aj>j)lied to the theory of frames, takes the following 
form:— 

If a frame whose lines of I'esistance constitute a given figure^ he hal~ 
nnced under a system of external forces represented by a given system of 
lines, then will a frame whose lines of resistance constitute a figure which 
is a parallel projection of the original figure., he balanced under a system 
of forces represented by the cotresponding parallel projection of the given 
system of lines; and the lims representing the stresses along the bars of 
the new frame mil be the cotresponding parallel projections of the lines 
representing the stresses along the bars of the original fratne. 

This theorem enables the conditions of equilibrium of any un- 
symmetrical frame which happens to be a parallel projection of a 
symmetrical frame, to be deduced from the conditions of equUi- 
brlum of the symmetrical frame. 

The principle of tmnsformatiori by pirallel projection is applica¬ 
ble to continuously loaded chains as well as to polygonal frames. . 
Por instance, the bridge-chain with sloping rods of Article 126, 
p. 191, might bo treated as a parallel projection of a bridge-chain 
with vertical rods, made by substituting oblique for rectangular 
co-oi’dinates. 


The algebraical expressions for the alterations made by ]^)arallol 
projection in tlie co-ordinates of a loaded chain or cord, and in the 
forces applied to it, are as follows ;— 

In the original figure, let y be the vertical co-ordinate of any 
|X)int, and x tlm horizontal co-ordinate. Let P be the vertical load 
applied between any point B of the chain and its lowest point A; 

let p as be its intensity per horizontal unit of length ; let H be 


the 'horizontal component of the tension; let R be the tension at 
,, ^ Btippose that in the tiansforined figui'e, tlie vertical ordinate y, 
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and the vertical load P', which is represented by a vertical line, are 
unchanged in length and diiection, so that we have 

y'=:2/;F==P;.(1.) 

< ■ 

but for each horizontal co-ordinate a, let there be substituted a 

horizontal or oblique co-ordinate a/, inclined at the angle y to the 

horizon (which may be = 0), and 'altered in length by the constant 

ratio -—a. 'J’Jien for the liorizonfail tensiUn H, there will be 

X 

substituted a horizontal or obli(]U(j tiaision 11', paiallel to and 
altered in the same ])roportion with that co-ordinate j that is to say, 

x'^axi H' = aH.(2.) 

The original tension at B is the I’esultant of the vertical load P 
and the horizontal tension Jl. Let R bo its amount, and i its in¬ 
clination to H; then 

= .(a.) 

and the ratios of those three forces are expressed by the proi>oi*tion 

< P : H : R : : tun i: 1 ; sec i ; ; sin i : cos i : 1.(4,) 

Let R' be the amount of the tension at the point B in the new 
structure, corresponding t(» B, and let i' be its incliuutiou to the 


horizontal or oblique co-ordinate x'; tlien 

R' = v' (P'" +11'2 db: 2 F H' sin j) .(5.) 

P' : IP : R': : sin i ': cos {i'z±zj): cosy.(6.) 


The alternative sigjis z±z are to be used iiccording as i' and j 
(agree) . 

jdkfl ” 

The intensUy of the load in the transformed structure per unit oj 
length measured along d x’, whether horizontally or obliquely, is 

,y _ _P. 

ded 

and if x‘ be oblique, and tbe intensity of the load be estimated per 
unit of horizowtcU length, it becomes 

p sec ? = 

(t’cosy 

' 131. The Tmm*foriiied t'atrnary furnishcs a good example of the 
transformations of chains, being derived by parallel projectioii from 
the common catenary. It has already been stated (see Article 
123, equations 1) that in the common catenary the area 0 ABX^ 












TBA37SFOAHED CATENAEY. 


201 


fig. IIS, is proportional to the arc A B, being equal to a rectangle 
whose sides aro respectively the modulus w = O A, and a straight 
line equal to the arc A B. Hence the common catenary is the 
curve of equilibrium for a chain supporting a load which, whether 
arising from its own weight alone or from other weights also, is 
proportional upon any given arc ^ B of the 
chain, to the area enc]osc*d betweeT\. that arc^ 
the two oitliriates A O and B X, and the 
directrix 0 X, wliich is at the d(‘pth m below 
the vertex ;; the mtomti/ of thjp load at any 
point B being propoitional to tbe^ ordi)iate 
?/=rBX. This condition of the chain may 
l>e represented to the mind by conceiving tlje 
whole load to consist of tlie weight of an uniformly thick sheet of 
some uniformly heavy substance, bounded above; by the catenary 
and below by the straight line O X. Ijot tv denote the weight of 
an unit of area (say a square foot) of that sluKjt; tlieu in the Com¬ 
mon CcUenar^y 



the horizontal tension 11 ■= w ‘ O , 

the intensity of the load at B —p = iv if — ™ i 

the load between A and B = 1* = to • O A X U = w j p d x 

V) mr f - ■^ \ ^ 

= "2 V®“-« 



the tension at B :s: w m y=. "‘+ e ” j 

Now supiwBo a curve to be made, such as is reiutisented by a 6 in 
fig. 113, by preserving the horizontal abscissa of each point in the 
chain, but altering its vertical ordinate in a constant mtio: so 
that 

OA Ou ; :XB :Xbi 
or denoting 0 a by y„ and X b by ij 


Then the new curve, or Transformed Catenary, ab, is the 
form of equilibrium for a chaiif so loaded that the load on any arc 
? * P^po^ional to the area 0 a X, and the intensity at the jx»hit 
0 to the ordinate X b. In the transformed catonaiy all the hori* 
^nts.1 forces remain the same as in the original catenaiy; while all 
the vertical forces are altered in the ratio y^\m\ that is to say, 
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The horizouttil tension H' sa H ss w®; 


the intensity of the load at h 




the load hetw een a and 6 = P' = m> jf/dx 

- 2 e 

the tension at b = »/ P® + H®. 


J 


In the course of tlu‘ ii]»|)lie;ition of these princijdes, the following 
problem may occur given, the direcin'ix O X, the veri^ a of tJx 
chain^ and a point of mpjHrrt b; ll is required to complex the j^nre 
of the chain. Ft)r this ynirpoHc it is necessary and sufficient to find 
the modulus r/i, wliich is <lone by means of the following formula; 
let Pa = O rt hti the ordinate at a, y' the ordinate at the point of 
support, a? the horizontsil distance 0 X ; then, 


X 







Tlie princif»il use of the ti-ansforraed catenary is as a figure for 
arches. (See the next Article.) 

'>432. Iiiiiear Archri* or Ribw in genrrul—Their Traii»formaliofli« 

{A, M.t 178.)—Conceiv e* a cord or chain to be exactly inverted, m 
that the load ap]>lied to it, unchanged in direction, amount, and 
distribution, shall act inwards instead of outwards; suppose, further, 
that the cord or chain is in some inaniidr stayed or stiffened, so ais 
to enable it to ])reservc its figure and to I'esist a thrust; it then 
becomes a linear arch or egnilUirated nh ; and for the pull at eaph 
point of the oiiginal chain is now substituted an exactly equal 
divusl along the rib at the eori’esponding point. 

Linear arches do not actually exist; but the propositions respeefr 
ing them are api)lical)l(> to the lines of resistance of real arches and 
arched ribs, in a manm;r which will be explained in treating of 
ma.sonry. 

All the proprtsitions and equations of the preceding ArticleE^ 
respecting cords or (diains, are apidicable to linear arches, sub- 
atitutibg only a thrust for a as the stress along the fine of 
resistance. 

The principles of Aitiole 123, p. 185, are applicable to line^ 
awjlies in general, with external forces applied in any direction, 

The principles of Articles 124,125,128,130, and 131> pp. Ii8t .. 
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202, Are applicsable to linear arches under v&Himl loads; and in 
such arches, the quantity denoted by H in the formulae represents a 
eomkmt thrust^ in a direction perpendicular to that of the load. 

The form of equilibrium for a linear aixih under an uniform lo&d 
Uebpdrabalaf similar to that described in Article 125, p. 188. 

In the case of a linear arch upder a vertical load, the word in- 
irados is used to denote the figure of the arch itself, and the word 
cortradox, to denote a wline traversing the upper ends of ordinates, 
drawn upwards fifom the intrados, of lengths j)roportional to the 
intensities of the load. 

The figure of equilibrium for a linear arch with a horizontal 
extradoB is cither a catefhaiy or a transformed caten'ary inverted; 
and the equations of Article 131 are applicable to the determination 
of its figure and of the forces whicli act in it, w being taken to 
denote the weight of so much of the loading mat<*rial as is couiained 
ill one square focft of the area between the extmdos O X, fig. 113, 
and the intrados A B or a 6. • This is what is called by most 
mechanical winters, an “equilibrated arch.”, 

The principles of Article 130, relative to the transformation of 
cords and chains, ai-e applicable also to linear arches or liiba. This 
subject will be further coiisidei*ed in the sequel 
■*^133. Circular Bib for Vlnld. JPrcMMurc. J/., 173.)—A linear 
arch, to resist an uiiifonii iionnal pressure from without, should be 
circular. 

In fig. 114, let'A BAB be a circular linear arch, rib, or ring, 



li^ose Centre is O, pressed ujion from without by a normal pressure 
of uniform intensity. 

In order that the intensity o:^that pressure may be conveniently 
expressed in units of force per unit of area, conceive tlie ring ip 
qh^tmn to represent a vertical section of a cylindrical shell, whose 
^ * diiection perpendicular to the plane of the figure, is 
p denbte the intensity of the external pi*e8sure, in 
‘\ba< vOh the square, fqdip^the nulius of the ring in feet; T the 
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thrust exei’tcd round it, wLich, because its lengtR is one foot, is a 
thrust .in lbs. per foot of length of the cylinder; then, 

.( 1 .) 

that is to say:— tlw tlih'ust round a circular ring und&r an umform 
normal pressure is the product of^ the pressure on rni unit of prcurnr 
feriovce hy the radius. 

The luiifoi’in normal i>ressui ‘0 p^ if not eotually caused by the 
tlnnist of a fluid, is siniikr to fluid })ressuro; and it is equivalent to 
a pair of conjugate ])res.surt^s in apy two directions at right angles 
to each otlicr of e(pial intensity. For example, let x be vertical, y 
horizontal, and let^^, p^, be the intensities of the vertical and hori¬ 
zontal pr-essure resp(*ciively; thcfi 

P,=P,=^P\ .( 2 .) 

and the same is true for any jjjiir r)f j'ectangular,pressures; and if 
P be the total v(*rl.ical lu’e.ssure, and H the total hoiizontal pres¬ 
sure, exerted upon one quadrant A B of the circle, we have 

H =rr = T=pr.(fl.) 

<' K34. JBHiplical RibM for Uniform Uromnurco. (d. J/., 180.)—If a 
linear arch has to su.stain the pi’essiire of a maas in which the pair 
of conjugate thrusts at each point are uniform in amount and direc¬ 
tion, but not htpial to each other, all tlie forces acting parallel to 
any given direction will he altered from those which act in a fluid 
mass, by a given constant ratio ; so that they may ho reprtssented 
by parallel projections of t he lines which represent the forces that 
act in a fljiid mass. Hence the figure of a linear arch, which sus¬ 
tains such a system of pi'ossures as that now considered, must be a 
parallel ]>rojoctioii of a cirt le; that is, an ellipse. To investigate 
the relations winch must exist amongst the dimensions of an elliptic 
linear arch under a pair of conjugate pressures of unifonn intensity, 
let A'B' A' B', B" A" B", in fig. 114, represent ellijrtic ribs, trans¬ 
formed fi’om the ciieular n’b A B A B by parallel ])rojection, the 
vei'ticiil dimensions being unchanged, and the horizontal dimensions 
either expanded (as B" B"), or contracted (as B' B'), in a given 
uniform latio denoted by c; so that r shall be the vertical and c r 
the horizontal semi-axis of the ellipse; and if a;,be aosjiectively the 
vertical and horizontal co-ordinates of any point in tbe rircle, and 
a/f y, those of the corresponding point in the ellipse, we shall have 

a;' =£«; ^ =icy .(1.) 

If C C, D P, be any ]>air of diameters of the circle at right angles 
to each other, their projections will be a pair of conjugate diameters 
<>f the ellipse, as O' O', D'D'; tluit is, diameters each of whiob is 
parallel to a tangent at the end of the other* 
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Let P' be tbe total vertical j)ressure, and H' the total horizontal 
pressure, on one quadrant of the ellipse, as A' B', or A" B"; P' is 
also the vertical thrust on the rib at B' or B", and H' the hori¬ 
zontal thrtist at A' or A". 

Then, by the principle of tmnsformation. 


Fr=P=7.T=;?r; ) 

H'r=cH = cT = c^r;/ 



or, total thrusts are as the axes to which they are parallel^ 

Further, let P" be tlic total pressure, parallel to any semi- 
diameter of tlie ellipse (as O' D'Or O" I)") on the quadrant D' C' or 
D" 0", which force is aiso the thrust of the rib at X)' or C", the 
extremity of the diameter conjivgate to O' D' or O" D''j and let 
O' D' or 0" D" = ; then 



or, the totfd thrusts me aathesemuUameters to which tftey a^e parallel. 

Next, letjj'^, be the intensUies of the conjugate vertical and 
horizontal pressures on the elliyrtic arch; that is, of the principal 
stresses.^' (Articles 109, 112.) Each of those intousitie-s Ueing found 
by dividing the correspoiiding total pressure by tlio area of the 
plane to which it is normal, tlicy are given by the ftdlowing equa¬ 
tion:— 




cp 



so that the intemities of the principal pressures are as the squares of 
the axes of the elliptic rib to which they are parallel. 

Hence, to adapt an elliptic rib to uiiifoi’in vertical and horizontal 
pressures, the ratio of the axes of the rib must be the squar4 root of 
the ratio of the intensitks of the principal pressures; that is, 



l^e external pressure on any point D' or D", of the elliptic rib 
is directed towards the centre, O' or O", and its intensity, per unit 
of area of the plane to which it is conjugate (O' C' or 0" 0"), is 
given by the following equation, in which r' denotes the semi- 
diameter (O' D' or 0” D") parallel to the pressure in question, and 
r" the oorjugate semidiameter (O' C' or 0" 0"):— * 


P" 
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that is, the intensity of the presewre in the direction of a given 
diameter is directly as tftat diameter and inversely as the corrugate 
diameters 

Xetp" be the intensity of tlie external pi'essure in the direction 
of the semidiameter r". Then it is evident that 


that is, thi intensities of a pair of conjugate pressures are to each other 
as the squares of the conjugate diameters of the elliptic rib to wUch 
' tliey are respectively paralleL 

,'"135. Dliiitoi'fi'd Kiiiptir. Rib. (jI. M.y 181.1^—To adapt an elliptic 
rib to the sustaining of the ])n;.ssnre of a mass in -wliich, while the 
state of stress is nnifoi-m, the jjressure conjugate to a vortical pres¬ 
sure is not horizontal, but inclined at a given angle j to the 
horizon, the figure of the tdlipse must be derived from that of a 
€ 11*016 by the substitution of inclined for horizontal co-ordinates. 

In fig. 115, let B A 0 be a semicircular aifli on which the ex¬ 
ternal pi'essures are normal and nnifonn, and of the intensity p, as 
before; the radiu.s being r, and tlie thrust round the arch, and load 
on a quadrant, })ei»ig as before, P = H = T =j»r. Let I) be any 
point in the circle, whose co-ordinates ai;e vertical, 0 E = a;, hori¬ 
zontal, E D = y. Ijet B' A' C' be a semi-ellijitic arch, in which the 
vertical ordinates are the same with those of the circle, while for 



each horizxjntal ordinate is substituted a.n ordinate inclined to the 
horizon hy the constant angle j, and bearing to th< '^^or^esponding 
horizontal ordinate of the circle the contant ratio c; th&t is to say, 
lot 

(yEl = x'=:.v; ET[)' = ?/:^cs^; ^ E E* D* fl.) 

Then for Uie vertical semidiametcr of the circle O A ss; r, will be 
substituted the equal vertical semidiameter of the ellipse O' A' 3 =:»*; 
and^ for the horizontal semidiameter of the circle O Bas r, will 
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»Kttbsiitated the inclined semidiameter of the ellipse O' B' = c r, 

f sh is C(mjttgat 0 to the vertical semidiaineter. 
ho forces applied to the elliirtic arch are to be resolved into 
treHioal and inAi^ components, parallel to O' A' and C' B', instead, 
of vertical and horimntal components. Let P denote the total 
vertical prcssuie, and H' the total inclined pressure, on either of 
the elliptic quadrants, C'A', A'B*; 11' is also'the inclined thimst 
of the arch at A', and {*' the vertical thrust at B' or O', Then 


F = P = 

H' = cH = cP = c 




that is to say, those forces are, as before, to Om 

diameters to which they are parallel. 

Iiet p* be the intensity of the vertical pressure on the elliptic 
arch per unit of area of the inclined plane to which it is conjugate, 
O' B'; let p'y, be the intensity of the inclincid pressure per unit of 
area of the vertical plane to which it is conjugate; then 


. F p' H' 

^ cr c r ^ V P. 



80 that, as before, the intensities of die conpjigate pressures are as the 
squares of the diaTneters to which they are parallel. 

The thrust of the arch at any point D' is as before, propoi-tional 
to the diameter conjugate to O' i)'. 

It is sometimes convenient to express the intensity of the verti¬ 
cal pressure per unit of area of the horizo7iUil projection of the space 
over which it is distributed; this is given l»y the equation 



sccy = 


c * co.sy' 


(4.) 


It is to be borne in mind that this is not the i>ressure on unity 
of wrea of a horizontal plane (which pressure is inversely as the 
horizontal diameter of the ellipse, and directly as the diameter con¬ 
jugate to that diameter, to which latter diameter it is parjiUel), but 
the pressure on that area of a plane inclined at the angle jf, whose 
horizontal projection is unity. 

The fuUowing geometrical construction serves to determine the 
mmor and minor axes of the ellipse B' A' O'. 

Draw 0'a J- and = O' A'; jdi^ B'a, which bisect in m; in B^ a 
p^odnCed^ both ways take mp=im, q — Qf m; join O'p, O'g'; theae^ 
Imw, which are j^rpendicular to each other, are the directiom of 
pi* ,azes of the ellipse^ and the lengths of those axes are respectively 
equal to the se^pnents the line p q, via, B'p« a W q^eip. 
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The following is the algebraical expression of this solution:—^Let 
a! denote the major and B the minor semi-axis of the ellipse. 

Then 


(5.) 


A ^ ^ I 7(1 + + 2 C ■ cos j) + 7(1 + C® - 2 c • cos j) I i 

O { \/(l + <'^ + 2 6* ■ cos j) - 7(1 + c® - 2 C * cos j) I ‘j 

The angle B' wliioh the nearest axis makes with the 
diameter C' B', is found by the eqinition 

'r>/.v/ 11 //A2_c2r2\ //B2-c2r2\ 

B' V o-r V W- 


sm 


according as that axis is the longer - the shorter. 

13G. KIbti for IVoi’iunI PrcsMurc—llydroaimilc Arch. {A, M.y 182, 
183, 319 A.) —The condition of a linear arch of any figure at any 
point where the pi'cs.suie is normal, i.s similar to that of a circular 
rib of the sauKi curvatin’e under .5 prc-ssuit; of the .sjime intensity ; 
and lioncc the following ])rinciple :— the ihrmt at any nornvdly 
pressed point of a rib is the product of the radius of mrvature by 
intensity of the that is, denoting the radius of curvature 

by the normal pressure x)er unit of length of curve by p, and the 
thrust by T, 

T-Pe.:.(1.) 

It is further evidimt, that if the pressure be normal od en&ry point 
of the riby the thrust must bo constant at eveiy point; for it can 
vary only by the apjdication of a tangential pressure to the arch ; 
and the radius of curvature tmist he inversely as the pressure. 

This is the case in the Hydrostatic Arch, which is a linear arch 
or rib suited for sustaining nonnsil pressure at each point propor¬ 
tional, like that of a liquid in repose, to the depth below a given 
hoi'izontal plane. 

The radius of curvature at a given point in the hydrostatic arch 
being inversely proportional to the intensity of tlie pj’essure, is also 
inversely proportional to the depth below the horizontal plane at 
which vertical ordinates representing that intensity commence. 

In fig. 116, let Y 0 y represent the level surface from which the 
pressure increases at an uniform rate downwards, so as to be similar 
to the’pressure of a liqmd liaving jts upper surface at Y O Y Let 
A be the crown of the hydrostatic arch, being the point where it is 
nearest the level surface, and consequently horizontal Let co¬ 
ordinates be measured from the point O in the level surface, directly 
above the crown of the arch; so that 0 X-YOso; shall be the 
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' tertical ordinate, and 0 Y=; X C = ^ the horizontal ordinate, of any 
point, 0, in the arch. Let O A, the least depth of the arch below 


-*r o V 



the level surface, bo denoted by a,y, the radius of curvature at the 
cnmu by and the radius of curvatuie at any point, C, by g. 

Let w be the weiglit of an unit of volume of the liquid, to whose 
pressure the load on the arch is equivalent. Then the intensities of 
the exteraal normal pressure at the crown A, and at any point, 0, 
are expressed respectively by 

Pq=wXq; p = wx .( 2 .) 

The thrust along the rib, which is a constant quantity, Is given by 
the equation 

T Po ~ ^^0 .(3.) 

from which follows the following geometrical equation, being that 
which characterizes the figure of the arch:— 


X i - Xq (q. 


.(3.) 


When Xq and are given, the pro])crty 
of having the radius of curvature invei’sely 
pix>portioQal to the vertical ordinate? from 
a given horizontal axis enables the curve 
to be drawn approximately, by the junction 
of a number of short circular arcs, as iu lig. 

117; the radius of each short arc being 
invwsely as the mean depth of that arc 
below O Y. The curve is found to present 
some resemblance to a trochoid (with which, 
however, it is by no means identiail). At 
a certain point, B, it becomes vertical, 
beyond which it continues to tuni, until 
at D*it becomes horizontal; af tliis point 
its depth below the level surface is greatest, 

Rud its radius of curvature least. Then 
asoendin^, it forms a loop, crosses its former 
oouzi^ and proceeds towards £! to form a second arch similar 
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to B A B. ^ Its coils, coDsisting of alternate arches and loops» all 
similar, follow each other in an endless seriea 
.It is obvious that only one coil or division ol* this curve, viz., 
from one of the lowest points, D, through a vertex. A, to a second 
point, D, is available for the figure of an arch; and that the 
portion BAB, above the ])»>iiits where the curve is vertical, is 
alone available for supjiorting a load. 

Let ajj, 2 /j, be the co-ordiuat(‘S of the point B. The vertical load 
above the semi-arch A B is rejiresented by 

f 

i . 

and this being sustained by the thrust T of the arch at B, must be 
equal to that thru.st; whi:uce follows the <squation 


fy 

C ~ ^0 '0 ” I (I 

The vortical load above any point C, is 


.(5.) 


P = w’ I X d y =: T^ sin i; 


.((>.) 


i l)eing the ino?"’.nation of the arch to the honzon. 

The horizontal exteinal pressure against the semi-arch from B to 
A is the same with that on a vertical jdaue, A F, immersed in a 
liquid of the s^iexjific gravity w, with its upper edge at the depth 
below the s\irfacc (see Article 107, p. 1 (56); and it is balanced by the 
thrust T ^t the crown ol' the aroh, so that its Amount is 



Equation 7 gives for the value of the vertical tangent ordinate 

at B, 

= ,y.4 + 2®,, Co- .(8.) 

The horizontal external pressure between B and any point, O, is 
equal to the i)ressure of a liquid of the specific gravity to on a 
vertical plane X F with its upper edge immers^ to the depth 
so tliat its amount is c ^ 

* * wf^pdwssw^^. cos 1 ..(9.) 

J X ^ 

The various geometrical properties of the figure of the hydro* 
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italic arch expressed by the preceding equations are tlius summed 
up in one formula,— 



To obtain exact expressions for the hoi'izontiil co-ordinate y, 
whose maximum value is the half-span and also for tlie lengths 
of arcs of the cum), it is uecessaiy to use elliptic functions. Those 
functions are so little studied' that their use will not Jae further 
adverted to here. The risader is therefoi'e refeived, foi? hirther iul'or- 
mation on that j>oint, to the 2 )apers of JVI. Fyon-Villarccaiix, in the 
Mimoires ties Scuoam Hrmigers, vol. xii., and in the Heme ds 
VArchitecture for 184.'), and to A Manual of Applied MeclumicSy 
p. 193. 

For practical pur|»oses, the following apju-oximatioij is in general 
sufficient:— 

i>^Problem. —Given the rise F A r= u ami half-span FB = i/j, of 
a proj>oscd hydrostatic arch: it is required to find the de]>tli of 
load at the ci*owti, and the i-adii of* curvature, Oj, afthe crown 
A and springing B, to dtrjwv the arch, and to compute its load and 
thrust. 

A close ajiproximation to is given as follows 

- "N 

Let6= \ then 

> .(H.) 

®0 - « • ^,3 _ 1 - « 3 ' 


Then obseiwing that x, = O F r= otq + a, we find, from equation 

10 , 


PQ 


aj? 




fi 


2 xq 

— xl 


. (1“ 
*n 


a* 


2 d;. 


= a 


2 {xq + a)' J 





These radii being known, the figure of the arch can be drawn 
approximately by small cii’c^ilar arcs, as in fig. 117, ah-eady 
described. i 

The load on the half-arch, and the thrust, which are equal to 
each other, are now to be computed by equation 7, p. 210. 

A Bseohanical mode of drawing a hydrostatic arch is based on 
the &ct, that its figure is identical with one of the elastic 
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curves” or forms assumed by an uniformly stiff spring when bent, 

(J. M., 319 a .) 

The accuracy of figure and uniformity of stiffness of a spring are 
to 'be ascertained by the two following tests:— 

/'trsi, the spring when unstmined should be exactly stmight: 

Secondly^ when bout into a hoop by pinching the two ends 
together, it should form an exact circle. 

A spring A (fig. 118), fulfilling these conditions, is to have its 

ends fixed to two bars at 
B and D, and the other 
ends of those bars, 0 and 
E, are to be pulled directly 
asunder. Then the straight 
line C E in which the 
forces so pulling the bars 
arc exerted, will represent 
the upper surface of the loading material, and the spring A will 
assume the figure of the cori'esporiding hydi*ostatic arch. Any 
proportitm of I'iso to sj)a.n can bo obtained by var\dng the tension 
on the (md'j of the bars, and the proportirm which their lengths 
bear to the length of the .sjiring. 

1 37. TraiMlorined IlftlroMaiiis or OroHialic Arch* (A, if/., 164.)— 

It has been pr'^'posed, by tlii.s term, to denote a linear arch of a 
figure suited to sustain a pi*esa\ii’c similar to that of earth, which 
(as will be shown in the sequel) consists, in a given vertical plane, 
of a pair of conjugate p?*ess\ire.s, one vertical and propoitional to 
the depth below a givt'u j)lane, borizoutal or sloping, and the other 
parallel to the horizontal or slojiing plane, and bearing to the 
vertical pressure a certiiin ctuistant ratio, depending on the nature 
of the rfraaterial, and other circumstamses to he explained in the 
sequel. In what fo]h)ws, the liorizoiital or sloping plane will be 
called the conjugate and ordinates paiullel to its line of 

steepest declivity, when it slopes, or to any line in it, when it is 
horizontiil, conjugate oi'dhmtes. The intensity of the vertical pres¬ 
sure will be estimated per unit of area of tho ccmju^ate phme; and 
the pre.ssm'e parallel to the line of steepest declivity of that plane, 
when it slopes, or to any line in it^ when it is horizontal, will be 
called the conjugate ‘pressure^ and its intensity will be ei^tlmated per 
- unit of area of a vertical plane. 

Let denote the intensity of the vertical pressure, and 
that of the conjugate pressure, at any given point. Construct 
'^the figure of a hydrostatic arch suited to sust^n fluid pressure 
of * the intensity Then the transformed arch is to be drawn 
by preserving aU t^ vertical co-ordinates of the hydrostatic 
arch, and changing'the horizontal co-ordinates into ooi^jfuga^; 
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co-ordinates, having their lengths altered in the constant 
ratio. 



exactly as in the. case of transfonning a circular into an elliptic 
nb, in Article 134 and 13/>. 

The radius of cuavature at the hjtringiiig is altered in the ratio 

\ and that at the crown in the ratio : 1. 
c 

Let P, P', be the total vertical loads on one-half the original 
and tranrformed half-aPch respeetively; II zr P .ind H', their 
i’es}>ective conjugate thrusts, of wiiich the former is horizontal, and 
tlu" lattcT may be lioinzontal, or inclined at the augh^y 

Tlien the bulk of the tinnsformed aivh with its load is altered in 
the ratio of c cos^‘: 1; and ii' the new and transformed arches be 
of the same material, we tiud, 

Y r= . ../ • P; H' = c P' = 6*2 cos j P. .(2.) 

138. A Aiinear Arch or Rib of an> ViKare (A. J/., 185, J187), under 
a Vertical load distributed in any manner^ b(‘ing given, it is always 
possible to determine a system of horizontal or blo])ing fuessuros, 
which, being aj>plicd to that nb, will keep it in e<ynlibrio. These 
last may be called tlu' i^unjmjate Pressures. 

The only case which will heie bo given in detail is tliat in 
which the conjugate pn'ssurcs arc horizontal, and the load symme¬ 
trically distributed on each side of the crown of the arch. A, 
fig, 119. 

Problem I. — find the total horizontal ]>ressure against the 
lib below a given point. The following is the gra[)hic soljjition of 
this problem :—Let C be any point in the rib. 



Fig. 119 Fig. 120. 

In the diagram of forces, fig. 120, draw oc iMuullel to a tangent 
to the rib at C. Draw the vertical line o 5 as a scale of loadSf on 
which take o A ss P to represent the vertical load supported on the 
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arc A 0. Thi*oiigb h draw tlie horizontal line h c, cutting o c in c; 
then o c = T will be the thrust along the rib at 0, and A c = H, 
tlie horizontal component of that thrust, will he the total horizontal 
which must be exerted against C B, the pa/rt of the rib 

helovj C. 

This sohition is ex))ressod algebraically as jFollows;—As the 
origin of co-(»rdi nates in fig. 119, take any convenient point 0 in 
the vertical line O A ti-aversing the crown of the arched rib; let 
O X = y 0 = a? and OY = XC = yl>e the co-ordinates of the 
point 0 \ so tliat if i is the inclination of the arch at 0 (and of the 
line 0 c in fig- 120) to the horizon, c? y-=-c? a: = cotan i. 

Then, 


a X 


P cohm i; T = = P cosec i. (1.) 


pKOBLEM II.—I’o find the thrust at the crown of the rib. 

The preceding process fails to give any result for the crown of 
the rib A; but the jirinciple of Article 133, p. 204, shows, that if 
be the value of dV-~d y, the intensity of the load, at that 
point, the horizontel thrust is 

^ 0 “ 7*0 Po>. 

Pq being the radius of curvature of the rib at its crown. 

Problem Ill. — To find tfw mean intendty of the Jwrismdal 
pr^mre required in a given layer of the spandril; that is, of the 
mass of materi-al touching the convex side of the rib. (Pig. 119.) 

Let C' (6g. 119) be a point in tlie arch a short way below C, 
whose co-ordinates are x d x, y -{■ dy^m that d xis the depth 
of the horizontal layer CEE' O'. In the diagram of forces (fig. 
120), tiraw od parallel to a tangent to the rib at C^; on the 
vertical scale of kiads take o A' = P + c? P to represent the 
vertical load on the arc A C'j draw the horizontal line A' c' cutting 
0 c' in c'. Then o o' = T' is the thi-ust along the rib at C'; and 
A' <r = H', the horizontal component of that thrust, is the 
horizontal pressure which must be exerted against the part of the 
rib below C' j so that 

A c — A' </ = H — H' = — H, ...T..(3.) 

is tlie horizontal pressure to be exerted through the layer 0 E E' O' 
and 



the intensity of that pressure. 
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The negative sign prefixed to H denotes that if H diminialm 
in going dmomoards, as in the example given, pressure is required 
through the layer. Through those layers at which H mcreases in 
gomg downwa/rda^ either tension from witJmity or pressm'e from 
witfiin, is required to keep the rib in equilibrio. 

Problem IV. —To find the greatest horizontal thrust, and the 
** point of rupture^’ and “ angle of rupture.” 

First SoltUion. —!Qy a graphic process. Through o in fig. 120, 
draw a number of radiating lines, such as o c, o c', &c., parallel to 
the rib at various points, as C, C', &c., and find as in Problem I. 
and III., the lengths of those lines so as to represent tjio thrust 
along the rib at the several ])ointa 0, O', &c. The length of the 
horizontal lino o a, representing !he thrust at tlui crown, is to be 
calculated as in Problem IT. Through the points a, c, c', &c., 
thus found, draw a curve. Find the point d in that curve which 
is furthest from the scale of loads o b; then the horizontal line 


d k = Hq will represent the maxinmni horizontfil thrust. 

Join o df and find th(i jioint 0 in fig. 110, at which the rib is 
jiarallol to o d; this is the “point of ruj)ture,” or point at which 
the horizontal thrust attains a inaxiTuuui; and the angle of 
rupture” is the inclination of the rib at that point, or ^ d o ain 
fig. 120, which will be denoted in the sequel by 


The horizontal plane I) P is the upper boundary of that |)art of 
tlie spandril which exeris the maximum horizonta'lYi'<^>‘<«Bi’o Hq. 

Second Solution. —T3y arithnetical trials. Comimic, us in Problem 
I., the values of H for some points in the arch. Betwe^en the point 
which gives the greatest value of H in the first set of trials, and 
the two on either side of it, introdiice intermediate points, for 
which compute the values of H, and i*ei)eat the jirocess until the 
point of rupture is found with the di'sired degree of exactness. 

Third Solution ,—By the differential calculus and the solution of 
an equation. If the relations Aietween ar, y, and P can be expressed 
by equations, make the expression for the intensity of the horizontal 
pressure in equation 4 equal to 0 j an<l by solving the equation so 
obtained, deduce the position of D and the values of and H 0 . 
The equation to be solved has, in most cases, two roots, one of 
which co^sponds to the ci’owii of the arch A, and the other to 
the required point D; but it is easy to distinguish between them. 
If there are more than two roots, they indicate a set of points 
at each of which = 0, and which are alteniately points of 
f maximum 1 1 ^ . { negative ) • 

i miDimnm / ^cording a { j i 


that is, according as is | |. Cases of this kind are 

of Hare ocourrence in practice. 
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If there is but one I’oot, it corresponds to the crown of the rib; the 
hydrostatic arch (Article 136), is an example of this, in which the 
crown is the point of greatest horizontal thrust. In the Catenary 
(Article 128), and Transformed Catenaiy (Article 131), and other 
“ curves of equilibrium” for vertical loads (Article 123), H is con¬ 
stant, and pg = 0 for every point in the rib. 

If the rib rises v&i'tically from® its springiiig-point, as at B, the 
whole of the horizontal pressure which sustains it is distributed 
through the layers of the spsindril. (The term coniptete'* has lately 
been introducetl to denote such a rib.) If the arch rises obliquely 
fi-om such sf)ringiiig-point as O, part at least of its greatest 
horizontal thfriist consists of the horizontal component of the 
thrust along the rib at that point. Such a rib is said to be 
“ segmental'' 

Ijet denote the inclination to the hoiizon of the rib at its 
springing-point, and 1\ the whole vertical load from the crown to 
the springing-point: then the horizontal component in question u 
Pj cotan ; so that 11 q — Pj cotan is the part of the greatest 
horizontal thrust whitdi is distributed through the spandril. 

Problem V.— To find the position of the resultant of the 
maximum horizontal thrust. 

From the point of i‘uj>tur(‘ D down to -the springing, conceive the 
spandril to be divided into horizontal layei-s. Let d x denote the 
depth of any one of those layers; the intensity of the horizontal 
pressure exerted b}^ it against the rib; 

Xi the dej)t,h of its centre below 0 Y, fig. 119 ;* 
fljQ, the depth of the joint of rupture below O Y; 
a?!, the depth of the springing-point below 0 Y; 

Then, «?„, the required depth of the resultant below O Y, may 
be expressed in either of the following fonns :— 



X‘Py d X x^^ Pj cotan 

Wo 



Example 1.—In the Vedenary and Transftmmd Catmaxyy and 
other ribs equilibrated under vertical loads, 

Hq = Pj cotan ; asn = . 

Example II.—-In a Semidreulax Bib of the radius r under unifi)rm 
nomnal pre^wre of the intensity p; let the origin of , 

be'at the crown of the arch* 
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^17 


Ho =pr; oJu 


r 



(7.) 


As to semi-elliptic arches under conjugate uniform pressures^ see 
Article 134, p. 205. 

JSoeam^ III.—In the Hydrostatic ArHij as in fig. 116, Article 
136, p. 209, let the origin of ho-ordinates be in the extrados 
above the crown j thfn 




2 

3 


— 4 

•t; — 4’ 



In the transformed hydrostatic or geostatio arch, is the same 
ae in the hydrostatic arch. As to the thrust, see Article 137, 
p. 213. 

Bxmnple IV,—In a Semidrcidar Rib with a horizontal extrados, 
let r be the radius of the rib ; let the origin of co-ordinates be at 
the croum of the arch ; let m r be the height of the exiiudos above 
the crown; and let w be the weight of cjach unit of vertical area 
of the load. 

The intensity of the horizontal pressure through a given layer 
of the epandril is, 


Pf 


w 


, . t —cos 4 sin V 

1 i“ m — cos i — „ . o /.Uhl 

2 sill* i / ' ' 


The angle of rupture is found by solving the transcendental 
equation, 

ft = 0.(10.) 

This is to be done by successive approximations; and os a first 
approximation may be taken 


. 1 + 3 . 

Iq = arc • cos - — ajiproximjitely. 


(10 JL) 


The maximum thrust is given by the formula 


Ho = «,ri> |(1 +OT)cosi, —j(n.) 

and the depth of its resultant below the crown of the arch by the 
fionuula 


~ TT- / . p,sini(1 — cost)(ft.(13.) 

IIq J ^ 

' MpBonipU V.—Jn a Circutar Segmental Rib with a hofijecntal 
, let be the inclination of the ardi at the apiingizij^ 
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and Pj the vertical load at the springing, and let the rest of the 
ni>tiition he a.^ in the Ja.st examine. 

fad the angle of ruptiivo ho tound as befoi-e. 

* Case 1.—> or = Then 

Hq = I\ eotuu ij ; a;,, z= r (1 — cos ?]) . (13.) 

Case 2. —< iy Find Hq and as in Example IV,; then 

J 


H I h Fy <sin i (1 — cos /) di-^ 9' Pj cotau 
(1 

. ) 


(U,) 


Example VI.— Semi-elliptie Rib. with a Jm'tzontal extradoe. 
Conceive a semicirc-ulai' rib whose radins is oqnal to the rise of 
the senii'eUiptio rib, and oxtradoa at the same height above the 
crown, and find Uq and .t-u lor the .semicircular rib as in Example 
TV. a?,I for tlie scmi-cdliptic rib will be the same; and the thrust 
is to bo found by tlio prineipli' of transhu-niatiou, as in Article 
i;if, p. 20/). 

'J’he best form, howtner, for oval complete libs is that of the 
hydrostatic arch, which sutHciently rcscftibles the semi-ellipse to be 
substituted for it. 

139. Poind'd Kib.— If a linear arch, as in fig. 121, consists of 
two arcs, B 0, 0 B, mec^ting in a point at (J, it is 
nocos.saiy to equilibrium that rhere should be con- 
cciitratod attlie point 0 a load equal to that which 
would have been distributed over the two arcs 
A (J, C A, (‘xtending fi-om the point C to the 
rcspecti\(‘ oiowils, A, A, of the curves of whicli 
two poi-lions form the pointed arch. 

Under the head of “ Masonry” it will be shown how and imder 
what circumstances that conceiitration of load becomes unnecessary 
in stone arches. 

140. stabiiiiy of iiioeks. {A.M.f 205, 206.)—Tlie conditions of 
stability of a single block supported upon another body at a 
plane joint may be thus summed up:— 

In fig. 122, let A A rejiresent the*upper block, 
B B part of the supporting body, e E the joint, 
C its centre Of pressure, P C the resultant of 
the whole pressure distributed over the joint, 
N 0, T C, its components perpendicular and 



Fig. 121. 



Fig. 122. 


1 . In order diat die block may iwt didet &»e 
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of the preeswre must iiot ^ceed ^ angle of repose (see 
Article 110, p. 171), that is to say, 

.(i.). 

II. In order that the block ntay be in no danger of omrlmning, tba 
ratio wMdh the deviation of the centre of pr&imre from the centre of 
figure of die joint bears to the tength of tho diamti&i' of die joint 
traversing those two cmtres^ must not exrsed a certain fraction. The 
value of that fraction varies, according to circumstances, which 
will he explained in treating of Masonry, from one-eighth to three- 
eighths. * ^ r 

Tlje first of these conditions is called that of stnbiHty of friction, 
the second, that of stahUity of 2 >os'kion. 

In a structure corapo.sod of a seritis of blocks, or of a series of 
courses so bonded that each ntay he ronsidcred as one block, which 
blocks or conraes press against Oiicli other 
at plane joints, the two conditions of 
stability must be fulfilled at each joint. 

Let fig. 123 rei)re,sent pai-t of sneh a 
structure, 1, 1, 2, 2, 3, 3, 4, 4, being 
some of its plane join ts. 

Suppose the centre of pressur<^ Oj of 
the joint L 1 , to be known, ainl also the 
amount and diiection of the* r>r<‘ssur(‘, as 
indicated by the arrow tia \^r.sing Oj. 

With that pressure combiue the weight of the block J, 2 , 2 , 1 , 
together with any other cxtenial force which may act on that block; 
the resultant will be the total pressure to be resi.sted at the jo'.nt 
2 , 2 , which will be giv^eii in magnitude, direction, and position, and 
will intersect that joint in the ceiiti-ci of pressuix; Cg. By continu¬ 
ing this process t])ere arc found the centres of pressure Cg, O 4 , <kc., 
of any number of successive joints, and the directions and agni- 
tudes of the resultant pressures acting at those joints. 

The magnitude and position of the r<'wultant pressure at any joint 
wliatsoever, and consequently the centre of juT.ssnre at that joint, 
may also be found simply by taking tlie i-esiiltaut of all the foi*ce 8 
which act on one of the parts inbj which that joint divides the 
structure. • 

The centres of pressure at the joints are sometimes called centres 
of resistance. A line traversing all those centres of I’esistance, such 
as the dotted line R R, in fig. U22, has received from Mr. Moseley 
the name of the ‘*lme of resistances^ and that author has also 
shown how in many cases the equation which expresses the form of 
that line may be determined, and applied to the solution of ns^ul 
problems. 



FiV. 123. 
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The stitbight lines representing the resultant pressures may be all 
parallel, or may all lie in the same straight line, or may all inter- 
sect in one point. The more common case, however, is that in 
■^hich those straight lines intersect each other in a series of ]:>omts, 
so as to form a j>olygon. A c\irvc, such as P P, in lig. 95, touch¬ 
ing all the sidtjs of that polygpn, is called by Mr. Moseley the 
“ Unyt, of presmires.*' 

The properties which the line of resistance and line of pressures 
must have, in order that the conditions of stability may be fulfilled, 
are the following;— 

To stability of ])OMition, line of resisstatuie must 9ioi 

deviate from t/te centre oj figure of any jdlnt by more tha/n a certain 
fraction of tite diameter of the * joint, measured in the direction of 
deviation. 

To iwim'e stability of friotioii, dm normal to each joint must ^vot 
'make cm angle greater tlmn the angle of repose withi a tangent to the 
line of pressures drawn throngh the centre of resista/ivce of that 
joint. 

The luouieiit of stability of a body or sti'iicture suppoi'ted at a 
given plare joint is tin* inoiucnt of the couple of forces which must 
be applied in a given vertical ])lanc to that body or structure in 
addition to its own weiglit, in order to tHiu.sfer the centre of 
resistance of tjm joint to the liiuitiug position consistent with 
stability, and is equal to the ]»ro(luct of the weight of the body or 
structure by the horizontal distance of a vertical line tiuversing its 
centre of gravity from the limiting position of the centre of 
resistance of the or supjHjrling joint. The applied couple 
usually consists of the thrust of a frame, or au arcli, or the pressm"e 
of a fluid, or of a mass of earth, against the structure, together with 
the equal, oj)posite, and parallel, but not directly opposed, resistance 
of the joint to that latei-al forca 

141. Vrauafonuation or MdoekivoriiL fkracturcMi. (A. 3/., 208, 209.) 
—^If a structure comjwsed of blocks have stsibility of position i^hen 
acted on by foi'ces represented by a given system of lines, then will 
a structure whose figure is a })arallel projection of the original 
structure have stability of fjosition when acted on b}' forces repre¬ 
sented by the corresponding parallel projection of the oiigiual 
system of lines; also, the centres of pressure in the ifew structure 
will be the corresponding pt*ojectious of the centi'es of pressure ill 
the original structure. 

The question, whether the new structure obtained by trans? 
formation will possess stability of frieiMm is an independent 
problem. 

The application of the principles of tlie stability of blookwqrlt 
Btructtties will be illustrated under the head of Masonry. , * , . 
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Secstion y. —Of the /Strength of MatericUe in General, 

142,—EtralUf Etreais, StrenKth* Working li«a4« (<4. il/., 244.)*-r 
The present section contains a summary oi the principles of the 
strength of materials so far as they relate to questions which arise 
in designing stnw^ures. The Ailes are giten without demon- 
Btmtion, in as small, compass as possible, in order to save tlie 
necessity of referring, in ordinary cases, to more b\ilky treatises; 
and are almost all abstracted and abridged from the treatise already 
referred to on Applied Mecfirniicnf Part IT., Chapter III. ^ - 
The load, or combination of cxteiiial forces, which*is applied to 
any piece in a structure produe -s strain, or altcu’ation of the 
volumes and figures of the whole piece, and of each of its particles, 
which is accompanied by stress amongst l.he paiticles of tjie piece, 
being the combination of forces which they exert in resisting the 
tendency of the load to disfigure and l)realc the piece. If the load 
is continually increased, it at length produces either fracture, or (if 
the material is very tough and ductil(^) such a disfigurement of the 
piece as is practically equivalent to fractui<', by rendering it useless. 

^rhe Vllininte Str«ii](lh. or JBrenkin^ l^onil of a body ifT the load 
required to produce fracture in sonui specified way. The Proof 
fMrrnjBib or Proof i.oad is the load required to produce the greatest 
strain of a specific kind consistent with safety; i;hat is, with the 
retention of the strength of the mait;rial unimpaii-ed. A load 
exceeding the pnx)f strength of the body, although it may not 
produce instant fracture, produces fracture evcmtually by long- 
continued application and frequent repetition.* 

The Working i..oad on each piece of a structure is made less than 
the proof strengtli in a certain ratio determined by ^jractical ex¬ 
perience, in order to provide for unforeseen contingencies. 


* A. seriee of oxperiitienta on the elftict of the frequent application and removal of 
a load, were made by the Commissioners on the Api)Iication of Iron to Railway 
Stmetaree, the general results of which were as follows:— 

Wbeu CBSt iron bars were exposed to successive transverse blows, each blow 
p^uciog one-third of the ultimate deflection (or deflection immediately ^fore break-> 
ing), they bore 4,00U such blows without having thdr strength impaired; but 
wl^n the force of each blow produced one-half of the ultimate deflection, every 
bar broke before receiving the 4,000th blow. 

When oast iron bars were exposed to successive deflections by means of a cam, of 
one-third of the ultimate deflection, they bore 100,000 such deflections without 
’having their strength impaired; hat*when each deflection was one-half of file 
^timate deflection, the bars broke with fewer than 900 deflections. 

, ' ‘*;In wrought Iroti bars, no perceptible effect was produced by 10,000 successive 
defl^tiona, by means of a revolving cam, each deflection being due to half the weight, 
itrbidi, wli^ applied statically, produced a large permanent deflection." 

.; :A tuw leriee of expetimeittB on the eflhct of vibratory actiion and long-contlnaeti 
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^ Each solid has as many ditrereut kinds of strength as there are 
different ways in which it can be strained or broken, as shown in 
the following classification :— 


Application ui' i.o«ur 




Fractare, 


Longitudinal 


j Extension. 

i Compression. 


Distortion .Shearing. 

Transverse. Twisting.W renching. 

Bending.Breaking across. 


143. A Factor of Safely (A.M., 247) when not otlierwise specified, 
means the ratio in which the breaking load exceeds the working 
load. 

In fixing factors of safety, a disiinction is to be drawn between 
a dead load —that is, a load which is put on by impereeptible 
degrees, and which remains steady, siich as the weight of the 
structure itself, and a live load —tJiat is, a load wliich is put on 
suddenly or accompanied with vibration, such as a swift train 
travelling over a railway bridge, or a force exerted in a moving 
machine. 

Comparing together the results of experiments on the strength 
of iron, steel, and other materials, and the rules followed in the 
practice of engineers, the following table gives a fair summary of 
our knowledge respecting factors of safety;— 


clianf'OB of load on wrought iron girders, was carried out many years ago by 
Fairl^airn. Those experiments (so far as they had then been carri^) were comma- 
nicated to tFie British Association at Oxford, in Jane, 1860; and the following is a 
summary of the results :— 

The beam experimented on was a rivetted wronght-iron plat<> girder. 

When the load applied was about one-fourth of the breaking Wk>ight, tha beam 
withstood 596,700 successive applications of it without visible alteration. 

The load was then increased to two-sevenths of the breaking weight, and applied 
403,210 times, when the beam showed a slight increase of permanent set. 

The load was further increased to tvooffths of the breaking weight, whni the 
beam broke with the 5,175th application. 

The successive applications of the load wer j accompanied with considerable slmina 
from vibration and iinpi^ 
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Dead Load. Live Load. 


For perfect materials aud workmanship, 2 4 

For good ordinary materials and work* 
manship:— 

in Metals,. 3 6 

in Timber,. 4 to 5 8 to 10 

in Masonry,. * . 4 3 


Since the experiments of Fairbairn, Hodgkinson, Eodman, and 
others, the subject of the behaviour of materials under the action 
of a])plied forces has had increaskig attention, and now labyrtPCories 
for the investigation of spch siibjocta are being considtjred a neces¬ 
sary adjunct to the various schooLs^and universities where Applied 
Mechanics forms part of the course of study. The phenomena of 
the Flow of Metals have been specially investigated by Tresca, 
commencing with his contribution in 1864 entitled Memoire 
mr VEcoulmient des Corps Solides,* and more recimtlv Wohler, 
Spangenberg, and others, have very fully investigated the effects 
of repeated applications of given loads to tlio same test piece. 
From these experiments it has been determined that thg repeated 
action of forces, the greatest of which is less than the assumed 
ultimate strength of the 'piece experimented u[)on, will cause 
rupture. This result has been termed the Faiif/ue of Metals* 
Considering some of the results of such expt'rimenis, we find that, 
unless the applied force is not • wry far below the ultimate strength 
of the piece tested, the number of repetitions of tbe force required 
to break the piece is very large. Where tbe test force acted at 
about three-fourths of the ultimate strength, the test-j)iece remained 
unbroken, even after some millions of applications of the test 
load. 

In Britain the Board of Trade has fixed tons, or 14,560 Iba 
per square inch, as the safe w'orking strength for steel of from 
28 to 31 tons of ultimate strtmgth per square inch. The American 
practice seems much the same, as about 15,000 lbs. is their working 
strength for steel of similar ultimate strength. Where long posts 
or struts enter into the design of the girder, special formulce for 
these compression members have to be used (see Appendix, pp. 795 
and 800). Since this weakening effect of repeat^ application, of 
forces to the test-pieces has been more completely understood, tho 
int^dpK^jlaon of .a .fiaLCtQJ in. formula for strength of materials, con- 
ti§ini»g thajatm..Qf.ibe,miniB^^ the. maximum force appUe^i, 

Appendix to Article 378, p. 800). The 
effect of this is to reduce to some extent the value of the ultimate 
Strength as determined by one application of the load, this result 

* Oomptes £endiuh li*., 1864, aud Journal Jf'ranklin InsLt li.. 1866. 
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being divided by a suitable factor of safety gives tbe wotiiQi; 
strength..' 

s . One-fpnrth or one-fiftli of the ultimate atrragth is |aken 

a isafe value for the working strength of wrought iron ^pr^ste^^ 
work. 

Where materials are of a crystalline structure, such as cast iron, 
the liability to fracture by shock's is greater. Thus, if a piece of 
cast iron be loaded to about half its weight, .and at tbe same time 
be subjected to a few taps with a hammer, fracture may ensue 
without any addition to the load : hence in the case of machinery 
large factors of safety are employed. In designing structures 
exposed to the severe action of the wind in storms, it is customary 
in some cases to allow for one-half more than what is due to the 
dead and live loads, so that there shall be plenty of area to meet 
the extra or wind stress. 

From a Report, drawn up by a Committee composed of 
engineers and scientific men, as to wind-pressure, the following 
conclusions have been arrived at :*— 

(1.) For railway bridges and viaducts, a maximum wind-pres¬ 
sure 5f per square foot should be assumed for the purposes 

of calculMiot). (2.) That for girders with closed sides, and as 
high, or higher, than the top of railway vehicles, the full pressure 
of 56 lbs. should be employed for the whole vertical surface of one 
girder, and that where the girder is not a.s high as the vehicles, 
the surface should be taken as that of the length of the girder by 
the height from tbe bottom thereof to the top of the vehicle. 
(3.) Timt for lattic»^ or open girders, the pressure.of 56 lbs. should 
be applied to one girder, as tliough th*3 girders had dosed sides 
from the level of tlie t'uils to the top of the train, and the same 
pressure to be applied to the actual ironwork area below the 
level of the rails and above the toj) of the train. The pressures 
to be applied to the inner or leeward girder, one only, in addition 
to the above, relate only to the actual vertical area of ironwork 
below the rails and above the train, and are: (a.) 28 lbs. per 
square foot, when the open spaces are not more than two-thirds of 
the area included within the outline of the girder; (5.) 42 lbs., 
when the open spaces are between two-thirds ai\vl three-fourths 
the whole outline area; and (c.) 56 lbs., when the open spaces arc; 
greater than three-fourths the whole area. (4.) The pressure on 
arches and piers should be ascertained in conformity with these 
niles. And (5.) a factor of 4 should be-employed in all these 
cas^ in calculating the necessary strength, except vrhen wind 
pi^uro is counteracted by gravity only, then a factor of 2 is 
considered sufSoient. 

* See The Ef^imer of 26th August, 188L . . 
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i*Vh en the working load is partly dead and partly live, multiply 
each part of the load by its proper factor of safety, and add 
together the products; the sum will be the ultimate or breaking 
load to which the piece or structure is to be adapted. 

»i^44. The Proof or Tooting by experiment of the strength of a 
piece of material is to be conducted in two different ways, accord' 
ing to the object in view. 

I. If the piece is to l>c aftenoards u^ed, the testing load must be 
80 limited that there shall be no possibility of its imy)airiim the 
strength of the piece; that is, it must not exceed the proof ^;t<^gth, 
being from one-third to <jne-ha!f of tlui ultimate strcifgt.li. About 
double of the working load is in general sufficient. Care should 
be taken to avoid vibrations and shocks when the testing load ap¬ 
proaches near to the proof stronglh. 

II. If the piece is to be i^acrijiced for the sake <.)f ascertaining the 
strength of the material, the load is to be increased by degrees 
until the piece breaks, care being taken, especially when the breaks 
ing point is approached, to increase the load by .small quantities at 
a time, so as to get a sufficiently precise result. 

The proof $(/rength requires much inoi'e time and troiible for its 
determination than the ultimate strength. One mode of aj)pi’oxi' 
mating to the proof strength of a piece is to apjdy a moderate load 
and remove it, apply the same load again and rc.movt^ it, two or 
three times in succession, obse* ving at (;ach timc‘ of application of 
the load, the strodn or alteration of figure of the piece when loaded, 
by stretching, compression, bending, distortion, or twisting, as the 
case may be. If that alteration does not semihly increase by re¬ 
peated applications of the same load, the load is within the limit 
of proof strength. The effects of a greater and a greater load being 
successively tested in the same way, a load will at length be 
reached whose successive applications produce increasing disfigiire- 
meuts of the piece; and this load will be greater than the proof 
strength, which will lie between the last load and the last load but 
one in the series of experiments. 

It was formerly supposed that the prodtiction of a ^ that is, a 

removal of theload, was a 
teat ot the proof strength being exceeded; but Mr. Hodgkinson 
showed that supposition to be (erroneous, by proving that in most 

by almost any load, how small soever. 

The strengtli of hais an3f bewns to resist breaking across, and qf 
4x1^ to resist twisting, can be tested by the application of known 
ilfc^hts either directly or through a lever. 

To test the tenacity of rods, chains, and ropes, tind the resist^ 
4nC(S (rf pillars to crusidng, more powerful and complex mechanism 
. is required. The apparatus most commonly employisd is the 
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hydraulic press. Ju computing the stress which it pi'odiices, no 
reliance ought to bo placed on the load on the safety valve, or on 
a.weight hung to the pump handle, as indicating the intensity of 
the pressure, which should be ascertained by means of Bourdon’s 
gauge. This rcmiark applies also to the proving of boilers by 
water jrtHiSSure. * f 

From exj)eriuieiits made by Messrs. More of Glasgow, and by 
the Autlior, it ai>i)oai-s, that in experiments on the tension and 
compi-<.*ssion of bars, abrait om-tenth sLoiild be deducted from the 
preastlic in the hydraulic pif.‘sa 'for the friction of the press 
])lunger. 

The measurement of tension ,and compression by means of the 
hydraulic press is but a rough apjn*oximation at the best. It may 
be sufficient for an iinjuediiit<‘ ])ractical purpose; but for the exact 
determination of g«uieral laws, jilthough the load may be applicjtl 
at one end of the piec(i to be tested by means of a hyclraulic press, 
it ought to be i-esistcd and measurt^d at the other end by means of 
a combination of Icvct's, such as ihat used at Woolwich Dockyard, 
and described by Mr. Barlow ibis work On die Strength of 
Mntenala. 

14/>. Co-cflirifiito or moduli of (ifr«nieib aro quantities expressing 
the intensity of the stress under which a ][>iece of a given material 
gives way wh(5n strained iu a given manner; such intensity bring 
expressed in units of weiglit for each unit of sectional area of the 
layer of particles at which the body first begins to yield. In 
Britain, the ordinary unit of intensity employed in exj)ressing the 
strength of materials is the pound avoirdupois on tl^e squasre inch. 
As to other units, see Article 106, p. 161. 

Oo-^efficiciits of stivngth are of as many different kinds as there 
Ri*e different ways of breiikiug a body. I’lieir use will be explained 
in the sequel. Tables of their values ai'e given at the end of 
tlie volume. 

Co-efficients of stnuigth, when of the same kind, may still vary 
according to the direction in which the stress is applied to the 
body. Thus the tenacity, or rtjsistance to tearing, of most kinds of 
wood, is much greater against tension exerted along than across 
the grain. 

14C. PMimieiiN or Rigidltjr, PIlBbllity, tbeir moduli or Co-efliclon(W* 

—Rigidity or stiffness is the property which a solid body possesses, 
of resisting forces tending to changa its figure. It may be expressed 
as a quantity, called a modulus or co-e£iciewb of by taking 

the ratio of the intensity of a given stress of a given kind, to thS 
fitmin, or alteration of figure, with which that stress is accom¬ 
panied that strain being expressed as a quantity by dividing the 
alteration of some dimension of the body % the original length 
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tlmt dimension. In most substances which are used in construction, 
tiie moduli of stiffness, though not exactly constant, are nearly 
constant for stTOsses not exceeding the proof strength. ^ 

The reci}>i'ocal of a modulus of stiflncss may be called a “ Dwdvi.'m 
of pliabiMty that is to say. 


• • 

Modulus Stiffness = 


Intensity of Stress^ 
Strain ^ 


Modulus of Pliabilityt = 


Simin 

Intoiisity of >Stross* 


The use of specific moduli of stiffness Avill be (explained in the 
sequel. Tables of thcii* values are given at the end of tho 
volume. 

147. The Kiaciiicity of n Solid {A. AJ 2;*iJ to 23S, 243, 248 to 
263) consists of stiffness, or nisisbince to ehangi! ol figure, combined 
with the power of recovering the original fignixi wnen the .sti-aining 
force is withdrawn. If tJiat recoveiy is perfi'ct and exact, the 
body is siiid to be “ perfectly dastic;'" if tlien; is a set,'' or 
permanent change of figure, after the removal of tlie straining 
ftu’ce, the body is said to beiinpei'fiictl.y elastic.Tlu) elasticity of 
no solid substance is absolutely f>erfect, but that of many .sub.stanees 
is nearly perfect when the str(^.4s doe.s not e-xeeed the proof stitiugtli, 
aud may be made sensibly peeiect by restricting the stress within 
small enough limits. 

Modidi or Co-efidents of Elasticity ai-c the values of moduli oi 
stiffness when the stress is so limited that the value of each of tiiose 
moduli is sensiVdy constant, and tho elasticity of the body sensibly 
peidect. It can be shown that in a. liomogeneons solid, there may 
bo twenty-one iudependmit co-elhcients of elasticity,* which, in a 
solid that is equally elastic in all directions, are nuluced to two — 
viz., the co-efficient of direct elasticity, or resistance to direct 
lengthening and shortening, and the co-efficient of resi.stance to 
distortion. 

The General Problem of die Intmuml Equilibrium of an Elastic 
Solid is this:—Given the free form of a solid, the values of its co¬ 
efficients of elasticity, the attractions acting on its particles, and 
the stresses applied to its surface; to find its change of form, and 
the strains of all its pai-ticleat This problem is to be solved, iu 
gem^} by the aid of an ideal ftivision of the solid into molecules, 
i^tangular in their free state, and referred to rectangular co- 
4)rdinate8. Some paiiicular cases are most readily solved by. means 

• See PML Trant., 1856-7, 

t Sm Lsm^ Isfom $ur la TltiorU Maith^matigw c2e VEhutkit^ des Cotrpt, 
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of Spherical, cylindricul, or otherwise curved co-ordinates. The 
general pi-oblem is of extreme complexity, and its complete 
solution ms not yet been obtained in a practically available forrnj 
but the cases which occur in practice, and to which the remainder 
of this section rtdatos, can be solved with sufficient accuracy by 
comparatively simple approximate methods. Most of those ap¬ 
proximate methods are analogous to the method of sections” 
described in its application to fram<iwork ifi Article 122, p. 184. 
The body under cousidemtion is conceived to bo divided into two 
partfM y an idt‘al plane? of section; the external forces and couples 
acting on ouff of those two jjarts are computed; aucl tliey must he 
equal and o])posite to the forces and couples resulting from the 
entire stn‘ss at the ideal secthnaVl plane, which is so found. Then 
as to the dutnhntiou < *f that sfi'css, direct and shearing, some law 
is assumed, which, if not exactly true, is known either hy experi¬ 
ment or by theory, or by both combined, to be a sufficiently close 
apjjrfkxiniatiou to the truth. 

Except in a few companih^'cly simple cases, the strict method of 
investigation, by moans of the equations of intoiual equilibrium, 
has hithorio been used only :is a means of determining whether the 
ordinary approximative nu'tliods arc sufficiently close. 

148. Ri>»iiiencr, or spring (A, M., 244), is the quantity of vne- 
chardcal work rc.qnircd to produce the proof-stress on a given piece 
of material, and is equal to the product of tluj proof strain, or 
alteration of figure, into the mean load which acts during the pro¬ 
duction of that strain; that is to sa}^ in general, very nearly one- 
half of the proi)f load. 

14'J. UrMihinnre of Karw to HtrcU'hing and Tearing^ (^A, M., 266 
to 209.) -Tlie ultimate strength or breaking load of a bar exposed 
to direct and uniform tension is the product of the area of cross- 
section of the bar iuto the tenarity of the material. Therefor© 
lot 

P denote the breaking load, in pounds; 

S the area of si'ction, in square inches; 

/the tenacity, in pounds on the square inch; then 

..( 1 .) 

The elongation of the l>ar under any load F not exceeding the 
proof load is found as follows;— ' 

X denote the original length of the bar, as the elongation, 

and 
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'the proporiUm which that elongatLon bears to the original kngtli of 
the bar, being the numerical measure of the stmiu. 

Let jp F -r- S denote the intensity of the sti-ess, and E, the 
ftiodvlvs of direct dastidtyy or resistance to sti’etohing. Then 




LetjT denote iha proof imision of the material, so that S is the 
proof load of the bar; then the proof strain, or ])roportjpnate . 
elongation under tlie proof load, is/' -r E. 

The Bmtiienia; or (Spring of the bar, or the worl^ performed in 
stretching it to the limit of ])rooffl.strain, is computed as follows 
X being the length, as before, the elongation of the bar under the 
proof load is The force which acts through this space has 

for its least value 0, for its greatest value P ■=/' S, and for its mean 
value/' S -7- 2; so that the work performed in stretching the bar to 
the proof strain is 

2“’ E E‘ 2 .i. ^ ^ 


The^cp-efiSrient^ by which one-half of the volume of the bar 
IS multiplied in the above formula, is called the MoPULUS, OP 

A sudden puU of /' S — 2, or oneduilf of llm proof load, being 
a]>plied to tlie bar, will produce the entire proof strain of /' ~ E, 
which is produced by the gradiud application of the proof load 
itself; for the work performed by the action of the constant force 
/' S 2, through a given space, is the same with the work per¬ 
formed by the action, through idle same space, of a force increasing 
at an uniform rate from 0 up to/' S. Hence a bar, to resist with'| 
safety the sudden application of a given ]mll, requires to have twice | 
the strength that is necessary to resist the gradual application and/ 
steady action of the same pull.), 

Tables of the tenacity and of the modulus of direct elasticity of 
various substances are given at the end of the volume. 

100, Cylindrical Bailer* and Pipe*, (d. M., 271.)—Let r denote 
the radius ot a thin hollow cylinder, such as the shell of a high 
pressure boiler; 
t the thickness of the shell; 

./the tenacity of the materi^, in jiounds per square inch; ' * 

‘ jpthe intensity of the pressure, in jKiunds per squaj’e inch, re- 
;^ired to burst the shell. '^p^iajcoigldLta-be-^t^^ 
fp^ve woritiT^g premu/re meaning the excess of 

. iSg pressure from within above the pressure from without, whidb 
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and, consequently, 


R® — p 

R2'T^“'7’ 


(>•) 



by means of wJiicli formula, whefl r, /, and />, are given, R may be 
computed. % 

153. Thick Hollow S|»hcr<'> (J. 1/., 275.)—Ill this case, using the 
same symbols as in the last A icicle, the following formulae givp the 
ratios of the bursting pressure iS the tenacity, and of tho4e^S:ternld 
to the internal radiu.s• • 

p _2R'’ — . 

7“" ^. 


R 

r 




154. liOlcral PliRbilili, Cubic f'oin|ii*cNiiiibility.—When the side 
surfaces of a bar are free, the application of tension to its ends 
causes it to contract in thickness as well as to cxteiKl*in length; 
and the application of pressure to its ends causes it to expand in 
thickness as well as to contract in length. This propeitiy, which 
may be cidlcd “ Lateml Pliability,” exists to the greatest possible 
extent in perfect fluids, who.s* parts yiidd laterally to the slightest 
longitudinal stivss, and is least in those .solids which are least 
capable of changes of figui'e. 

If a solid bar has the alteration of its trimsv<jrse dimensions pre¬ 
vented or resisted by a.ny means, it yields less longitudinally to a 
longitudinal sti'ess than it does wIkui it is free to yield laterally; in 
other words, its direct or longitudinal stiffness may be increased j 
^and that according to laws whose mathematical expression will 
presently be given. Its strength is inenjased also; but in what pro- 
poi*tion is not yet known precisely. 

Let denote the intensity of a longitudinal stress, not exceeding 
the limit below which moduli of stiffness are constant; and when 
the bar is free to alter its lateral dimensions, let, 

* ~ E fraction of its original length by which its length 

is altei'ed, and 


n 


= the fiuction of its original diameter by which its diameter 
ia altered in the contrary direction to its length; then we have . 


p = A » — B 


(1.) 
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A and B being two eo>eiiicients whose relations to E and 1) are 
expressed by the two following paiie of equations:— 


_ JBD(D — E) ^ ^ 2 E8 

~ D2 __ K D ^ 2 E2 “ * D2 — E 2 W' . 
^ E2D B E 

^ - B2 _ E D — 2'E2» A ” D"~ E' 


E = A — 

p“'* 1 

The co-effiraent A reprostnits tlie resisl^ncc of the bar to direct 
elongation or compression when /3 = 0; that is, when the transverse 
dimensions ol’ the bar are prevented from changing.* 

Tlie resistance to alteration of volume bears the following re¬ 
lations to the before-nu'iitioned eo-efficicnts. Let p denote the 
uniform intensity of a pressure or tension applied all over (lie 
surface of a body, and 3 the fraction of the original volume by 
which the volume is diinini.shed or increased^ then the mbio 
da^tidty is 

• p A 4- 2 B 3 I> — « E ^ 

3'“ 3 “ “BE . 


2 112 


D = A —2B-f 


A2 

B^‘ 


D 

E 


® /Q \ 

B 


and the reciprocal of this is the cubic ciympressibUilty. 

The values of A and B have been ascertained for a few sub¬ 
stances only. For brass and crystal, according to M. Wertheim*s 
experiments {Amuden de Chimie, tliird series, voL xxiii.), the 
following ratios hold very nearly:— 

A-13 = 2; D-E = 3; A-B=|; = 

♦and consequently, for those substances, . 


i> 

3 




155. XlelglitM of moduli of fNlMTueiM nnd Strength, — The term 
as applied to a given modulus, whether of stidhess or 


^ A ia the co-efijeient of elasticity deduced from experiments oif the velocity of 
soand in a solid body of large transverse dimensions, by means of the foUpwing 
formula, in which v is tbe velocity of sound in feet per second, and w the weight of 
a cubic fbot of the body; o 


A in lbs. on the square foot = 


w w* 


. .When tbe transverse dimensions of the body are narrow, this Cermula gives resaUl 
tying betweda the value of A and that of £. 
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of strength, means the height of an imaginaTy column of the sub* 
stance to which the modulus belongs, whose weight would cause a 
{>ressur6 on its base, equal in intensity to the stress expressed by 
the given modulus. Hence, • 

Height of a modulus in feet 

lloduliis in lbs.* on the square foot_ 

Heaviness of substance in lbs. to the cubic foot 

Modulus in lbs. oii the square incli ^ ^ 

Weight of is cub'c inches of substance* 

Height of a modulus in inches 

__ Modulus in lbs. on the square inc]^ 

Weight oFTi cii]>ic inch ol' substance* 

156. Bo»l«tnnce to Shearing and DiMtortion. (il. M.^ 278 to 

281.)—In structures, many cases occur in which tlie piinciiml 
pieces, such as plates, links, bare, or besuns, being themselves sub¬ 
jected to a direct ])uli, are connected with each other at ^eir joints 
by fastenings, such as rivets, bolts, ])inR, k<iys, or screws, which are 
under the action of a shearing force, tending to make them give 
way by the sliding of one part over aiiothci*. 

The present Article refers to those cases only in ivhich the shear¬ 
ing stress on a body is uniform in direction and in intensity. The 
effects of shearing stress varying in intensity will be considered 
under the head of Resistance to Bending, which is in general 
accompanied by such a stress; and the effects of shearing stress 
varying in direction as well as in intensity under the head of 
Hesistauce to Torsion. ' 

To insnire uniform distribution of the stress, it is necessary that 
the rivet or other fastening should fit so tight in its hole or socket, 
that the friction at its surface may he at least of equal intensity to 
the idiearing stress. When this condition is fulfilled, the intensity 
of that stress is represented simply by F S, F being the shearing 
force, and S the area which resists it. 

Inconsequence of the relation between sheaiing stress and direct 
stress, stated in Article 108, Division II., p. 167, it appears that a 
body may give way to a shearing stress either by actual shearing, 
at a planp parallel to the direction of the shearing force, or by teai’- 
a direction making an a«gle of 45® with that force. , 

. When a shearing stress does not exceed the limit within which 
inodnli of stiffn,^ are sensibly constant, it produces distortion of the 
bbdy on which it acts. Let g denote the intensity of a shearing 
aiqilied to the four latei'al faces of an originally square 
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prismatic particle, so as to distort it; and let»be the distorHotif 
expressed by the tangeM of the difference between each of the distorted 
a/figles of tJw prism and a right angle; then 






is the modulus of transverse elasticity, or resistance to distortion. 

One mode of expressing the distortion of an. originally*fiquaro 
prisuj is as follows:—Let « denote the i)roportionatc elongation of 
one the diagonals of its end,/3 |Iio proportionate sliortening of 
the othoV; tl^en the distortion is ■ 


The co-efficient C is iiec(issarily related to those mentioned iq 
Article 154, pp. 2211, 230, in the following manner:— 


C 


A _ B _ El) 
"2 ~2(bH-Ey 



For brass and crystal, according to M. Weidheim’s experiments, 
we have 

A _ B _ ;i F _ D 

'* ^ “ 4 ~ 2 “ d " ~ 8' 

* 

The co-efficient 0 <‘X|)resses the quality of rigidity, or resistance 
to change of figiin*, which distingnishes solids from fiuida 
In a jKjrfect fluid, tin; following relations hold:— 





C = 0; E = 0; D = 0; 

A = B = ^ (the cubic elasticity). 





The general effect of heat on solid bodies is to diminish C and 
increase p ^ 

157. Kealmlnnce to Couipreimloii nnd Direct CrunlilHg* (A. AT.) 

282 to 286.)—Resistance to LongiVudinal Compre'^mon, when tffie 
proof stress is not exceeded, is sensibly equal to the„resistance to 
stretching, and is expnisscd l>y the same modulua When that 
limit is exceeded, it becomes iiTegulav. 

Crushimfy or breaking by compre&^ion, is not a simple phenomenon 
like tearing, but is more or less complex and varied, according to 
the nature uf the substance. 

:Tlie present Article has reference to direct crushing only, and is 
l^ited to those cases in which the pillars, blocksj struts, or rods. 
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along which the irtussure acts are not &o long in proportion to th(‘ir 
diameter as to have a sensible tendency to give way by bending 
sideways. Tliose cases com})rehend— 

SStone and brick pillars and blocks of ordinary proportions j 
Pillara, rods, and btrnls of cast iron, in which the length is not 
more than fjvc times the diamete^ appioximatoly; 

Pillars, I'ods, and stmts of wrought iivni, in which the length is 
not nl<J^e than ten tiiSies the diameter, aj)])ioxiniately; 

Pillars, rods, juid struts of dry timber, m which the length is n(»t 
EQore tlian about twenty times the (luinu te**. 

Jjet 1* d(‘note the crushing loou of the pie<*e; ^ *' 

fcl the ar«M of its tr.niH^orse section in sqii.irc inches; 
ytlio i*esistance of the material To eruslnng, in 11 »s. on the square 
inch; then if Urn load is aui/ormfy dhtrihntal, 


p - y s 




. . ( 1 ) 


A table of the resistance «»f jn«iteri,ils t<i direct crushing, in Ilis. 
on the square inch, is giv(‘n at the end ot the volnnKS 

If the load is not uniformly disti jluited ov(*r the ^mnsverse 
section of the jiillar, the htmigtli of the pill.iris diminished in tlie 
same ratio in which the nii'au intensity of the stress is less than 
the rnaximiiin intensity. To hud that ratio, it is suilicieEtly ni'.ir 
the truth for piuctiial imrjiose*- to consider the stress as “ mujormly 
va/rying.^* (See Article 100, luvisioii IL, p 1 ()3, equations 5, 0, 7 ) 
Suppose the pillar to bo eylindrical, sijuuie, or of a legular poly¬ 
gonal figure in cross-s<‘ction. Ixt he tlu‘ givatc'st deviation of 
the centre of pressiirt* from tlie centre of lig^n* in any cross- 
section; that IS, the greatest d<'\iatiou ot the line of action of 
the load from the a.\is of tin* pillar. 

liCt aij be the distaiieo of the jioint of greatest sti’css from the 
axis of the pillar, that is, the scmidiametei of the pillar in the 
direction in which the load d<Miut(‘s from I he axis 

Let 1 ss: X denote what is calh'd tiie moment of inertia,'* 

of the cross-sf'ction of tin* pillar. 

Then the crushing load is, 


P = 


- 

1 4. ‘^0 

1 



S 

The following are some of the values of - in the jireceding 

formula: the “ neutral axis** meaning the diameter to which the 
deviation is peri>ondiciilai' 
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AS S 

Figuke of Ojioss-HEo'noN. . 

I. Rectangle, neutral axis,) 6 

TL Square, A-, .) . h* 

III. IClhpso: neutral axis, It; o|,lier axi'=i, //;) #8 

IV. Circle: diameter, /i,. S 1C 

V. Hellowrei tangle• outsidedimension*?,4,6;) 8 Ji {h b —^4' ^ 
^ inside dinumsiouH, 4', //; ney+ral axis, b,) 4^ b — 4^ 6' 

VI. Hollow square,— 4",. t . 

* 8 4 

VII. Circular ling: diaiuetei*, outside, 4; inside, 4', 


It is often advisable, especially in niasoniy, so t(\ limit the 
deviation of the oi'nlre of pressuie from tlie axis of the pilloi’, 
tlitare shall be m ienshu on any part of it. This condition is 
fulfilled w'Jien the least presbiire is ju)sitiv(‘, or nothing, and the 
greate.st stress not more tli.iu doubh* of the mean stress, so that 
P ^/S — 2; and consequently, when 


-0 





the reci]>rocal of the quantity of whose values examples have 
just been gix'en. 

The modulus of re&irttaucc to diivct cmshiiig, as the tables show, 
often diflers considei.ihl\ fiom the tenacity. The natm‘e and 
amount of those difi'eri nee-, deiaunl mainly on tlie modes in whlcli 
the crushing takes pl.w<‘. The.se may be classed as follows:— 

I. Ormhtng htj ^Ailtiiuj (tig. 121),‘into a numlKn’ of nearly 
prismatic fragments, sejiarated by smooth surfaces whose general 
direction is nt'arly p.u’allel to the diri'ction of the load, if» character¬ 
istic of hard hoiiiogcnc«)ua siiUstances of a gla.ssy texture, sueh as 
vitrified bricks. 



Fig. 125. 



lig. Z2C. Fig. 127. Fig t2fi. 


11. Crushing bgjshmm of4)ortio;w,o| the hloi^ iiloag 

nldique suifaees of 8^j>ai;^tion.is char^teiistic <if 








modes of DlEfiCfr OROSniNG. 


^raimlar textUTP* like cast iroDj and most kinds of stone and brick, 
fi^ometimes the sliding takes place at a single ])lune surface, like 
AB ill fig. 126; sometimes two cones or pyrnmids are formed, like 
c, 0 , in fig. 127, which arc forced towards each other, and split pr 
drive outwards a number of wedges surrounding them, like «?, in 
the same figure. Sometimes the block splits into four wedg(*.s, as 
in fig. 128. * • 

The surfaces of shearing make an eiigle with the dm*ction of the 
ciuahiSig force, which Air. Hodgkin son (who first fully investigated 
those phouomena) found to hav(‘ values dejKUuling on the kin<|,aTid 
quality of niat«uial. For ditien‘ ^t qualitie.H of east iron, for^ * ample, 
^at rnigio ranges ticom •^2'^ to 32" 1’ho gr(‘atost iutefthity of shear¬ 
ing stress i.s on a plane m.aking ai),;«ugle of 4/>‘' w itli llie direction of 
the onishing force; and the deviation of the plane of shearing from 
that angle sliows that the resist.anee to she.)riiig is not purely a 
cohe.sivo force, indo])eiidcnt of the normal pressure at the plane of 
shearing, but consi.sts pai-tly of a iorc(* analogous to friction, 
increasing with the inteiihity of tive nonnal pnssn.e, 

Mr. IIo(lgkin.son coii.sidera tlait in ordi'i* to detennine llie true 
lesisiancc of subskances to direct crushing, expeiiuicnt^ sJiould bo 
inade on blocks in which the ])ropiu-tion oi‘ length to diameter is not 
less than that of 3 to 2, in order that the nciterMl may be free to 
divide itself by shearing. When a bloek wliich is shorter in pro- 
portion to its diameter is <*i‘U‘'h(‘d, the fiietion of tlu' flat surfaces 
between vrhich it is cmslied has a iiereeptible eflect in }u>ldhig 
ita pevrts U>gellm\ so us to resist their separation by alioaring; and 
thus the appuivnt strength of the substauei^ is increabed beyond its 
real strength. 

In all substances wliicli are cmslw'd by splitting and by shearing, 
the resistance to cnisliing considerably exceeil^ the tenacity, as the 
tables show. The rt‘.sistanc«‘ of cast iron to cni^sliing, for exami>le, 
was fotind by Air Ilodgkinson to be somewhat uioi'c ibaii six times 
its tenacity. 

III. Crmhvng hy htdging^ or lateinl hwelling and spreading of 
the block which is crushed, is characteristic ot ductile and tough 
materials, suc h asjwrqugjit iitm. Owing t<» the gradual mannei' in 
whion! hiafemis of this nature give way to a crushing force, it is 
difficult to determine their I’esistancc^ to that force exactly. Tliat 
resistance is in general less, and sometimes considerably less, than 
the tenacity. In, wrought iron, the resistance to the direct crush¬ 
ing of short blocks, as neaiiy as it can be ascertained, is frqm 

j to g of tbe tenacity. 

IV, Crushing b y huck lina or cTijaipUia^j& dhamctenstlg jirf fibrOJIP 

akmg the fibres. It consists 
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in a lateral bending and ^vrinkling of the fibres, someHmes accsom- 
panied by a splitting of them asunder. It tak(*s plaee in timber, inj 
plak‘S of wrought iron, and in bara longer than those wliich givel 
w^iy by bulging. The rcsiatance of fibrnus subsbiuces to crushing' 
is in genersil cousiderably less than their tenacity, esjjccially where 
the latfuiil adlu'sioii uf the fibres to oacli otlier is weak compared 
with tlieir tcuiaeity. The resistance of most kinds of timber to 

1 2 

rnisliing, when di’}, is from to of the tenaeity. Moisture in the 

W O 

tiiuUsy.* weakens the latei-.d adhesion-of the fibres, and reduces the 
resistaiico to crushing to about one half of its amoniit in the dry 
state. 

rrunhiiix b> rroMM-bri‘iikin„ is the mode of fiuciure of columns 
and struts in which the leogtli greatl) exce«‘ds the rlianu'tcr. Under 
the brt'aking hiatl, tlu‘y }n*ld wdeways, and are broken across like 
beams under a ti’}Hisv(*rs(* load. 

The laws of this mode of breaking were investigated exp(*rimeii* 
tally by Mr. llodgkiu.son. Tin* following are his forinulie for cast 
iron cylin<lrieal lulki-s:— 

When the lengdi is iiol less than thirty times the diameter; for 
solid Pinal'S, let h be the diameter in inches, L tluj length in Jeef, 
and A a constant multiplier; then 


Breaking load = A .(1.) 

for hollow pillars, h't h be the external and h' the internal diameter, 
in inches; then 

Bmiking load = A ^ L'7.( 2 .) 

f 

The values of the co-efilciejit A au* as follows:— Tims. 

for solid pillars with rounded ends,. 14*9 

„ „ „ fix<'d ends.44*76 

for hollow ])illara with rounded ends,. 13*0 

„ „ „ fixed ends, . 44 * 3 - 


JThe strength of a lullar with one end fixed and the other 
rounded, is nearly a mean between the strength of two pillars of the 
same dimeiiKions, one with both ends fixed, and bhe other with 
both ends rounded. 

When the h'ligth is less than thirty times the diameter; let 6 
denote the breaking load of the pillar, computed by the preceding 
formulsB 

Let c be the crushing load of a short block of the same sectional 
area, = 49 tons X sectional area in square inches; then 
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4 & c 


/ Actual breaking load of pillar = ^ jr, 4 . 3 


.(3.) 


'Pile following are lorniulje dc«luced by Mr. Lowia Gordon from 
Mr. Hodgkinsou’s experinicnts:— 

Let P be the cinwhing load of j^long n)d or jullar, in lbs.; 

S the sectional area of jnatt'rial in it, in Wjuarc inches; 

h length, ) the same units of measure. 

h, its Jeast oxtemal diameter, j 

Then, approximately— . ^ '• 


•P_ 


1 « 


f- 

/<2 


.(4.) 


The following aiv the values of y*and «, tor pillars fixed at both 
ends, by having Hat ca}>itals an<l bases:— 


ft lb>«. |ior 'nch. 

Wrought iron (recttmgidar struts);. 36 , 000 ... 


a. 

1 

57000 

I 

800 


Cast iion (hollow cylindiical Pinal’s);. 80,000 . 

/ 

Timber (rectangular pill is);. 7 , 200 .... 

Stone and Brick (rcctiingular pil- f ser tiibles, \ i 
Jais); \ ]>p. 3()l, 768 J 
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Por a pillar luunded or jointed at both ends, 


P = 



1 + 4 « 


/2 

//2 


(5.> 


(See p. 795.) 

In wrought iron framework and machinery, the bjirs which act 
as stnitB, in order that they may have suHicieiit stiffness, are made 
of^yarious forms’ in cross-section, well known as “ angle iron,” 
** channel iron,” “ T-iron,” “ ddtible T-iron,” <kc. As to the quantity 
to be put instead of h in such cases, see Article 366, jiage 622. ^ 
Wrotu/ht iron cells are rectangular tubes (generally square) 
usually composed of four plate iron sides, rivetted to angle iron 
bars at the coi’uers. The tJtimate resistance of a single square cell 
to crushing by the buckling or bending of its sides, when ^0 thick* 










2S8 


MATERIALS AND STRUCTURES. 


ness of tbe plates is not leas them one-thirtieth of the diameter of the 
oelly as determined by Fairbairn and Hodgkinson, is 

‘ 27,()0U lbs. per square inch section of iron; 


but when a ninril)er of c<‘lls exist side by side, their stiffness is 
increased, and their ultimate msiMbance to a thriist may be taken at 

33,000 to 3t),000 lbs. per square inch Section of iron. 


Tlie* latter co-etlu itmts a]>ply also I cylindrical colls. 

For Ibrther information reHj>eet'mg the application of equations 
(4) and (5), see pages 320 to 524. '/ft is to bo obs(*rved that these 
formulaj, as they stand, are stlictly apjdicable only to oases in 
which the line of action of the thrust sensibly coincides .with the 
axis of the strut; that is, a straight line traversing the centres of 
its cross-sections. When the line of action deviates from the axis 
of the strut, the following modilieatioii is to be made: let a be the 
greatest deviation, r, the radivs of gyratim of the cross-section of 
the strut (as to which, see page 523); then to the divisor in each 
of the fori.aila) (4) and (5) add tlic following quantity:— 

xh 



The values of thiK, for some ordinary foms of section, are:- 

Solid rectangle,.j 

h 

Solid cylinder,.; 

h 


Thin liollow cylinder, 


4 X 
k ‘ 


(See also pages 233, 234.) 

159. KraiNtniice to CoiiapaiiiR. —Whou a thin hollow cylinder is 
pressed from without, it gives way by coUapsingy under a pressure 
whose intensity has been found by Fairbairn {Philos. IVans., 
1858)* to vary nearly according to the following laws:— 

Inversely as the length ; 

Inversely as the diameter; 

Directly as a function of the thickness, which i '^eiy nearly the 
power whose index is 2*19 ; but which for ordinary practical pur¬ 
poses may be treated as sensibly equal to the square of the thick¬ 
ness. 

The following formula gives approximately the eollapsingpressure 
Pf in lbs. on the square inch, of plate iron flue with butt-joints, 


* See also Us^ftU Itformatwnfor Engineers, lecond seriei, 1860. 
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whose length diameter d, ^d thickness are all expressed in tha 
aanie units of measitre 

p = 9,672,000 .(1.), 

Let t and d be fxpresst'd i/* ii^clics, and lot L be the lenglli in 
feet; the above formula becomes 

2) = ^06,000 .(2.) 

Fail-bairn having strgugiheued tubes by ^rivetting round them 
rings of T-iron, or angle iron, at equal diHtuiices apart, ibuud that 
their strength is that corresj>onaing to the length from ring to 
ring. 

He also found that the collapsing pressure of a tube of an 
elliptic form of cross-section is found approximately by substituting 
f(jr c?, in the preceding forniuloe, the diameter of the osculating 
circle at th(* ilattcst part of the ellipse ; tJiat is, let a be the greater, 
and b the less semi-a vis of the ellipse; then we are to make 

(See p. 799). d ^ .(3.) 

160. Arllon of a TrniiMrerNe E.oa<l on a Benin.* (A. Af., 288)_ 

It has already been shown, in Artielo 112, p. 17-1, how to determine 
the proportions between tin n'sultant of iho g,’oss load of a beam 
and the two forces wliicli support it. In the present Article those 
cases alone will be considered iu which the loading and supporting 
forces are par.al]el to each other, and in mu* jilanc. 

Jn Artiel'' 122, p. 181, it lias been shown liow to determine the 
Jresistaucoa exerted by the ph'ces of a frame wjiich are cut* by an 
ideal sectional plsme, in terms of the forces and couples which act 

on one of the portions into which tfiat plane of section divides the 
n»me. 

The method followed in determining tlie effect of a transverse 
load on a contimions beam is similar; exctqit that the resistance at 
the plane ^tion, which is to be determiued, does not consist of a 
forces acting along the axos of certain bars, but of 
a a^nbuted stress, acting with various inteusitioa, and, it may 
various directions, at different points of the section of tlio 

• fhe load of the beam will be conceived to con- 

^ 01 weights acting vertically downwards, and the supporting 
or^s also be conceived to be vertical. The longitudinal axis 
ct the beam being perpendicular to the applied forces, will accord- 
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ingly be homontal. The conclusion^ arrived at are applicable 
to cases in which the asfis of the beam and the direction of the 
applied foi'ces are inclined, so long as they are perpendicular to 
eatch other. 

Let any point in tlie longitudinal axis be taken as the ongin of 
co-fti'diuatos; and at a given horizontid distance a;' from that 
origin, conceive a vertical section {)6ri)(*ndicular to the longitudinal 
axis to di\i(]e the beam into two parts. 

•Let F denote the resultant of all the vertical forces, whether 
loading or bupporting, which aci the part of the beam to tho 
hdt of the vertical [ilauc of section, and let x!' be the horizontal 
distance of the lino oA'iclion of that I'osnUant from the origin. 

If Llic b('am is stioiig enough to sustain the forces applied to it, 
there will be a shtannf/ stress equal and opposite to F, distributed 
(in what manner will afterwards appear) over tlie given vertical 
8e<*tiou; ami that shcariug stress, or vertical ivsistance, will con¬ 
stitute, along with the resultant applied foi'co F, a couple whose 
moment is 

M ^ .(I.) 

I 

This is callt d the hmdivg nwment or monmtt of flexv/re of the beam 
at the vertical section in question; it is resisted by the direct stress 
at that stvtion, iq a maiiiKT to be explained in tho sequel; and it 
teiidh to make the originally straight longitudina] axis of the beam 
bt'come concave in the direction towards which the lesultant 
apjiUed force F acU. 

I'lif* math<‘matical process lor finding F and M at any given 
crosb-scctioii of a beam, though always the Sdra*‘ in principle, may 
be varied considerably in detail. Tlie following is on the whole 
the most convenient way of condiietiug it. 



Fig. 129 represents a beam supported at both ends, and loaded 
between them. Fig. 130 represents a beam supported and iigoed at 
one end, and loaded on a projecting portion. F|, Pg, represent in 
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each case the siippoiiaug forces; in iig, 129, Wj, W^, Wg, 6io., 
represent Twirtions of the load; in figt 130, "W® ivpresents the end* 
most portion of the load, and W^, Wg, Wg, other jiortious; in both 
figures, Ar., Aa-g, Aaj,, Ac., denote the lengths, of the parts iiAo 
which the linos of action of the portions of tlie load divide the 
horizontal axis of ^ho beam. 

The figures repi’esent the load as applied at detached points; 
but when it is coniinuously distributed, the length of any in¬ 
definitely short portion of the beam will be denoted by d x, the 
intensity of the load upon H'.rfv?’ imit of Imyth by w, ^lyid'^the 
amount of tin* load upon it by a* d x. , * 

The process to bo goiu*through will th(*ii c.dibibt of thi* ^ollo^^ing 

steps:— • 

tep 1. To find tlis Suppm'tiny Forces .—Ashuiiic any couyement 

point in the hoiizonbil axis as origin of co-oidinates, and find the 
dihtance of the resultant of the load from it, hy the method of 
Article 97, Division VII f, p. 143, lor li)rees acting through 
detached points, and hy the inidhod of Artich* 104, Dnnsion V., 
p. 103, for a eontiuuoublv disiribiited load; that is to say, 

_ 2: J W ] 

*^0“ i:*w ' I 

I a Iff d X I .(2.) 

a'n - -r ’ 

I w d .1 \ 


Then, as in Article 112, p. 174, find the two sni>porting loi-ces, 
Pj and p 2 i distances of the 

points of feujiport from the origin, with their proper signs, make 

p - -^2 -- ■'() V . ’W (oi f Iff dx)} 1 

0“ I'W(orftffdx). 

Step II. To find the Sheunng Fmxes at a Series of Sectimis —In 
what position soever the origin of co-oidinates may have l>eon 
during the previous ste]>, assume it now, in a beam suppoited at 
both ends, to be at one of the points of sujiport (as A, fig. 129), and 
in a beam fixed at one end, to be at the loaded ]ioint farthest from 
the fixed end (as A, fig. 130). Consider npwaid forces as positive, 
downward as negative. ^ 

Then the shearing force at any given cross-section of the heam^ 
the resultant of all the forces acting on the beam from the 
that cross-section; so that at the series of points where P^, Wj, 
Ac., act in fig. 129, and where Wq, Wj, Wg, Wg, Aa, act 
in 130, it has the series of values, 


•as 
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In Fig. 129. 


1^0 = Pi. 

F. = P, ~ VV.; 
Fo = — Wj - 

Fb-Pi-^V,- 

and geiiorally, 


W 

w: 


2 . 


w. 


F = 1\-. 2-W;...(4.) 


In Fi«. 130. 

— Fo= Wo; 

-i\=:Wo+W,; 
-~F 2 =:Wo + Wj +W,; 
_F3 = Wo + Wi + Wj + W35 

(fee.; 

and genemlly 

~F = 2- W; 


so that the sheai'ing forrc's at a series of sections can be compntc’d 
by .succe.ssivc subtK.Jtions or suecessive additions, as the case 
may be. 

For a continuously distributed load, these equations become 
ro.s|>ectiv<*lY, 


In a beuni .su])])oi'tod at both ends, F = P^ 


j ^ iodx \ ((}.) 


t Jn a beam fixed at oue en«l — F = / u) d .»•;.(7.) 

•' 0 

« 

in Mdiich exjUTSsiona, a/ (hmotes the distiuice from the origin A to 
the ]»Jane of s<*ct.v<n. 

'rile syjulxd — F denotes that the shearing force is downward. 

Tiio fjivatewt Mhi'iiriiia Forcf; acbs in a beam Hn[>]>orted at both 
ends, close io one fir oilier of the jioints of siqiport, and its value 
is either Pj or Pg. In a lM*jini fixed at one end the gi'catest .shear¬ 
ing force on tln‘ j.n.jecting part nets close to the outer point of 
8Upj»ort, and its vjilut* is e({nal to the entile load. 

In h beam .su}»[ioi’t(‘d at botli (‘Ud^, the Mheiirlnji Force vonlnhe.* ot 
some intermediate section, wlio.s<* jiosition may he found from 
r(|U!ition 4 or equation fi, by making F = 0. 

Step 111. To Jiiui five. Dendhtg Mommts at a Series of Sections. 
—At tlie origin A there is no bending moinent. Multiply tbo 
length of each of the divisions A a: of the longitudinal axis of the 
beam hy the shearing force F, which acts at the outer end of tliat 
division; the first of the products so obtained is the bending 
moment at the inner end of the first division; aud by adding to it 
the other products successively, there arc obtained successively the 
bending moments at the inner mids of the other divisions in 
succession."^ 

That is to say,—bending nn nuuit, 


* Ttiia proce<» Is substantially the antne ivith that employed hy Mr. Herbert 
Latham, in hie work On Iron Bridges^ to compute the stress in a balf-Iattioe girdsr. 
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at the origin A = 0; 

at the line of action of Wj; Mj = Fq * ; 

„ „ „ Wj;Mj=r:Po'A!Bj+Fi.A*j; 

» » » ^3 — ^0 * 

4bc. <irc. 


• and generally^ M = 2 • F A a;. .... 
I/ihe divisions a « are of equal lengthy thiB becomes 

M " F;. 

and for a continuously distributed load, * 

M = /’* Fdx. . 

J 0 


..( 8 .) 

-( 8 .) 

( 10 .) 


The three ])receding equatiouB, 8, 9, and 10, are apjdicable to 
b<*um8 wlietlier supj)orted at both ends or lixed at one end. By 
substituting for F in eciuaticin 10 its values as given by equations 
6 and 7 respectively, we obtain the following rOoults;— 

For a beam supported at both ends, 



= x' — f (a/ — x) to dji'\ .(11.^ 

For a beam fixenl at one end, 

— M z=J j^ vod'j?-=. (a*' — x) w d X; .(12.) 

in the latter of which equations, the symbol — M »lenote3s tliat the 
bending moiueut acts downwards. 

The OreaMst Bending iMonifut acts, in a beam fixed at one end, 
at the outer point of support; and in abeam Kuj>[>orted at both 
ends, at the Koction where the Hhcariug force vanishes, found, aa 
alreaxly stated in Step II., from the equation F = 0. 

When the load on a beam supporU'd at both ends is sym- 
iiietrically distributed relatively to its middle section, the Greatest 
Bending Moment acts at that section; and it is sometimes con¬ 
venient to assume a point in that section as the origin of co¬ 
ordinates, 

Step IV. To find the ejfiBet of covihining severed Loads on one 
Beam^ whose separate axt/ions are known; —^for each ciuss-aectiouj tJie 
shearing force is the sum of the shearing forces, and the bending 

of the bending moments, which tlie loads would 


ummeni; ime sum 
produce sepai'ately 
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Step V. To dedwe the Sheanmj Force atitJ Bwding Moment in one 
Beam from those in anofhet' Bemi similarly supported a/nd loaded, 
—Tliis is done i)y ihc aid of the following )jrinciplc 8 
iFhen beams differing in length and in the amounts of the loads 
upon them are similarly supportedj a-nd have their loads si/imlasrly dis^ 
tributed, die shearing Jorces at corresponding secHone in diem vary as 
the total loathe and the bending moments as the prodn/LOls of the toads 
and lengdis. 

This }}rinciiil(' may be expi-eased by symbols iu either of the two 
folh vingA\ay^:— 

Fivotj' ^jut /, l\ deiif>t:e the lengths of two heaiiia, similarly sup- 
portt'd; let W'. <1 lote their total loads, similarly distributed; 
let F, F', he the shearing foivos, and W, M', the bending moments, 
at sections similarly situated in the two beams; then 


W :W': :F :F, .(13.) 

I W : /' W : : TM : M'.(14.) 


Secondly^ Let h and m he two numeineal factora, depending on 
the way in which u beam is siippr l(*d, the luoclo of distribution of 
its. load, and th(‘ ])o.->iiion of the eioas-section under consideration; 


tlien 

F = /.; W;.(15.) 

M = w W I .(1®*) 


Loads upon beams are statid t‘itln.r iu ]K)Uiulh, hundredweights, 
or tons; lengths ol liearn'., in feet, or iu inches; and according to 
the units of loud ami kiiglli employed, th(‘ unit of bending moment 
is a footponndf an inih pound, a fxtt-hnndrcdweUjht, au indi- 
hundredn'ciifht, o foot-ton, or an tmh-ton, as the cas(* may hi\ 

As the tr.insveise dinaiisioiis of beams are cxpvossod in inches, 
*and their moduli of .stiengih in juninds on the square inch, ths 
most convenient units are, the ])oinid, the inch, and tlio iach« 
pound.* 

The following Is a comparison of different unit of bending 
mome*tt. 

Inch-lbs. 

T2 z= I Ft-lh. 

113 = 9^, = I Inch-c^vb. 

1344 = TT 2 = 12 = T Foot-ewt. 

2240 = t 86 I( = 20 = = I Inch-ton. 

26880 = 2240 = 240 20 =12 = 1 Foot-ton. 

161 . EraauplM af the AcUan af a Tranarerse rjoad an m llcMn* 
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_In each oxam}>le in the preceding table, I denotes, for a b(‘am fixed 

at one end, the length measured from the outer j)oint of supjwi’t to 
the taiihest projecting loaded point, and for a beam su]>}»oi'ted at 
both ends, the length or ffpoffi. betwe<*n the points of support; W 
denotes the total loadj F and M denote the sheaiing force and 
bonding moment -at any cross-jjection situated at tlie distance j/ 
fi-om the origin (which, as in the preceding article, is the iwiut 
where M = W); F**denotes the great<»st shearing force; a/j the 
position of the section where it occurs; Mq the greatest iK^nding 
moment; oj'o the position of cixi'.s-seetion where it occui>; w, 
the two factors eni})loyed in tqtiatioiis 16 and 10, for the sections 
of greatest shearing ^Ttwss anid greatest oeiuVmg moment ro- 
Bi)ectively; that is to say, * 

ife_Fi-W;w Mo-WZ. .(1.) 

To transform the expressions in the preceding table, Cases IV. 
to Vll., which are siiiiod for co-ordinates measured fit)ui one 
fKjint of suppoit of a beam snppoi*ted at lw)tli ends, into expressions 
suited for co-ordinates measured from the middle of the beam, let 
c Ik* the haffspmi, and substitule 2 c for I, c — sc for and 
c X for I — y, throiigjiout tlie whole of that paj’t of the 
table. 

In the following exainph*, a beam su 2 )j)orted at both ends is 
6U2)posed to be loaded at a series of detached jKiinis, which <livide 
the length of the beam int< N etpial di\isj()us, so that the length 
of one of th(>se dh isious is Z N. The origin of eo ordinates being 
at a point of suiqKiri, the iilane of oeetioii m t'ach example is suji- 
{losed to be irfimediately heymd the n*'‘ division from that ]>oint. 


Case. 

•^1 

VIll. Each inter- /N - 1 

0 to J 

mediate point 1 o 


loaded with lo; T 

']S 1 

total load (N - 1) ~ " 1. i 


* * ■ * 

1 to 1 




/t(N ?i) 
2N 


ho 


J 0 


(N 


I 2 

2 N 
N-H 
2" 


to 


I 

(N oikl) 


m 


(N even) 
I 
8 

(N odd) 
N + 1 
'8N 


Case IX. Trav^mj LoadS—A. beam of the span I is supj|>orted 
at the two ends; a pennanent load of the unifoim intensity of w 
lbs. per lineal foot is distribnt(*d over it. An additional load, such 
as the weight of a railway train, of «?' Iba per lineal foot, giudually 
rolls on to the beam from one end, coveiing it at last hrom end to 
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eu(iy and then rolls oil' again at the other end. Tt is required to 
find the greatest shearing force at any given section, and also the 
gr(>atest l)eudiug moment. 

•Tlie Grrmiest Shmriag Force at a given cross-section occurs when 
the longer of the two segments inU) which it divides the beam is 
loaded with the tnivelliiig loiid as w(}ll as wil;h the j>ermanettt 
load, and tlie shorter loinhul witlf tlio permanent load only. Lot 
W denote tliat lorce, and x the distance of tb6 section in question 
from the nearer end ot the Ix'uiu ; then 

t. 


- *)! M 


This forinnla may bo icmieiod somewhat more symmetrical by 
taking the midxUc of the Ijeam, instead of oini of tht' ends, as origin of 
co-ordinates. Jjet a*', then, dc'iioto the distance of the section in 
question from tlie midiih' of tJie beam, and c = /2, its half- 
span j then a; = c — a.', and 


F' 


, w (c H- x')^ 
-r - . 

4 c 



The Greotcat Jinniimj Moment at »*ai'h section occurs when th« 
tra\oiling load extends over the wlioh* length of the beam; so that 
in this respect ijo difibrenco (*xists betv^eeu the present case and 
case VI. of the jireci'ding table; that is to say, 


jj- _ («J -f w) .1 (/ — a) _ (to + tv') (c* x'^) 

L* ~2 


....(4.) 


The preceding piinuiples are ifjiresentcd graphically by the 
following eoiistniction. In lig. 131, let A B represent the span of 
the beam; bisect it in 0. Through A draw DAE perpendicular 
to A B, and take A D to repi’esent Imlf the greatest perntaneta loetd, 
that is, A D rr: m; / - 1 - 2, and A E to reprt*Hent on the same scale haJf 
t/ie greatest tra/vell iag load, tlia t is, A K:=:w' I -i~ 2. Draw the straight 

lino C D; also the jiarabola B L 11^ 
haviiig its vertex at B, touching A B. 

1 n Alxnit 0 describe the semicircle A F 

and consider (1 F®, or tie square of 
the radius of that semicircle perpen¬ 
dicular to A B, as I'cpresontiug the 
greatest handing vnomerU Oib tits wxddU of 
the heam, or (to -j- w') -f- 8- Ijet w 

i-epresent the position of any cross- 
section of the beam. Draw H G T K 
then H T will I'cpreseut the greatest 



Fig. 131. 

per|)endicniar to A B; 
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aliearing force at fcliat section, and G the greatest bending 
moment. 

The ordinate C L of the parabola at the middle of the span, 
being one-fourth of A E, represents the greatest shearing force in 
the middle of the beam, which is one-eighth of the greatest 
travelling load, oryfl-i~ 8. 

Case X. —If a beam has eqital and 
apposite eovqjleni ap])Iied to its two ends, 

—for example, if the beam in fig. 132 
has the couple of equal and*opposite 
forces Pj ajiplied at A and B, and the 
couple of equal and op^iosite forces Pg at 
C and D, and if the opposite moments, 


P/ 

r4:rr 


. ] 

A. 





k 


Fi*. 132. 


Pi-AB = P2'CD = M,. (5.) 

are equal, then each of the oiidmost divisions of the beam, A B and 
C D, is in the condition of a beam fixed at one end and loaded at 
the other (Case J.); and the middle division B is subject to the 
wniform moment of figure M, and tr) no shearing force. • 

162. Bealatoace to C'rosv-BrrakinK—TmucrerMo Hti'Cii||th« ^A, Jif.f 

293 to 295, 309, 310.) —Tlib bending momeni at each cross-section 
of a beam bi'iids the b(*ain so as to niak. any originally plane layer 
of the beam, perpendicular to the dinnition of the loud, become 
concave in the direction towaids which the moment acts, and convex 
in the opposite direction. I'Jius, tig. 1.33 represents a side view 
of a short portion of a beam supported 
at the ends and loaded at intermediate 
points; CC'is a layer, originally plane, 
and |)erj>eadicular to the direction of the 
load, which is now bemt so as to Ix^coine 
concave above and convex below. 

The layers at and near the concave 138. 

side of the beam A A! are shortened, 

and tJie layers near the eon\e\ side J> B lengthened, by the bending 
^.tion of tlie load. 3’herc is one intermediate surface 0 O' which 
is neither lengthened nor shortened; it is called the “ Tieutrcd «w- 
fdee. The ;^artieles at that surface are not necessarily, however, 
in a state devoid of strain; for, in common with the other particles 
of the beam, tlioy am compressed and extended in a pair of diagonal 
directions, making angles of #5® with the surface, by the shearing 
action ot the load, when such action exists. * 

^ The condition of the j>articles of a bi am, produced by the com¬ 
bined bending and shearing actions of the load, is illustrated by fig, 
ld4t which represents a vertical longitudinal section of a rect* 
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angular beaiu, Bupj>oi‘ted at the endei and loaded at intenuediate 

points. It is covered with a net¬ 
work consisting of two sets of curves 
cutting each other at rigi)t anglea 
The curves convex upwards aiv lims 
Fig. 184. of direct thrust; tliose convex down¬ 

wards arc lines of direct tension, A 
pair of t»iugents to the pair of cur\ es wliich tmvom* any particle, are 
tlie aims of stress of that paiticlc. (Sec Art. J 08, p. 1 fit.) The neiUroU 
suifaoe is cut by hotli sets of cui’vt at angles of 45°. At that 
vcrtiejil section of the beam wliere the shearing foi’ce vanishes, and 
the bending moineno i igi*catcst,both sets curves become horizontal. 

Except in cases to be arierw.M’ds specified, it is unnecessary to 
consider the shearing acli«tn of tlic load on a beam. 

When a beam breaks under the bending action of its load, it 
gives way either by Ibc crushing of tlic compressed side, A A', or 
by the tearing of the stretched aide, B B'. 

In fig. 135, A r('pre.sciitb a 
beam of a gninuJar material, 
like cast iron, giving way by 
the crushing of the compressed 
Fig. 136. ' side, out of which a sort of 

wedge is forced. B represents 
a lje‘am giving way by the tearing asunder of the stretched 
bide. (See j>. 806.) 

The resistance of a bt‘am to b(>tidiiig aiul cross-bn^aking at any 
gi\eii cross-section is tlio mouKuit of the couple, consisting of 
tlio thrust along tin' longitudinally-compressed laycra, and the 
equal and opposite tension along the longitmlinally-stretohed 
layt'n. 

It has been found by cxjicriim'ni, that jti most cases which occur 
in jir.ictice, the longitudinal sti'css of the layers of a beam may, 
without inatenal errof, be a^.sumed to be imiformly-mryhig 
(AHiclo IOC, p. 1C3), its intensity being siniply jiroportional to 
the distance of tin' lay* r from tlie n<*utral surlace. 

Let fig. 136 represent a cross-section of a beam (such as that 
rejiresented in fig. 133), A the compressed side, 

^ _ B the extended side, (J any la^* r V^^d O O the 

^ nentral axis of tlie section, being tlie line in which 
it is cut by the iioutral surface. Lot p denote the 
I I inten'-ity of the stril^s along the layer 0, and y the 

CD distance of tliat layer from the neuital axis; because 
Tt the btri'ss is uniformly varying, y is a constant 

Fig. 180. quantity. Let that constant be denoted for tiie pre¬ 
sent by 
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Lot z be the breadth of tlie layer C, and d y its thickness; 

Then the amount of the stress along it is 

pzdy = ayzdy\ 

the amount of th^ stress along all the layera at the giTen cross* 
section is 

a jy z d ii\ 

and this amount must be nothing,—in o(hev words, thh total 
thrust and total tension the cTOSS-s(‘ction inu j be eq^al,—because 
the forces apjdiod to the beam are wholly transverse; from which 
it follows, that 

jysdy-O .( 1 .) 

and the neutral axis trarerses (he centre of grainty of tfw cross-section. 
This principle enables the neutral axis to lx* found by the aid of 
the methods explained in Articles 104 and lOo, pj). 158; it 

being borne in mind that the ])i-oe<>as of lindiiig the eeiitre of gmvity 
of a gi\ou plane ligure is the saim' with that of tlii<ling the centre 
of gi*avity of a homogeneous uniformly thick ilat jdate of tliat 
iigurc. 

To find the gix'atcst value ^'f the constant p -^y consistent with 
the strength of the beam al the given eross-seetiou, let //„ bo the 
disfemce of the coin})i’essed side, and y,, that of the ext(‘n(h‘d side 
from the neutral axis; the greatest tlirust, and the greatest 
tension, which the material can bt^ar in (be form of a beam; 
compute fa y„ aiid f -a- aiul adopt the less of thoscj two 
quantities as the value of p y, wliieli may now be denoted by 
/-S-/being/, or/^, and ‘being lu .Vm according as tbe 
beam is liable to give way by cru diing or by bearing. 

Tlie moment relatively to the neutral axis, of the stress exerted 
along any given layer of the cross-section, is 

f 

y p z d y ^ z d y't 
Vi 

and the sum of all such moments, being the 

raonient of Kcaiaiance of the given 01*038- Section of the beam t) 
breaking ooroas, is given by the formula, » 
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or malcing j z d y 


« 



(3 A.) 


Wlipu the hrealimj load is iu question, the cc-eflicient/is. vb^t 
is called the iioDtiwis op uuptuue of tlie rimtorial. It does not 
always agree with the rosisiaiice of tlu* sanic material to direct 
cnisliiijg or direct tearing, but has a special value, wliich can be 
foui)d by cx]»eriinents on cross-breaking only. One of tlie causes 
of this fJlieni'Uienon is j>robably the fact, already stated in Article 
Jo4, p. 220, that tlid re.sist.ince of a matei'ial to a direct sti*es8 is 
iuci'eased by j)reveuting or diinioishiug the alteration of its trans¬ 
verse dimensions; and another oause may be the fact, that the 
strengtli of luaihws of nit'tal, ('h]Kci.dly when cast, is giTotcr in the 
external layer, or ahitt, tliau in tlie inh'rior of the mass. When a 
bar is directly torn asundiT, the atrt^ugth indicated is that of the 
weakest part of tlie mass, which is in the eeutre; when it io broken 
across, the strengtli iudicatcd is that either of the skin, which is 
the strongest part, or of .sonu' jurt .icar the skin. 

When the proof load or worhimj load is in que^stion, the co¬ 
efficient yis the modulus of rnjitnn* divided by a suitable fa<d^r 
of saf^y, as to which sec Ai'tiele 11.0, j). 222. 

The factor denoted by I iu the preceding equation is what is 
conventionally called the mnniaiit of i^iertia^' of the cross-section 
of tho beam For sections who.se liguros ai‘e similar, or are parallel 
projections of each otln i, the moments of inertia aw to each other 
as the breadths, and as the cubes nf the depths of the sections; and 
tho values of y^ are as the depths. If, ihei-cfore, b be the breadth 
and A'the dejith of the lectanglc circumscribing the cross-S(‘Ction of 
a given beam at the point where the moment of flexure is greatest, 
we may jmt 

1- dhh' .(3.) 


y---m'h .(4.) 

n' and m* being numerical iactoi's dciiouding ou y>he form ol 
section j and making n* m'^n, the moment oi resistance may 
l^tiius expi'essed,— 

Mo-«/6<42.^5.) 


Hence it appears, that the rmztcmm of simUa/r croaa-mticmB to . 
erossdrrfMng are as iHmr breadths amd as ilie sqwms of their^ 
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The relation between the load and the dimensions of a beam is 
found by equating the value of the greatest bending moment in 
terms of the load and length of the beam, as given in Article 160, 
equations 10, 11, 12, and 10, pp. 243, 244, to the value of the 
moment of resistance of the beam, at the cross-section where 
that greatest bending moment acts, as given in equation 5 of this 
Article; that is to say, * 

• "MQ = niWl nfhh^ .(6.) 

9 

m being the co-efficient depending on the mode of distribution of 
the load, as defined by^cqmition 1 of Artu*i • 101, t}). 247, and 
given for particular cases in the,tables aiirl oxaTiqiles of Article 
161. 

In using the above equation 0, it is to be understood that the 
same unit of measure is to be employed for all the dimensions of 
the beam; and inasmuch as the valiios of the modulus of 
rupture” f given in tables arc generally sbited in pounds on dvs 
square imh^ so that the inch is the proper unit lor the transverse 
dimensions h and A, the length or sjian / ought to be ex^irossed in 
inch^ also, so that the bending moment will be computed in inch- 
pounds. 

In iinding the value of the moment of inertia 1 of cross-sections 
of complex tlgiire, the following rules are usef p’ . 

If a complex cross-section is made up of a number of simple 
figures, conceive the centre of gravity of each of those figures to be 
traversed by a neutral axis parallel to the neutral axis of the whole 
section. Find the moment of inertia of each of the component figure's 
relatively to its own neutral axis; multiply its araa by the square of^ 
ttio distance between its own neutral axis and the neutral aidis of 
the whole section; ^d.add together all the results so founds fpr 
the moment of inertia of the whole section. To exjiress this in 
symbols, let A' be the area of any one of the component figures, y' 
the distance of its neutral axis fi'om the neuti’al axis of the whole 
section, V its moment of iueitia relatively to its own neutral axis; 
then the moment of inertia of the whole section is 

i I = S-r-KS-3/2 A'.(7.) 

When the figure of the cross-section can be made by taking 
moay one simpler figure from another, so that the centre of gravity 
of uie whole figure is found by sttbirae/ion (as in p. 154), both 
the area and tlie moment of inertia of the subtracted figure are 
to be considered as negative, and so treated, in making use of 
equation 7. 
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163. Bxmnikle* of Mommi of Bealniancc.—The following table 
contains examples of the values of the factors n', w', and n, of 
equations 3, 4, and 5 ;— 


Foiiw t)F Ckoss Sections. n's . , , 

9 Hr 


I. Rectanp'lp 6 ^ 

' (including aquair) > 

C 

II, Ellipse— 

Veilical AKish, ...1 

Ilurizontal axh 5,. « 

(including circle) ) 


1 

12 


= 0*0491 


III. Hollow rectangle, ft A—ft'A'; also) 

I-formed set turn, where 6' is i ^ (\ _ ^ * 

tbofliiin of the bicadlhs of the f bh* 



lateral hollows, 



IV. 

I 

Hollow squuTu— 

’ -( 



—- A'*’ 

fl ft 

.i ia\ 

AV 



1 

1 , 

<’ ft'A'®\ 

V. 

Hollow ellipse,. 

. |20 4 1 

1 — 1 
; ftAV 

VI. 

Hollow ciicle. .. 





20*4 

^ AV 


VII. Isosceles Iruingle; ha'o ft, heiglit) 
A; yi nieasimd from summit,f 


3C 



The following examples arc not well jsuited tor introduction into 
the tables:— 

Example VilJ — T-fonued section. 



Areas. 

Dejiths. 

Flange or table, . 

.Aj 

(1 

Vertical web,. 


h 


Totals, Aj + Ag = A; /ij + Ag = A. 

Exact Solution .—Distance of the neutral axis from the edge of 
the vertical web,—* 
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as - + \ 4 l *“ “^2 . 


2 A 


Moment of Inertia of whole section,— 

T -^1 *^2 . -^1 ^2 ^* 2 )*. L 

19 + 4A » I 


12 

Moment of liesistance, as before,- 

A 


.( 1 .) 


Mo=-' 


yi 


Approximate SoltUion ,—When is Biiiall coTn])arcd ^ith* make 
&' = 7*2 + 4 J then, the following ai-e nearly coiTect;— 

^*=304')- 

.(^•) 

/A'.A,(Ai,+ 4A,) 

Ag + ^ Aj 

Example IX.—Double T-fornie<l section. The beam is assumed 
to give way by the tearing of the lower flange or t:iblo 
B. Let the areas and dei)tlis of the parts oj which 
the section consists be denote i as follow.s:— 


A 

^ 3 


Aica% 

Upper flange or table.A„ 


I)r()th 8 . 

h^. 

Vertical web, .Aj, h^. 

Lower flange or table,.Ag, 

Totals,.Aj 4 Ag 4 - A^- = L 


u 

Fig '37. 


Exact Solviion .—The heiglit of the neutral axis above the lower 
side of this section is 


_h (Ag + A^) A3—(Ag4- Ag) A^ — (AjAg^ 
2“' " " ‘2A 

The Moni^ At of Inertia of the section,— 




r Ttf + A O 4 " Ao Aj 1 1 . , nt\o 

'-^12-—A i “^4 1(a) 

+ Aj A, + Ag)® + A, A, (A, + A,)* j -} 
and the Moment of Kesistance,* 
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Apjyroxinw/te ScHtdion .—When Aj and Ag aif* small compared with 

A'+ 


/« 2 i make 


then the following formulae are nearly con-ecti 

a ^"2 A ’ 

' U* 4 A ■ P 

■vr _ 4I_A^*'.-^2(A2 +^ •^i + ^ ^a) +12A; A 3 ^ 

»■ y," 6 a, + 2A. " ■ ’ 



Anoth&r ApfyroTimale Solufion, when Ag is very sinsdl, or when 
there is an open fiaine instead of a MM'tical woh— 


A'A^ , A'^*A,i\s ^ 7 ,. 

y.= A 




164. CroHMHurction of liignni Strength.—^Tlie IlSO of the T-shapl*d 
and (louhle-T-shaped cross-seetious nientionefl in the last Article, is 
tt) economize aii^- ». teii.il whose resistances ft) cross*breaking by 
crushing and by te.wing are ddierent, by so adjusting the ])osition 
of the neiilral axis, that the tendencies of tlie beam to break acn>ss 
by eriishing andby teai ing shall be as nearly as possible equal. The 
following ui‘c the rules for elfecting that adjustment:— 

Let /*„ be the modulus of rupture by enwhing; 

„ fb V » hy tearing; 

„ 2 /a the di.stance trom the neutral axL to the com]u*casod side; 
„»/* ,> „ „ extended side; 

Va yb = ^^ being the de}>th of the beam; 

then the neutral axis snould be so jilaccd as to divide tliat depth in 
the following proportion:— 

/-+/*:/. :/ft) . 

A '.Va’Ub) 

Let A 27 as before, lieuotc the area of the cross-section of the 
vertical web of a beatin, measv/r&i from centre to entire of the top and 
bottom flanges; A| the area of tho compressed flange, Ag that of 
the extended flange. 

The following solutions are to tho sanwi degree of approximation 
with those in equations 2 and 4 of Article 163. 
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Case I, greater them bean T-shajped ,—Here the flange is 
required at the stretched side of the girdci*; and its area must be as 
follows:— 

A 

.' 

The Moment pf Kesisi'incc of this^brm of ci*os&-seotion is (see Aiticle 
163, eqmitloii p. 'M )— 


11,=. . (Xf 

m 

Case II greater than f,,y beam double 7-6lv;ja/.—The area of 
the comprehi^ed flange being A^, th.Bt oi the streUlisd flange should be 
as follows:— 



A J t—fb 

*) / 
•^Jb 




when the Moirioni of Uesi^tance will Ix'coine 


M,= A'|/.A. + (2/,-/)^| • . 

= *'{/.'A«-a-3/.) u®| .(S.) 


In designing a lieam to bear a giv('u bendii.g monieut, the depth 
h! and area ^2 vertical w( b are to bo fixed by considerations 

of practical convonit iice, wht n eipialion 5 will enable the areas of 
either or both of the flanges to be computed. 

Example .—Snpjiose tliat for a ceitam sort of oast iron, 


j\ -80,000 lbs. in the square inch; 

y,-20,000 „ „ 

so that in a well }«'o]>ortioned section, 

5 ; 4 : 1 : : A ■ : yj. 

Then in a T-shupod section, 

= A 2 =r|A 2 ; and 

140,000 A' Ag 

Mo-g-; 

and in a double T-sbaped section, 

3 

Aj-4Ai + ^A 2 ;* and 





\ 


* This result af^rees nsarly with the proportions 'which Mr. Hodghiusoti ibniid 
cxpwinieotaUy to be the best for cast iron beams. 
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M,=A' 180,000 Aj +140,000 g* j. 

=A'120,000 A,-40,000^* I.(7.) 

Care III. Uaa than /j, hmin T^Bhaytd^ —Here the flange is 
required at the contpreased side of the beaiDj and its aim should be, 

A. = -^‘^^*-A^.(8.) 

" I 

The Moment of Resistanee of this cross-section is 

.(9.) 

Case IV, /, less than /*, beam doiibU T-^iofped, —Tlie area of 
the atretvhed flange being A 3 , that of the compreab&i flange should 


be as follows.— 

.( 10 .) 

when the Moment ot Resistance will become 

M.-A' |/,A,+(2/,-/)is| 

= A' |)f,A, + (2/.-/.)-^*| .(U.) 


In designing a beam to bear a given bending moment, the depth 
K and area A 2 of tlie vei-tioal web ai-e to be fixed by considerations 
of jiractical convenience, when equation 11 will enable the area 
of either or both of the flanges to be computed. 

Example .—Suppose that lor a certain sort of wrought iron, 

( 

= 30,000 lbs. on the square iLcf. 

^= 60,000 ,, „ „ ,, 

■0 that in a welbprt'portioned sectiim 

S i S : 5 :: h : i ift. 

Then in a T-shaped section, 
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_ 84,M0^A,. 

6 * 


.( 12 .) 


and in a double T-^haped section 


A 5 A 1a 

““ 0 -^3 ■*■ 

Mo = A' I 80,066 A, + 84,000 g* j- . * 

• • 

= h' I 36,000 Ai*+ 12,000 | *.(13.^ 

165. Ij«ii|{ltndlnal n<ertionii of Uniform Hlrcuglh far Beam* (d. M.f 

299) are those in which 
the dimensions of the 

cross-soction are vnricd -<^■''^1 

in such a manner tliat -] -<r 

its ultimate moment of __ 

resistance bears at (•ach ”T 

point of the beam the P 5 „ laa ^ 

iame propoi-tion to the *’ 

bending moment of the ~ 

load. Tliat moment 

of resistance, for fig- 

ures of the same kind, 

being proportional to the 

breadth and to thesquare Fie. 140. Fii? I 4 i 

of the depth, can be 

varied either by varying tbe breadth, the depth, or both. The law 


Fig. 189. 


Fig. 140. 


Fig. 141. 



r 

Fig. 144. 


Fig. 146. 


«* theoretical solution of Cases II. and IV. was contained in a paper fay 

llr. CaUoott Beilly, read to the British Assodation at Oxford in 1660. 
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of variation dependn upon the mode of variation of tlie moment of 
floxiive of the heam from j)omt to point, and tliis depends on the 
distribution of the loiwl anil of tlie supporting forces, in a way 
which has been exernplitied in A.rticles IGOandlGl. When the 
depth of the beam is made niiifonn, and the breadth varied, the 
verlio.il longitudinal scetion is rectangular, and the ]>lan is of a 
ligur’e <l(‘peiiding on the mode of vrnation of tho breadth. When 
the breadth of the beam is made uniform, and tlio depth varied, 
tlu* plan is rectangular, and the vertical longitudinal section is of a 
figure depending on the mode of va»*iatioii of the depth. The 
following table gives examples of the I’csulls of those princijJes:— 


Mode uf Loading i 
and Suppoi ting. * 

1 hlv* 

' propoitional to 

1 

Deptti A constant; 
Jignre of Plan. 

Breadth A constant; 
Hguio of Vertical 
Longitudinal Section 

1 

1. (Fips. 138, 139) 

Distance from B. 

Triangle, apex at 

Parabola, vertex 

FixhI ut a. load¬ 
ed at U, 


B, fig. 138. 

at B, fig. 139. 

II. (Figs. 140, 141). 
Fixed nt A, uni-| 

Syuare of di«itancc* 

1 

Pair of parabolas, 

Tiiangle, apex at 

1 from B. 

vcitiocs toiutiing 

B, fig. 141. 

formly loaded,...i 

1 

each other at B, 



fig. liO. 


III. (Figs. 142, 143) 

i 

Distance fioni 

1 Pair of tria.igles, 

Pair of parabolas. 

Supported at A 

aiJjacdit 

1 ccnniiion base at 

vertices at A and 

aud n, loadid ul 

point oi 'iUppoil. 

C, HpK cs at \ an 1 

B, meeting at C, 

0. 


' B, fig. 142. 

fig. 143. 

1 

IV. (Fiirs. 144, ll.'i)! 
Siip])i)tted at \ 

rrovluct of db- 

Pair of parabolas. 

Ellipse A D B, 

taiice^i boni points 

veiticp't at C, C, 

fig. 145. 

and li, iinifoinilA 
loaded, . 

1 

ot sii])port. 

ill middle of beam; 
coniinon base A 



B, fig. 144. 



The formnhe for a constant depth aro applical »•, ai>ilroximatoly> 
to the breadths of the flangt*s of the T-shaped and double T-shaped 
girders, described in Article 164. In applying the principles of this 
Article, it is to bo borne in mind, tha*i the sluearlng force has not 
yet been taken into account; and that, consequently, tho figures 
described in the above table require, at and near tbe places where 
they taper to edges, some additional material to enable them to 
withstand that fbree. In figs. 142 and 144^ such additions! 
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material is sliown, disposed in the form of projections or palms 
at tho points of support, which serve both to resist the ahouriug 
force, and to give lateral steadiness to the beams. As to tho 
gi'oatest intensity of the shearing stress, see Article 1G8. 

166. modulus of Kuptnrc of Oust Iron BcauiM. (A. M., 297.)^-Mr. 
William Henry Barlow, in a paper read to the Iloyal Society (see 
Phil. I'mm.y 185/jl^, showed thatj h<‘ modulus of ruj)ture of oust iron 
beams has vai’ious values, ranging fnun the mere direct tenacity of 
the iron uptojtbout two-and a-quarter tinu's that tenacity, according 
to the figure of the cross-section of tlic beam, ^’his was provedJ^)y 
oxperiintmis on beams, whicii were, in some cases, of a Moljd rect¬ 
angular section, and in other eases, of an op(,u woi^ rt'Hangular 
section. So far as those expei'iinenls went, they were in aceordance 
with the following eiii]»irical fbnnul.i:— 

.( 1 ) 

where /is the modulus of ruptun* of the beam in question j the 
direct tenatily of the iron of wliieli it i.s in.ide; a eo-etficient 

IT • 

determined emi»ii ieally; and . , Uk* jutio w'hich tlio depth of solid 

7 tietal H in the ci’oss Mcetion of the beam bears to the total depth of 
seHwn h. The following wei*e the values of the eonstiints for the 
cast iron o\periiiient<‘d on:— - '' 

Direct tenacity, ,/J, lH,Tho lbs. ]»er square inch;) 

f - 29,000 lbs. ]>er square inch; j .(2.) 

= ljyoueaily. ) 

Mr. Barlow aftcrwai*ds made furtlier cxpeiimcnts on cast iron 
beams oi’ various forms of section, and also experiments on w’rought 
ii-oii beams, sluiwjng, thtmgh not so conclusively, variations in the 
modulus of rujiture f»f wrought inm umdogous to those which have 
been proved to exist in the case of cast iron. 

167> AliO'vrnnc«^ for Weighl of Bram — Idmitinic I^rnglli of Beaui* 
{A. itr., 314, 315.)—^When a beam is of great span, its own weight 
may bear a proportion to tho load whieli it lias to carry, sufiiciently 
grejit to req'.uro to 1 h' taken into account in determining the dimeu- 
slons of tlie beam. Tlio folio ^ving is the process to bo pertormed 
for that purpose, when the load is uniformly disti-ibuted, and the 
beam of uniform ci'oss-sectipn. Let W' be tho external working 
load, a, its factor of safoty, ag a factor of safety suited to a steady 
load, like tho weight of the beam. 

Let V denotu the brea<]th of any jwirt of the beam, as oomjnilcd 
by oemsideriug the eodenvU breakmg load cdomf s-^ W'. Compute 
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the 'weight of the beam fiom that provmoTud breadth, and let it be 

g W* 

denoted by B'. Tlien — ^ is the proportion in which the 

grQ98 breaking load exceeds the extcinal part of that load. Conse¬ 
quently, if for the proviswml bi'eadth b' there be substituted the 
exact breadth, 


h's W' 
VV'- SjB" 


.( 1 .) 


the beam will now be strong enough* to bear both the proposed 
external load iW', and its own woiglit, which will now be 


B- . 

*1 W’-ijlV’ 

and the true gi-oss breaking load will be 





W+K. H- 


,s, W 2 
W'- 4^2 13' 


(3.) 


As the factor of safety for a steady load is in general one-half of 
that for a moving load, muy be made-.2 *2; in which case the 
preceding formula; become 


2 6' W' 

* 2W'-B'*. 

.(*•) 

2 ir W' 

2W'~B". 

.(6.) 

2 .v^ W'2 

■ 2 W'-ir. 

. 


In all these formulae, both the extei’ual load and the weight 
of the beam are treated as if uinlbrmly distributed—a supposition 
which is sometimes exact, and always sufficiently near the tinith for 
the ]>ur})oses of the present Aitielc. 

The gross load of beams of similar figures and piDpO'daons, vary¬ 
ing as the breadth and scpiare of the depth directlj, and iuvers^y 
as the lengtli, is ])ro])oriional to the square of a given linear 
dimension. 'J’he weights of such b(‘ams are proportional to tl^ 
oubqs of corresponding linear dimensions. Hence the weigh’ 
increases at a taster rate than the gross load; and for each parti¬ 
cular figure of a beam of a given material and proportion of its 
dimensions, there must be a certain size at whi^ the beam 'will 
bear its own weight only, without any additional load. 
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To reduce this to calculation, let the uniformly distributed gross 
breaking load of a beam of a given figure be expressed as follows:— 




.(7.)- 


A, and A being the length, depth, and sectional area of the beam, 
/the modulus of rui^ure, and n*a factor depending on the fom of 
cross* section, ll'he vmight of the beam will be exj>ressed by 

3 = A;.(8.)* 

w' being the weight of an unit of ^oluuie of the material, and k a 
factor depending on the figure of ilw' iM'am. l?ien the ratio of the 
weight of the beam niulUpli(‘d by^ts jiroper factor of safety to the 
gross breaking load is 


.(9.) 


B 8a k W 

. 

which increases in the simjile i*atio of the l(*ng'h, if the projiortion 
l-rhis fixed. When this ia the raw*, the length L ol»a beam, whoso 
weight (treated as uniformly distributed) is its working load, is 
given by the condition #2 ~ is, 


L = .( 10 .) 

8o K IV i . ^ ' 


This limUing length having once been determined for a given class 
of beams, may b(* used to compute the ratios of the gross breaking 
load, weight of the beam, and external working load to each other, 
for a beam of the given class, and of any smaller length, 1, according 
to the following proportional eejuation ;— 

h:- .(11.) 

»2 »i 

In all the following examjih's, the factors of safety employed are 

Sj "*** 6 3 ^2 3» 

Example T.—Let the l»eams in question be plain rectangular oast 

1 . ' 
•ro» beams, so thatn= k—i, «/ = 0*257 lb. jier cubic inch; let 

A 1 


/s= 40,000 lbs. per square inch; and let -y = Then 

I Id 

La= 4,612 mokess= 384 feet nearly;.(I?.) 

also, I being expressed in inches— 

4,612! 3=! W: B! W..(13.) 
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Example II.—Cast in-ou btum of uniform single T-shaped sectioo 
of equal strength (as in Article 164, Case L, p. 257). 

o g 2 

■^8 ~ 2 “ 2 ~ 5 

“ 24 ■ “ 120 f - [51 - 

As before, B = 0'257 I A; 

I L> 1 

Let/.jp: 8(^000 lbs on ihe square inch; j ==: then 


/>•« l» I in‘inches , \ 

Iv =- 6 , 4.-.0 

L = C,456 inches = 538 feet; j 


.(14.) 


also, 


6,456 : t : -^ : W : B : W'..(16.) 

A 0 


KxABfPLR III.—Cast iron beu»n of uiiifonn double T-shaped 
Beciion of equal strength (as in Article 164, (’asc II., p. 257). 


A 3 =r ^0 + 4 A^; A = ^ Ag + 5 A^. 


M. = (Jj A, + ^,) ; W (^A, + 8 Aj). 

In order to obtain a definite re.sult, some proportion must be 
a.ssuiaed betwt’on the area of the n)>|nn' flange Aj, and that of the 
voi'ticjil web Ag. l'’t»r the sake of illnstnition. let Aj^ — A^ -h 2; 
which proportion is not uiju.sual in })iaeti<H'. 'riicu 

A = 5 Ag = 10 Aj = Agj and 

f^h'An . 4\ _ I 9 . 4 A'A 

“ r \i5^ 5 ) -16 

As before, B = 0-257 I A. Let /. = 80,000 lb. on thtJ square 
inch; ^ ass then <- 


Sa B ; in indies , 

- V =- 8 ; r 62 

L a= 8,762 iuches = 730 feet nearly; 


.(16.) 
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also. 


8,762 :1! —- :! W : B: W'..(17.) 


IllxAMPLE IV.—Wi-ought iron beam of uniibrm single T-shaped 
section of equal sfcijpngth (as in ./Xrticle 164, Cubo IJL, p. 258). 


I 


3 


Aj= » A-gi A = r Ag and Ag = , A| 


“-2 i • • -*2 — 4 

/t A ^ . w — ‘ _ 

30 “ "40 ' I 5} 


^ W 4' Ag _ 7 4 4' A . w _ 

■‘”0=- g — ‘Ht — Al\ , VV —k 


5* 

In this case, B =: 0*277 I K=. jg ^ 

4' 1 

Let/> = 60,000 Iba on the sqoaie inch; ^ 

.*#2 B / in inthos 


W 

L=r 6,720 inc 


/ in inthos , 

' «,72(t ’ i...„..(ia) 

.•lies = 360 feet nearly, ; 


6,720 : i : ’:: W : D : W' 

.» O * • 


(19.) 


Example V.—^AVrought ii*oii beam of unifonu double T-shapod 
section of equal strength (as in Article 16i, (^ase 1V., p. 258). 

15 1 <s 

A-i = , Ag q Ag; A = Ag ■+ A^; 

M, = ^ ' =/. // ( + A,);.-. W ='y''( A, + 8 A, ). 

In order to obtain a definite result, let Ag = Ag; which pro¬ 
portion is not unusual in piuctico. Then A = 4 Agj and 

/,4'A/7 X 37/.4:^A 
I \15^V""15‘ I ' 


5 


As before, let B = 4 A^/^ = 60,000; j = then 

Sg B /in inches ^ ) 

W ~Tp40' " [. 

.840 inches = 987 feet nearly; ) 


.( 20 .) 
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also, 


11,840:1 


I 


::W:B:W .(21.) 


168. Dlatribatlon of Ahcarlng Strew In Beams, (il. M., 309.)-~ 
It has already been shown in Article 160, Division IL, how to find 
the greatest amount of the sh{*ar>ng action of the load at a given 
croas-soctiou of a beam. Let P denote that amount,, A the ai*ea of 
the ci'oss-section at which it acts; then 


Meutf hdensify of Rh(‘ai*ing stress = 


F 

A* 



The dist'nimtion, of that stress over the cross-section is such that 
ite irdenuity is greatest at the tteufral axis, and gindually diininishos 
tow^ards the upper and lower surfiwes of the beam, where it 
vanivshea That greatest iutensltif is found by the following pro¬ 
cess:—Conceive, as in fig. 13(1, Article 1C2, p. 2.)0, the cross- 
section to bo divided into thin horizontal layers, such as 0; let« 
be the br(;,'idth of any layer, d ?/ its de]»th, if its distauc<‘ from the 
ueutml axis; also h't ])e the bmidth of the <tosh section at the 
weutiul axis; I the ^^motueat of iurrlia^* of the cross-section, as 
defined in Article 1G3, p. 2.52; the distance from the neutral 
axis to either the 'inner or'the w/w/cr surface of the beam; the 
required grt*jitost intensity of the slu'ariug stress. Then 


9o 



}h 


( 2 ) 


Th^ lymbolj ^ denotes that the integration or summation of 

the products yzdyoi the area of each layer into its distance from 
the neutral axis, is to oxtmid from the neutral axis to either the 
upper or the lower surface of tlie beam, that iutegiutiou being 
thus performed for one only of the two iiarts into which the 
iieuti'al axis divides the cross-sf^ctiou. It is a matter of convenience 
only wliich of those parts is chosen, as the same result is arrived at 
in either case. 

The maximum inUmsity of the shearing stress at the given 
cross-sectiem exceeds the mean intensity in the following pro- 
ix>rtiuii:— 


—A 

‘F “1^0 



(3.) 


a ratio depending solely on the fig:ure of the oross-seoiiua 






wsntiBrmoN or shearing stress. 
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The following tuble gives some of its values 
Figure of Oboss-section. • 

L Bectangle^ ~ ... 2* 

4 

IL Ellipse and Oircle^. ^ 

III. Hollow Rectangle-^ 

A-bh-Vli-, z^ = h-h'. 3 (^h_-h'K) ■ (b Ifi-hf h '*) 
This includes l-sbapod 2' {b — i)‘{b/fi—b*h!^) 
sections, 

3/, hK \ 

IV. Hollow sqiiar(*, 4® — . ' 

V. VI. Hollow ellipse and hollow circle; the numerical factor 

the syinholical factor, the same as for tho h^ollow rectangle 
uiul hollow square respectively. ^ 

VII. Single T-shaped section; flange Aj;l 3 4 A 

web Ag; Ai-rA'g-A,. r ^■A2(4 Aj-f-Aj)’ 

VIIL Double T-shaped section; flanges ^ j, Ag; webAg; 

Aj + Ag + Ag- A, 

A ^24 A, A .^ -sl2 A i A., t 1 ^A., A‘i A]- 1 L> A, A^ A 
A^ 1 Aj A.J 4 tt A j Ag + b Ag Ag i- 2 A;) 


f When Aj aud Ag, in Oase VIIT., are large compared with Ag, 
I —that is to say, when a bc'am consists of sU-ong upper and lower 
flanges or horizontal bars, coniu'cted by a thin vertical web, th® 
^iiaiing force may be treated as if it. were entirely borne by the 
I vertloBl web, and uniformly distributed. 

The smallest cross-section of a b(‘ani is gen(‘rally fixed by rca.sons of 
convenience, independent of the shearing force to which it is exposed, 
and is generally much greater than is necessary in order to l>ear that 
force. But when it is practicable to adapt the least cross-scctioii of 
the beam accurately to the shetiring force, the preceding formulae 
and table furnish the means of doing so, by making 

* ?o=7J.W 


where/'' is the modulus of rupture by sheaiing, and s a factor of 
nfytyt This equation gives for the least sectio^ area, 
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A = 


JP /'^ 



ill' -which formula, A -h- F is to be found by means of equation 3, 
or of tbo ]>receding table of exnmplos. 

1C9. Oc-fircijoii of Bcanm. (d. Jl/., 300 to 3^i^4.)—By the term 
J)€jlectwn," ^\holl not otljeiwisesf>ecified, is understood the greatest 
ilisplacnnent of any jinint of a loiid<'d beam fi-Om its position when 
tlio !)♦ am is unloaded. Tluco cases may be distinguished,—that of 
Dejiectum U)}Alerauj/loinJ,i\\x\\ of Proof i)eJkctiou, or deflection under 
the givat st l(jad wJiu li dot^; not iin]»air the sfnnglh of the beam, 
and that of Uliimnte Ihjltctwny or deflecth)U immediately before 
breaking. Wlien the lo.id docs not exceed the proof load, the 
deflection of a gi\(‘n beam, under a load distributed in a given 
luanuer, is very neaiJy jn’oporlioiial to the load; when the proof 
load is exceeded, the deflection incrcJises in general faster than the 
load, and in an irrt'gular manner, so that the. ultimate deflection is 
not capable of exact computaliou. I'lie remainder of this Article 
will therefoiie Velate to Jellections under loads not exceeding the 
proof load. 

The detej*mination of the deflection of a beam under a transverse 
load is a jirocess winch consists of three stejis, by which are found 
succ(‘ssively, the vurmfure at any crobs-bection, the slope at any 
cross-section, and the dfectiou. 

Step 1.—To liud the cuivature at a given eross-sectiou,—divide 
the bemling moment at that cross-section (as found in Article 160, 
Division III., ]». 242) by the “momi'iit of inertia” of that section 
(as found in Arti<‘lc 162, p. 252), and by the modulus of direct 
elasticity of the inalorial. The result is the curvatun*,—that is, 
the reciprocal of the r.idius of cur\ature of a longitmliual line in the 
beam, which was straiglit wlien the Ikmui was unloaded. Denote 
tliat radius by r, and the otlier qiniiitifies by the symbols already 
employed; tlien 


1_ M 
r ■ K 1 


(J-) 


The positive oi' negative si^Jn of this expression will snow whethei 
the curvature is umcavo iijiwards or downwards. 

WIte/i the ben Hi i\ mtfler its pro(f lucul, arul the given, exoss-sed^xm 
is ifujtt of grentest stress^ let JMg denote the bending moment of that 
section, and Jq the mouu'nt of inertia; then, as has been shown in 
Article 162, equations 2 a, 3, 4, and 5, we have 

Vl 
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(where/* is the moduAm of proof slrmiglh, or, for moat matoriuls, 
jtrom one-half to one-third of the modulus of rupture, sec Article 
14S, IK 222); so that, in the uise now considered, equation 1 becomes 

1 Mo / / 

. ro'“EJo~ Kmh . 

{mf having the jncauwjg exjdaincd in Article 162, p. 232). 

This foniiuln gives the .diaiptsi citi'mtutt \\hicJi th(‘ beam Cf>n 
beai' without injuiy; and as -f- E is the pro*\t Rfraui of tfie 
material, that curvaime depends on the proof slrain^ tijutfepili A, 
and the form of bection <nily. ' 

When the ilimonsious are all# given in inches, the beudnig 
moment in Jiich-pouuds, and the moduli oi ]>roof strength and 
elasticity in pounds on the squar*' imh, the r.idius ol‘ cur\ature ’will 
be computed in inches. 

The denominator E 1 in Wjuation 1, expresses the IratUicei'se stiff- 
tiess or resislmiCG of ihfi Inam io bending at any gnon crosh-section; 
and as I may be cxjm‘ss( d in the I’onu it' b (Article* 162, e(juatiou 
3, p. 232), the re,si,stances ot Miiiii.n' cross scetjons of hc^mns of the 
same maleiiai are to each oilier as tlioir lucadtlis, and as the cubes 
of their dcptlisj and consseqhently,— 

T/ie curmitires of beams of the same matei'Ud at sevdom of sirndar 
figwreSy under equal hendnig inoinents, me inoft'hely cts ilteir breadt/is, 
and iii'oei'seig as the enU * oj (heir depths. 

Equation 2 also shows that,— 

The aireaiures oJ beams of the same mcderial, at serf ions of similar 
figures, under their respective )>i’oof bentUng moments, are inversely 
as ilteir depths simply. 

In the case of a cross section of etpial stiengih (such as» tlio.se 
described in Article 164), equation 2 may be jmt in the following 
form:—let f^ and /f be the moduli ol proof resistance to cross- 
breaking by compression and by tearing rc.spcctn ely; then 


f 


1 

r^ E h 


,(2 A.) 


The curved form assumed by an originally straight longitudinal 
line in a beam might be drawn ajiproximately by the aid of equa¬ 
tion 1, were it not that the great lengths of -^e radii of curvature, 
and the smallness of the ordidates of the curve, in all coses which 
occur in practice, render it neither practicable nor useful to dniw 
the figure of that curve in its natural proportiona But the 
following process, invented, so far as I am aware, by Mr. 0. II. 
WDd, enables a diagram to be drawn, which lepi’escuts, with a near 
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approach to accuracy, that curve, toi^ its vertical dvmmnons 
exaggerated, so as to show conspicuously the slopes and ordinates. 

Compute, by equation 1, the radii of cui’vaturo lor a series of 
equi-distant ])ointa in the beam. Diminish all those radii in any 
proportion which may bo convenient, and draw a curve com|K>sed 
of small circular arcs with the diminished radii. Then in the same 
ratio that the r.nlii, as compar(*d,twith the horizontal scale of the 
drawing, are diminished, will the vertical 90«do of the drawing, 
according to which the ordinates are shown, be exaggerated. 



Fig. 1IC. 



Step II.—^To find the shpe, or inclination of an originally 
straight longitudinal line in a beam to its original position. The 
solution of tlqs ]>robl(Mn dcjjends on the principle, that the difference 
of dope at, tiro points in ihut line, is the jjroduct of the distance 
hetweeu those /foints into the mean rnrvature of the portion, of die line 
hetwem them. That is to siiy, in symbols, let d x denote the length 
of a portion of llie line, 1 r its mean curvature, d i the dif- 
erenco of slope at the two ends of that portion; then 


</; = 


d X 
r ' 


(3.) 


Let iff l»e the slopti of the beam at the ]>oint take.n as the origin 
of co-ordinates; the slope at a jxnnt who.se distance from that 
origii. is al ; conceive the distance x' to be divided into an indefinite 
number of small ])artt>, the length of each being d x; compute by 
equation I th(‘ cur\ature of each of those ])art3, and by equation 3 
the successive dilleivnces of sIojk*; sum or integrate those results, 
and the final result will be tlie whole ditTcrenco between the shjpes 
at the origin and at tl'C point that is to say. 



When the beam is supported and loaded in such a way that it is 
known to have no slope at a certain point, that point should be 
taken as the origin. This occurs in two cases; that of a beam 
fixed at one end and loaded on the projecting portion (fig, 147), 
which has no slope at the fixed end A; and that of a Ixsam sup¬ 
ported at both ends and symmetrically loaded (half shown in fig^ 
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146), which has no slope at the middle jiuiiit A. In these ciuitis, 
let the tangent A X 0 at the point of no slope be taken as the 
axis of abscissee, along which is to be nmasured; then 




= 0 ; and i 



d X 
r 



These are the mosiwcoinmoiiscuses in pivu'tice. In other cumss, 
the slope {q at tliR* origin iimst mnain indeterminate until the 
third step of the Holutiou is jM'rforined. 

The following principles mv tlie coiihecpienoes oi‘ equation 3, w'hen 
ap])lied to similar beams of the same maferiaJt nmler Iqads •sCmUarly 
distributeti :— , 

The slojm at correspondirig pokds are as the lengths and curves 
lures; and therefore, 

Utvder equal loads, the slojm at corresponding points are directly 
as the lengths, awl inverseg as the breadihs and cubes of the depthe; 

Under the proof loads, die slopes at corresponding points are 
directly as the lengths, and inversely ns the depths. 

The following formula^ express tii(‘se ]»riueiples, a8%,p]jlied to the 
finding of the steepest slojte in a giveji beam, whicli is in*guiierul at 
the point most distant fixmi the point of n<» slope; for example, at 
D, in tigs. 140 aud 147. 

U iider a given load W; 

. , , , wi'" 

steejtest *0]>e ~ 


W- e2 


.( 0 .) 


Under the proof load, 

hteejiest slope i^ 


m"/ c. 
E m' Id 


0-) 


Aud in sections of equal strength, 


(A +/^ 

Kh 


.(7 A.) 


For beams fixed at one end, c :=z I; for beams supported at both 
ends, e zs I -i- 2. 

ml and vl are the factors already explained in Article 162, 
equations 3 a&d 4, p. 252, aud of which values have been given in 
the table, p. 25i. 

m” and m"' are fiictors depending on the distribution of the load, 
the mode of support, and the longitudinal section of the beam. 
Examples of their values will t)e given in a table further on. They 
boar the following relations to each other:— 


in beams fixed at one end m'" r= rn m ; 
in beams supported at both ends nU s: 2 w to' 


'. I “ •(®') 
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m being the factor already explained in Article 161, equation 1, 
p. 247, and of which values have been given in the tables of pp, 
24!) and 240. 

.Step Hi.— To find tin* Deflecthm. By this tenn is to be under¬ 
stood the* (lepresfdmL of the lowest point below iJie higlmt of an 
origitboMy st/raight horizontal longitadinal line ^ beam,. 

Lot a: bo tlio di'^tance belwofn two points in that line, t the 
tnoan slope of the lino betwo(‘U them, and their difiei'ence of 
level; then * 

* dr=z^dt». .(9.) 

Assinno any convenient ])oint in tlie^lino in question as tlie 
origin of ro ordiimtos; lot x*' be,the distance of another point from 
it; eoucei\o that distance to be divided into an indefinite number 
of small jKirts, the length of oaoli being d x ; oompntt*, by the second 
stej» of the process, the slo])e of each of those divisions, and by 
equation 9, the Bnoco.sHive dilforences of elevation of their eiidsf 
the sum or integral of those results will be the elevation or depres- 
si<m of the point x' rolutivoly to the origin, according as it is positive 
or uegatiw; that is to sa v. 



This equation finally determines the figure assumed by an 
originally straight loiigitudinal line in the beam. 

In tho two cases rejirescnted by figs. 140 and 147—that is, when 
the beam is symmetrically loaded, or fixed at Oiie end—the most 
convenient point for the origin is still the point of no slope A, and 
the deflection sought, is the difference of elevation between that 
poin^ and the furthest point I), wliose distance from it is, in a 
symmetrically loaded bt‘aui, tho Imlf-xpan^ i -f- 2, and in a beam 
fixed at one end, the length of the projecting port, I, Hence, 
denoting the defiection by Vj, 


In a symmeti'ically loaded beam, ^ f 2 i d x; 

idx. 

0 • 


in a beam fixed at one end, z=zj 


( 11 .) 


In other ca.ses, the most conveninit point for the origin of co¬ 
ordinates is in general one of the points of support; the fixity^ of 
the other point of support, for whi<ih o = 0, will give on equation 
from which ^ equation 4 may be found, and the positions of th« 
most elevated aud depressed points are to be found by the con¬ 
dition that for them the s]o].)e i =: 0. Examples of such problems 
jvill be given in the sequel. 
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The following principles are the consequences of equation 9, 
when applied to svmiici/r hea/ms Uie scMne tnaienalf under loade 
^milarly distrihuted:-^ 

Under equal loads, tJye dr^ectiom are dWeedy an the culee of Um 
Ungthst amd inveraely as die breadths ami cubes of die depths. 

Under the proof loads, the d^ections are direcdy as the squares of 
die lengths^ and inveredy as the depths. 

The following foiipulte expivss llicst' principles:— 

Deflection under a given load W, 


n’" W df 
K 7 / b 


.( 12 .) 


Proof D^ectloUf 


And in sections of 


7 / fc^ 
— K i7i h 


equal strength, 


yj = - 


Kh 


.(13.) 


w 

.v( ^ ^0 


For beams fixed at one cod, c = I; foj- beams sii})poi'ted at both 
ends, c = / ^2. 

m' and n' are the factors already expl.rni 1 in Article 102, 
equations 3 and 4, p. 232, ujid of which \alucs h't\e b4*en given in 
the table, p. 234. 

n” und ore factors depending on the distiihution of the load, 
the mode of sujqiorfc, and the longitudinal section of tlie beam. 
They bear the following relations to eaeh other : — 


in beams fixed at one end, u" =. m n"; 
in beams suppoi-ted at both ends, n'" = 


2 m 01 ' 



The following tables give examples of the values of the factors in 
equations 6, 7, 7 a, 12, 13, and 13 a:— 
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Cdsp. 

A. Uniform Cross-Section. 

I. OonstantMomontof Flex- 1 

IHV,./ 

II. Fixed a I one end, loaded 1 

at other,.j 

III. Fixed at one end, \ini 
. fo\Tnly loaded,. 

IV. Sui[>]>orUMrut hoth ends, I 
loaded in mi<ldle,.| 

V. Sn|)]airied at hotli ends, \ 
nnildriuly loachsl,.) 


Proof Load. Any I^ori^. 

Factors for Factors tor 

Slope. Deflect ion. Slope. Deflection 
ro" n" mT ft/** 


1 ,1 1 1 

2 . ii 2 3 

1111 

3 . 4 G a 

1 . I 1 1 

2 . 3 4 6 

2 .1 1 5 

3 . 12. G .48 


B. Uniform Stren{3th and Uni¬ 
form (See Article 

16^, p]). 2oi), 200.) 

(The eiirvature of these is imiforin). 

VJ. Fixed at one end, loaded ( ^ 1 

at other, .j 2 

VII. Fixed at one end, uni- ( ^ 1 

fonnly lo.ided,.j 2 

VIU. Sujuwidd'tl at both ends, ^ 1 

loaded in middle,.| 2 

IX. SnDi><*rted at botli ends, I ^ 1 

nnifoiTiily loaded,.j . 2 


1 

1 

*) 

m 

1 

2 
1 

4 


1 

2 

1 

4 

1 

4 

I 

8 


0. Uniform Strength and IJni- 
FORM Breadth, (See Article 
1C5, pp. 2.M), 2G0.) 


X. Fixed at one end, loaded 
at other,. 

XL Fixed at one end, uni¬ 
formly loaded,. 

XII. Supported at both ends, 

loaded in middle,. 

Xlll. Sup]»orted at both ends, 
uiiilbrmlj loaded,. 



iiitinite 1 infinite 





2 

3 

1 

2 

1 

3 


1-5708 0-5708 0-3927 0-1427 
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The values nh* and a' for beams of uniform stnm^th, as given iu 
tlie above table, ai’e greater than ttiose which occur in pi*actice, 
because, iu cmn|>utiug the table, no a(‘couut has been taken of the 
addition<al material which is placed at the ends of such beams, in 
order to givi' sufficient resistance to shearing (s(‘e p. 267). 

The error tlius Wising applies chiefly to «i", tlie factor for the 
maximum sIojhj. 5^r the factor for the deflection, n '\ tlie error is 
ineonsidcrabJe,*u8’experimcnt luis sliow n. 

170. The Proportion of the CarrnirNi Depth of » B«'nni to the Npiw 
(i!. J/,, 302,) is so H'gulated, that tlie ])r()pf)rtioii of the gimtest 
deflection to the s]>au sluill not exceisl a ihuit which eypci^cnce has 
shown to be consistent i^ith convenience. '(’Ijai j>ro])orti<;u, from 
various examples, ajijiears to be—■* 


7’ » 1 

For the working load, j =-froni to 


1 


For the ])ioof load, 


= from 


1 

2U0 


to 


1 

ogo' 


The determination of flic ])roportio»i, of tin* greatest depth of 

the beam to the span, so as to give the required slifliiess, is eflected 
by the aid of equation 13 of Article 165), p. 273, from which we 
obtain 

_ nV'e _ n f! 
f~ 2E////,o”“4KW//o^ 

consequently the requiivd ratio is given hy the equation 


.< 1 .) 


an expression consisting of thre<* faetoi’s: a factor, u" - 4 /a’, dtpend¬ 
ing on the distribution of the load and the flguiv of the beam; a 
factor, I - 1 - Vj, being the prescribed ratio of the a|>aii to the deflection; 
and a factor, y' -j-lG, being the/irorystmin, or tlie strain, of 

the material, as the case may be. When the croas-scction is one of 
equal stron^i, as in Article 164, equation 1 maybe put in the 
following form:— 


I 4Et?i ' 


4 


Example I. —Let the beam be under its working load, uniformly 
distributed, on a beam of uniform section, alike above and below. 


Then n" = = i Let - = 1,000 be the prescribed ratio of 

I 2 V M ^ * 


I 


12 ’ 


2 
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the span to the working deflection. Let the material be wrought 

1 . . . f 

iron, for which ^ is a saft* value for the working stram jg- Then 


hQ_h 1 , 00 ()_^ _ . 

I "“24*.VK)0i“73“'U*4' 

#* 

which i.s veiy nearly the avej’agc* i)ro}w»rtion of depth to span 
adopted for wrought non girders iif })raotict‘. 

Kyauvlb JI.— lA‘t the beam still be umler its working load, 
uniformly di'^lnbntv'd; let the cross section ho of equal strength, 
and let the longitudinal seetioii le one oi uidform strength cmdunir 

form depth. (See Article 1 hA, C^asc IV , p. 260.) In this case, 

Let / -i- Vj be still = 1,000. The matciial being wrought iron, and 
the factor of sjdety about C, let = G,000: fb ■= 10,000 ^ and let 
E = 29,000,000. Then 

.16,000xl,0'‘0_ 1 
/“iS‘ 29,000,000 “14-.)» 


being nearly the siime as in the ju'ccoding exiiuqde. 

Example Ill.— As in Examph* II., let the beam be under its 
working lo.id, uniformly distnlailed; let the cross-section be of 
equal strength, and tin* lougitutliual .section of uniform strength 

and uniform depth. Then 1 jot the material be cast iron; 

»d 

let the factor of safety be 0, and let f'^ — l.‘J,.333, fb = 3,333, 
B=: lC,Gti(),()00. The following are 11 m‘ proporiiona of greatest 
depth to length for two ditlen nt values of the pro[)ortion of the 
greatest dedectiou to the length;— 


for 


/ 


= 000 , 


^^0 _ ^ 

I " 13*3 


for- 




171. Snimnarr of Ihc Prorrm of Dcnigning a Bomia.—In design.'* 
ing a beam of a given material, and of a given ^an, to suppoH a 
given load, distributed in a given way, the process to be followed 
may be thus summed up:— 

I. Decide to what class of figures the cross-section shall belong; 
for example, whether it is to be roctjingular, similar above and 
below, T-shaped, double T-shaped, of eqi^ strength, and ao forth 
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(see Article 164^ pp. 25C to 259); also, of wliat kind tlic lonp;itiidiiial 
section is to be: aa to which, see Article 165, pp. 259 to 261. 

11. determine the greatest depth, by the coii.sidej’atioiia men¬ 
tioned in Article 170, p. 275. • 

TIL Jj'itHl the aheanng force and bending moment at a sufficient 
number of cross-aectioiLS, and tlie grc'atest shearing foi*ce and 
bonding moment, as in Articles*] 60, 101, pp. 239 to 249. 

IV. Multiply thefgi’eatest bending luiuinuit by a proper factor of 
safety; which, for a travelling or otherwise moving load, will, in 
genera], be six. This givea the l>reaking momoul for rupture Hy 
cross-breaking. In like manner, the greatc'st shearing fouct, multi¬ 
plied by a proper factonof safety, gives the rdiirnatc* resistance to 
sheariiig at the section where the»aheaving fore<‘ is greatest. 

V. l)eterniine protnsioQicUli/ ihe product of the extreme breadth 

and square of the depth at the seetion of greatost bending moment, 
by dividing that inouient (Mq) by the imxliilus of rupture of the 
material (/), and i»y tlie jirojier factor (i<). (See Artiele 162, equa¬ 
tion 5, p. 252; also the tjilile of the values of w, p. 254.) Tliat is to 
say, make * 

5 '//^ = ' . (1 ) 


Divide this by the square of tlie di'pth, already found: the result 
will be the jirovisionaf extreme hmulfli, b\ 

In some cases, such as tho.se uf T-sliajied and double I'-shaped 
sections of equal strength, the aboveproees® may not be convenient; 
and then i\\r proGmonal, sectional amts of the dillereut parts of the 
beam arc to be deduced from the required iiioiucnt of resistance 
M^j, and the. alivody ftxed dejith by the aid of equations 1, 2, 3, 
4, or 5, of Article 163, p]). 255, 256, or of tlie forinulie of Article 
164, pp. 256 to 259. 

Vl. From the extreme deptli and tlie cxtremi* bivadth, or sec¬ 
tional area (as the case may be), at the .section of greatest bimding 
moment, find all the other required tiiiiisverse dimensioua of the 
beam. 


VII. Thence compute its weight. If this is a small fraction of 
the external load, the results already obtained are sufficient. 

VIII. But if the weight of the beam forms a considerable part 
of the load, the results already obtained arc proviMmeJ only, and 
the breadths (and theivfore the sectional areas) aw to be increased 
everywhere in the }»roportidh given by Article 167, equation 1, p. » 
262. The weight of the beam also will be increased in the same 
pr^rtion. 

By means of equation 2 of the same Article, p. 262, the ratio of 
the weight of the beam to the external load may l>e found appraxi- 
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imttfly K> soon as tbe extreme dej)th, ami the diameter ot the cross 
and longitudinal scwtions have been fixed; and then the bi'eakJng 
load may be found a|)]«x)ximaiely by O(|natioii 3 of the same 
Auticle, and used in coni])uting tin* )'e(][uiix'd ultimate resistance to 
cross-breaking and to shearing; whence the true breadths and areas 
of the beam may be found at once. But whivi this method is 
followed, the exact weight of the >eam should afterwai'ds be com¬ 
puted from the dimensions, to test whether the- ai)f)rpximatc value 
is huflSoicntly near the truth. 

IX. The im'tliod of Article lG8,']>j).™2GG to 2(58, may, if neces¬ 
sary, be‘um]>loyed to t<*st whether the eross-seetitm at the points of 
greatest sheaiing forve* is sutlicieut to resist that force. 

172. Muddenlj'-npplied lioad—■rolling l^oad. {A. M., 306.) 
—A suddenly-applied Imusveist" load, like the .suddenly-a[)])lied 
pull of Article 110, p. 227, produces at first tloulik* the maximum 
stress, and double the strum, ^^hich the application of a load 
gradually increasing from nothing to the amount of the given load 
would pi-<Mluce. 

The acthm <*f the toll mg hiad t(> which a mil way bridge is sub¬ 
jected is intermediate, in those easfs \\hi< h occur in practice, between 
that of an absolutely .sudden load and a jicrlectly gnidual load. It 
has been iine. ligated mathematically b^ Mr. Stokes, and expen- 
meiitally by r,i]>tain Gaiton, and tlie results are gj\en hi the lleport 
of the Goininissionci’s on the Application of Iron to Railway 
Structures. 

The additional str.iin ai’ismg, wlndhcrfrom the sudden ap}ilication 
or swift motion of the load, is sulficiently provided for in practice 
by tin* method alr(“atly so frccjuently referriMl to, of making the 
factor of safety for tin’ tra\cllmg jiait of the load about double of 
the factor of safety for tin* (isi'd part. 

173. The Kc'MlIiriiri* or Mpring of a nrain (A. J/., 303,) is the 
ivork performed in bending i t to the protif didleetion;—in other words, 
the energy of the tjreatesi s/wicl* whieli the beam can bear witliout 
injury; sueb energy lining exjire.ssed by the iiroduct of a weight 
into the height from which it must fall to produce the shock in 
question. This, if the load is coueentrated at or near one point, is 
the product of half tlic proof load into the proof defieef’on; that is 
to say, let \V be the proof load; then the resilience is 


If the load is distributed, the length t>f the beam is to be divided 
into a numl>cr of small eleiueiits, and half tlie jiroof load on o^cli 
element multiplied by the distance tbrougli which that element is 
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moved during the proof deflection of the beam. Let n be that dift- 
tanee; t^ien for beame fixed at one end, 

and for beams su]:(j[>orted at both ends, .(2.) 


U-'l\ - V, 


Let dx be the length of an element of the beam; w the iiitensiiy 
of the load on it, pi*r unit of U'ligth ; then the re^ilienee is , 


u 


U 10 

m 


d a\ 


(3.) 


The cases in which the dett'rmination of rcsUienee is most useful 
in practice ai-e those in which the load is apjdied at om* point. 

Let the beam bo fixed at one end and loaded at the other, o 
being the length of its ])rojecting jiai't. Then 


HesUience - 



w n" f 2 
2 ’ E ' 


chh 


% 


(J) 


_ f 

This ex])ression consists of tlii’ee faetoi-s, \i/.;— 

(1.) The v<»lume of the ]>i-isin circum-scribed about the beam, 
chh 


(2.) A Modulus of UesUimce^' of the kind already mentioned 


in Article 149, ]). 227. 


(3.) A numerical factor,^ in ^vh^eh »4 and id (see p. 252) 

de]K»nd on the form of cross-section of the* Ih’ani, and «" (see p. 
273), on the form of longitudinal section and of plan. The follow¬ 
ing arc values of this comi»ound taetfu for a retimigidar cross- 

11 

section, for which n ^ id - and therefore „ , = « :— 

6 2 2 m 0 


I. TJnifonn breadth and depth,. 

« 

II. Uniform sti'ength, uniform depth, . 

III. Uniform strength, uniform breadUi, 


6 ' 

1 

18* 

1 

1 ‘ 2 * 

1 

9* 
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If a beam bo sup]>ortc(l at both ends and loaded in the middle, 
its length being l-'icj its proof deflection is the same with that of 
a beam of the same transverse dimensions and of the length e, 
fixed at one end and loaded at the other j and its proof load is 
double of that of the latter beam j therefore, its resilience is double 
of that of the latter beam. (Consequently, for I'edtangular beams of 
the half »s]ton c, .supported at both ends and loaded in the middle, 
we have the following values for the nnnibrical'factor of the 
resilience:— 

• t. 

« n 

IV. Uniform breadth and depth,'. ^ 

V. Uniform strength, unifoiiu do}>th, . g. 

2 

VI. Uniform Mtr(‘ngtlj, unifurm breadth,. 

u 


174. Kflt'rt or Twiniina on a Ream. (.1. M.y 320 to 325.)' — A 
full account of tlie theory of iv'sistance to twisting and wrenching 
would be out of [)lace in th£' j'rescnt treatise, as engineering 
structures are ue\i‘r subj(‘cted to any eonsidemhle strain of that 
kind. For the solution of such questions ay commonly occur in 
jffactice njs]>ecling such siinotures, the following principles are 
snflicieut:— 

I. TJio Moment oj Torsion or Twlntiiuj Moment of a load, means 
the moment of the pair of equal and opposite couples, which, being 
applied at diflerc'nt points in tl)e length of a bar, tend to tvdst the 
intermediate jau'tion, and, if great enough, to br(‘ak it by wrenching. 

TI. The UUiimte Momeni of UeAiUia\ne of a bar to wrenching 
range's from about onee and a-half to twice its Moment of Re¬ 
sistance to cross-breaking. 

.Ill. Suppose that tbe rt'suliant lojul on a beam, W, and the 
siipjioiiing pressiu'cs, act in a plane which, insteail of coinciding 
witli the middle longitudinal vertical section of the beam, lies to 
one side of that sei'tmn, and |>fii'al]el to it, at th<=* distance L. 
Then besides tl>e bem/hn/ moment on each cross-section of the beam 
(M), found as in Article IGO, thci'o is a Twisting MomevU whose 
value is, 

T ^ r, Is.(1.) 

Pj being the greatest siippoitiug pressure. 

In finding the Moment of Resistance (Mj) i-equired to give the 
beam sufiicient stren^i, the following formula is near enough to 
the truth for practictu purjKJses;— 
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“« = V 1 4 +t 1 + 2'. 

and the dimonaions of the In^am are to bo ooiopuled as if tliis 
quantity, instead of M, were the bending moment of the load. 

17 d. The Bzpabaion and Conlractian of lon^ beams (A, i)/., 309 ), 
which aiise from the changes* of atmospheric temjM'ratnre, are 
usually provid<*d«fo<^by supj>oi-ting om‘ end of each beam on rollers 
of steel or Imrdened cast iron. The lollowiiig Uible shows the j ap¬ 
portion in which ihe length of a bar (»1“ certain maierials is 
increased by an elevation of temperdtnre from the;melting point 
of ice ( 32 ° Falir., or 0 •Oentigi-ado) to (he boning jttnnt of water 
uiiuer the mean atmospheric preasnie (212® Kalir., or 100 ° Centi¬ 
grade); that is, by an elevation of 1 80 ° Falir., or 10 ( 3 ^ Centigiudo:— 


MKTAliS. 

Bniss,. 

Bronze,. 

Copper. 

Gold,. 

Cast iron,. 

Wrought iron and si/cel,. 

Lead,. 

Platinum,. 

Silver,. 

Tin. 

Zinc,. 


. ‘00216 
. *ooi8i 
. ■ooi84* 

. ‘0015 • 

. ‘OOIII 

. *00114 lo *00125 
. *0029 
. *0009 

. *003 

. *002 to *0025 
. *00294 


Earth r Materials. 

(The expansibilities of stone from the experiments of Mr, A die.) 


Brick, common. 'oo35.’) 

» fiiv. 0005 

Cement,. *0014 

Glass, average of different kiud.s,. *0009 

Granite,. *0008 to *0009 

Mhrl le,. *00065 to *0011 

Sandstone,. *0009 to *0012 

Slate,. *00104 


, Timber. 

(Ei^nsiou along the grain, when dry, according to Dr. tfonle, 
/Voceerf. Hoy, Soc., Nov. 6, 1857 .) 


Bay wood,. *000461 to *000566 

Beal). *000428 to ‘000438 
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Dr. Joule found that luoisiure dimiuialies, annuls, and even 
reverses, the ex]»ansibility of timber by beat, and tbat tension 
increases it. 

176 . Beam Fixrd ai iiMh JBndN. (it. Jf., 307 .)—The particular 
problems ivspectiug beams, which liave been solved in the preced¬ 
ing Artich's, have all nferenr<‘ to cases in which v<he beam is either 
firmly fixed at one end and h«uleu on the })rojecting portion, or 
siinjfiy suppoj-ted at the t\io ends and loaded between them, and in 
w l\ich, consequently, th(‘ d(‘tenuiuation of the shcanngforce and bend¬ 
ing moment at encb])oint, and of the curvature, 8lo}>e, and deflection, 
arc sniiph and direct jn*oecsses, piocvcdiiig step by step fi-om the 
determination of oub (juautity to that of aiiy^ther. In this and the 
following ArlieU's, piohlcms will J<e considered in which the shear¬ 
ing force and liending moment 
<le[n'iid, to a greater or less ex¬ 
tent, on the curvature, slope, 
and defl(*eiion; uiul in whicli, 
consequently, tlie algcbmical 
piXTcess of cliniinatioii is often rcijuircd, twt» or more unknown 
quantities Kaviiiq to lx* dcti'rmined at onc(‘ hy soiling an equal 
number of equations at the sjiine time. 

A beam is Jixed, as well as supported at b(*tli <‘in]s, Mhen a ]>air 
of equal ana o])posit(‘ eouj)les arc made to aet on the lertioal 
sectional idunes at its pants of snppoi-i, of magnitude sufiicient to 
maintain its longitudinal axis horij'ontal tlunr, and so to diininish 
the deflection, slope, and curvatini* of its middle })i>rtion. This is 
generally accomplished by m.iking the beam fomi part of one 
eoutiiiuous girder Mith seicral points of supjiorl, or by making it 
project on eitber side beyond its jioints oJ“ su]>poi-t, and so fastening 
or loacfing the piojeeting poi-tioii'*, that llndr loads, or tlie resistance 
of their fasti'nini's, shall give the required jiair of coup!e.s. 

In fig. 148 , let O B A B f represent a beam siippoi-ted at the 
])oints, U, loaded along its intiuvcning jiortion, and so fixed or 
loaded beyond these ]>oints, that at thi'in its longitudinal axis is 
hotnzoiilal, instead of having the slojie i'j, which it would have 
if the Wain wer-e sinqdy mpporled at 0 , (J, and not fix<‘d. At each 
ol‘ tin* vertic'al w'etions ahoie the points of sujipor't, Cf* O, tdrere is 
an uniform!ipmn-pivg Jm'iaoidnl dress, being a jmll above and a 
thrust below the neutral axis 3 and the moment of that pair of 
sti*essc8 is that of the pair of eipial and ojiposite couples which 
ninintain the Ixiam horissontal at the jioiuts of sujiport. It is re¬ 
quired to find,—in the first ]>luee, ^at resisting moment at the 
veidical planes of support (from which the Hti*es8 on the material 
there may at once be found); and secondly, tlie efiect of that 
moment on the curvatru’e, slope, d^ection,ana sti'eiigth of the beam. 
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The general method of solution of this question is as follows:— 
Compute, by equation 5 of Article 169, p. 271, i'l, the slope which 
the neuti-al surface of the beam would have at the points, C, C, 
if it weiv simply supjiorted there, and not fixed. Then, by tlus 
expression E I i\ — c, find tlio unifm'm moment of flexure, which 
if it acted on thf bcMUi in such a manner as to make it become 
com ex upwards, would ]jruduce a slope at the points, C, C, e^al 
and contrart/ to ij. Tins will be the required moment of re¬ 
sistance at the vertical sections C, (\ It will afterwards appear 
that this is the greatest inoinert of I'esistanee in the beam; so lhat 
by putting it instt'ad of Mq iii the formulae of Articles 162, 163, 
and 164, j)p. 251 to 259, llrt conditions of st^’cngtl^ of *tho bemn 
are determined. Peno?e this moment by — M,, the negative sign 
denoting that it tends to produce comexity upwards, while the 
^oad on the beam tends to ])roduce convexity downwards. 

Let TVl he what the moment of flexure at any point of the beam 
would be, if it were simply supported at C, 0. Then the actual 
moment of flexure is 

M-M,, • 

^ • 

and by substituting this for M in tlu‘ equaiion.s of Article 16J), p]>. 
26b to 273, the curvature, sloj>e, and deflection, with the jnxiof load, 
or with any load, arc found. 

W1 lere M the greater, as it A, the ‘beam is convex down¬ 
wards. Where IVI is the le.ss, as at < \ the beam is convex up¬ 
wards. There ar(* a pair of points, 15, 15, at which M = Mj, so 
that the moment of flexure, and consequently the cuiwatui*e, vanish, 
and the beam is subjected to a sheartng for«‘e alone j these are 
called the points of contrary Jiejuu/re; and they divide tlic middle 
part of the beam, which is convex downwards, from the two end- 
most pai*ts, which arc convex upw'ards. 

Example 1. —Hymrnetrical load on a beam of uniform, section, in 
general. By Article 169, equation 6, p. 271, observing that I = 
2 c, we have 


ti = 


Ww W c2 
n! 'EA/tS* 


And by the table in the same Article, p. 274, Case 1. 

1 ' y. * 


as 2 m" m Wc = W / as w" -Mo,. 
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■ V 

being what the bending moment at A would hme heen^ hftd 
beam been simply suppoited. , ■ 

The values of m." are given in Article 169, p. 274, 

Let M'o be the actnal bending moment at A. Then 

^Vo = (1 -> Mo .(2.) 

The greatest moment of flexure Inust be either at A or C, or at 
both, if the momenta of these sections be equal and opposite. But 

for beams of nnilbrm seel ion, 7n" m ver greater than there- 

f tO 

fore the gi'eavest moment of flexur>i is at 0, or both at C and A, 
and never at A alone. 

The ultimate strenqth or greatest moment of resistance of the 
beam is expressed by the following ioiinula, obtained by putting Mj 
instead of m VV in equation 6 ot Article 162, ]>. 253:— 

= m” m W I = ufh .(3.) 

W being the breaking load, and /the modulus of mptum 

Hence it appears, that hy Jixing Ow tn^h oj an uniform heain ao 
that they shall he horizontalf its strength is increased in the ratio 
1 : m\ 

The deflection is found by subtiaeting that due to the uniform 
moment M^, from that, which the load would produce if the beam 
were simply supported at C and C. 

The TObult is as follows:— 


r. 



Ml 
E J 


.2 


= ( 


n 


m Mq <? 

2 y ET' 



For values of n” see the t.d)le already i^eferrod to, p. 274. From 
the last of those expnssions, it appears that by fixing the ends 
horizontal, an uniform beam is made stifier und&r a gwen load 
in the ratio 


ri 






If in the first cx])Fessjou for the deflection, Mj be considered to 
represent the moment of resistance corresponding to the proof 
or limiting safe stn^ss at the section C, we may ma^e -h 1 ss/' 
^ m' h; so as to obtain the following expression for the defection 
under the proof load:— 






fc^ 
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than the proof deflection of a beam simply supported, as 
equation 13, Article 169, p. 273, in the mtio 



The points of centi’aiy flexure are to be found in each particular 
case by solving the equation • 

• M —Mj = 0.(6.)^ 

Examples II. and III. aie py^rtieular cases of th« general problem * 
in Example X. , *• 

Exaupli: II.— Uniform mtum^ loaded in tli/e muldle 


M', = M, = 2 1I„ = ||^ W / = ^ W e = «/ 6 A*; ..(7.) 

^-e'JSOT'/i’ Ui' 2/'^ 2' 


The |x)int.s of contraiy flexiue are midway lx*twcen A and C, 
Example III .—Uniform seUion, unlfontdy loaded. 


W = wl — 2 c 



The points of contrary flexure are each at the following diatnnea 
Crom A, the middle point of the beam:— 


-p. = 0-677 c = 0*289/;. ,.(9.) 

V 3 

Bxaupub IV ,—Umform uniform depthf umform had 
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In this case the uniformity of strength is attained by making the 

breadth at each point pro¬ 
portional to the moment 
of flexure, as shown in the 
j>lan, fig. 149, preserving, 
at the noints of contrary 
flexure B, B, a sufficient 
tliickness only to rt^sist the shearing force. « 

The curvature of tlie beam is uniform in ambuiit, changing in 
direction only at the [)oints of cont’urv •flexure. Therefore, in fig. 
148, C B an<l B A, at each side oi' the beam, are two arcs of circles 
of equal Vadir, horizontal at A and and touching each other at 
B; therefore those arcs niv of ecpial lengtli; thoreforo each point 
of contraiy flexure B is midway hct.woeii tlie middle of the beam A 
and tbe point of siipi)ort (1. 

It is evident also, that the pmof deflection of the beam must be 
double of tliat of an unifiu’nily curved beam of half the span, sup¬ 
ported at the cuds without hi'ing fixed; that is to say, one-half of 
that of an uiil^u’inly curved beam of the same span, suppoi*tod but 
not fixed; symbolically 



— 1 f_f 


( 10 .) 


The actual moment of flexure at A must be the siune as in au 
uniformly loaded beam, with the same intensity of load iw = W 
2 c, supported, but not fixed at B, B; tliat is to si^y, 



Wc_W /_Mo 
IG ”■ ;52 “ 4 


(II.) 


and therefore, the moment of flexure at C is 


w / ftj 42 = = 


3M. 


3 Wc 
IG" 


3 

32 


; ( 12 .) 


being the breadth of the beam at C, which is three times the 
breadth 6 q at A. 

Tlie breadth 6, at any other point, whose distance from A is 
«, is given by the equation 






.(13.) 


In using this equation, the positive or negative sign of the result 
merely indicates the direction of the curvature. 
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177. A BeaM Flx^d at Oae Bad aud Sapporled at Both is 

sensibly in the same condition with the part 0 B A B of the beam 
in hg. 148. 

178. €onUaaoa* Girdera.— The fundamental principle of the 

theory of continuous girders, with the load distributed in any 
manner, is the “'theorem of the Three Moments,” due originally 
to ClajHjyron and Bresse,^and Improved by Heppel. {Hee Bresse, 
Mhmiiqm part iii., aud the Proceedings of tlte lioy(d 

Society for 186D.) 

Let (fCopO, 0 = 0) and {x = l^ o = 0) be the coovdmatcv» of two 
adjacent points of support of ‘ continuous beam, or beiag hoi'izoutal. 
Lot V and the vertical forces be positive downwards. 

At a given point x in the S[)an 1[)etween those points let w be the 
load per unit of span, and El the BtiflViess of the crosh-soction, each 
<if which functions may be uniform or variable, continuous or dis¬ 
continuous. 

In each of the following double and quadruple de£aite integrals^ 
let the lower limits be a; = 0. • 



When the integrations extend over the whole span that will 
be denoted by athxing 1; for example, Wj, <fec. 

Let —E be the upwai’d shearing force exerted close to the point 
of support (oj-ilO), Mq the bending moment, aud T the tangent 
of the inclination, positive dowiiM’ards, at the same ])oint. 
by the general the(iry of deflection, we have, at any point x of the 
span Z, the following equations:— 


Moment,.M Mq- Fr-t m;. .(2-) 

Dedectiou, v ~ Ta;- ¥q + MqH + V,.(3.) 

Let be the moment at the further end of the span 2, and 
suppose it giv m. This gives the following values for the shcaring- 
tbroe F aud slope T at the point (x = 0) 


M!a — 1^1 + Wi| / J V 

* f — .(*•) 

and because = 0, 
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Cousider, sow, au adjacent span (extending from the ])oint of 
support (aJsaO) to a diatauce = in the opposite direction, 
and let the definite integrals expressed by the formulsB 1, with 
their lower limits still at the same point (a; =^0), be taken for this 
new spun, beiug distinguished by the suilix-l instead of 1. Lot 
- T' be the slope at the point of support {x - 0)^. Then we have 
for the value of that slope, 





7-1 

r 






(5a.) 


Add together the equations 6 and 6a, and let /i = T — 
denote the tangent of tht‘ small angle made by the neutml layers 
of the two spans with eaeh other in order to give imperfect con¬ 
tinuity. Then, after clearing fractions, we have the following 
equation, which expresses ifie tlieorera of iJte three moments: — 


0 = Mo(7/2 + y /2-w, 


+ 2 4 '///_ 




i 


..( 6 .) 


In a continuous girder of N spans there arc N - 1 snob equatioua 
and N — l unknown moments; for the moments at the ondmost 
supports are eaeh ~ 0. The moments at the intermediate points 
of support are to be -^bund by elimination; which having been 
done, the remaining quantities required may be computed for any 
particular span us follows:—The inclination T at a point of suppoit 
by equation 6; the shearing force F at the same point by equation 
4; the deile.ction v and moment JVI at any point in that span by 
equations 3 and 2. 

The siuqdest jiariiculur ense is that in which the cross-section is 
uniform, and the piers equidistant. It may be deduced from the 
general furmulsc. (Sec Proceedings of tlie Hoy ad Society, 1869.) The 
following, however, is a special demoustmtion:— 

Let fig. 150 represent a viaduct of several spans, consisting of a 
continuous girder resting at 0, 0, 0, <kc., on a series of equidistant 



Pig. 150. 

piers. The eudmost span C F is smaller than the rest; the prin¬ 
ciple upon which it is to be determined will be afterwards explained. 
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For tije present, the bridge is to be conceived to consist of an 
indefinitely long series of equal spans, each alternate span only being 
uniformly loaded Irom end to end with the greatest poasible 
ti a veiling load. 

Let w be the intensity, })er lineal foot, of the fixed part of the 
load; «/, that ofithe travelling j)ait, so that + lo' is the intensity 
of the load on the moiv heavily loath d hjuns, A, A, Ac., and w that 
of the load on therfuteiuiedinto spans, D, D, kc. 

Let~Mj (Tenote the yet unknown negative' moment of flexurq^at 
the points of supjMut ovei thi pieis, 0, 0, 0, &c. , 

In any hwavily loaded di\i»ion, let hoiuont.il distances denoted 
by a? be mt.isuicd from I'ho ceiitial point A • 

In lightly loaded divihum, ht di dances drnoted by sd be 
ineasuied lioui the cential point I) 

Let c-l ~ 2 denote the halt sjian ol taeli buy. 

Let the beam be &ii]>pohed ot uniloim stction, the moment of 
inertia being J, and the depth A, as beloie 

Then the following aie the lesults of the jirocesses in Aiticlo 

169 :~ 


Lik) tl} loaded Divi<ii()ii 


H( »ily I(uukd I)I\ laion. 


Bending Moment At — j ^ — Mj 


w 


2 

I IW + W’/ **\ 

Ki i 2 (‘’’'“a") 

-Ml 


The condition of continuity ot the lieam above the }>oints of 
support is, that for x - c, and a' -= —c, the slojio i shall he the sama 
This gives the following equation:— 


toe® 

3 


+ Mi 


c- 


{w + w/) c® 

k> 

O 


-Ml c; 


whence we obtain the following value of the negative moment of 
flexure above each pier:— 



{2w + to') c® 

6 


(2 to + to') 

** 24 • 



Introducing this into the expressions for bending moments, and 
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slope, and proceeding with the processes of Article 169, we obtain 
the following results:— 


L^glitl) loaded Division 


Hoavily loaded Divlaion. 


Bending Moment M s 
Slope 1 

Detltctionvatany \ 
point./ 


to—to' , tr , 

r — i'* 

6 ‘2 


to I 2*// to f w - 

_i r* 

0 2 


E 

A 




<H 2II , fwhSto' , to + 2w' 

n\ 21 ®~M2^^'El\ 24 “ 12 


} 


^21 , 




j Tlie following cases of these equations are the most important in 
practice:— 

Bendirig Momenta — 

At the centre D of a lighily loaded sjian. 


^'*- 0 * (• ^ “ 24 ^ * 


At the ceiitie A of a heavily loaded span, 

le f 2 w a 1C 4 2 M?' 


.( 8 .) 


Mo = 


G 


21 




The greatest momeiU offlerure will be either at A, or — Mj at 
C, according as the intensity of the travelling load w\ or that of the 
Gxed load to, is the greatci. 

Centred Dejlexions imder any load — 

04 

Of a lightly loaded division, v\ “ ^ ^ 24 E T ’ 

(»•) 

c * 

Of a heavily loaded division, Vj - (w? 4- S ?//) 9 ^"]^ j- 


If to Is less than 2 id, the first of these becomes an devc^on, being 
negative. 
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Central Deflexion qf a Ibeavily loaded Division utuier ttie 

Proof Load — 

If «/ to, so that Mj) Mp 


, _ f<^ ^w + dtd ^ 

if to; 'to'j'BO'^h’at — Mj Mq j 

* /'r 10 ■+ 3 v/ 

4 h 2 w + to* 


.(9a) 


The coiTeRpondhig defl(*ctaoii* of a lightly loaded division are 

found by multiplying these expressions by 

Points oj no curvature occur at the following distances from the 
centre of each division :— 


In a lightly loaded di\ision, at a/ - • 

In a heavily loaded division, at x~ z±i c\/!!\ ^ ** 

V .> (iO t- M') 


( 10 .) 

j 


When those points occur in p .rs, they ai-e poinh of contrary flex- 
wre; and this is ai\^ays the case in a heavily loaded span; but in a. 
lightly loaded span, if to' - to, there is but one jioint of no curvature, 
which is at the middle of the division, and is not a })oint of con> 
trary flexiu*e; and if w'zp^ to, there is no such point in tliat Bj)an. 

C E represents a division of the girder, at the t'lid of the Yiaduct> 
of such a length that when it is unsuppoiied at E its weight may 
be at least suilicieut to iiiuduce the projier moment of flexure — 
above the neaiest pier 0. In order that this may be the case, its 
length C E ^ should be at least sullicient to fulfll the following 
condition:— 

wl'^ T.^ %w-{- id 


and consequently, the least limit of that length is given by the 
following formula:— 


C E = I'- 


V 2 lo + W 

“ 3Mr* 


.( 11 .) 


means **not less than,” and ^ “not greater than.”) 

The division C£ should not extend farther hum C than the 
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fartbest point of contrary flexure, wLon that division has the 
travelling load on it; that is to say, the greatest limit of its length is 


OE= r 




w + 2 w* \ 
3 (w + v/)j 


.( 12 .) 


In order that tho fultiliiiont of these conditions may be possib'*e, 
the expressiou (12) must not be less than the expression (11). 
Wnen the end E of tho girder is not‘3np].orted by the action of the 
travelling load, it rests on the abutii»'’nt F, 

Throughout I {he "’hole of the preceding calculations in this 
Article, it is to be imdei-stood that the same facinr of safety is em¬ 
ployed both for the fxed and the traodlhuj parts oj the load. It 
IS ronsiderod advisable that the factor of safety for the ordinary 
working travelling load should be double that for the fixed load (for 
example, that the former should be G, and the latter 3). Hence to 
and to'are to bo hold to voprosont tlio iiit(*usitios of tho two parts of 
the yw’oo/’loa<l,.fiw;li bnng one-third of the corresponding portion 
of the load whicli would break the b(‘am if divided in tho s»ime 
manner; so that IVI^ or ~Mj, as tho case may be, is ono-third of 
the breaking moment. In the course of. the ordinary tniffic upon 
the bridge, the intensity of the fixed load w will continue tho same 
as before, while that of the greatest travelling load will bo reduced 
to one-half of tliat of the travelling proof load; that is to say, 

. Ilf-5-2. 

179. Balter, or MIopliia Brain nilh an Abiiliurnl.— -lu flg. 1/>1, 
A B reproM'nts a .stiaight beam, loaded with 
weights, and having an abutment at A. I’ho 
sup]»oviing ])vessnn‘s at A and B arc to be found 
by the process cxphiined in Article 112, Case 
TTL, p. 174. 

Itesolvo the load and tin* .supporting pressures 
respi'ctively into components imrallel and pnp- 
pemdicnlar to tho beam, or, as they may be called, 
longitudinal and transverse components. The 
strain on the beam is compoumhd of longi¬ 
tudinal compression, pixidnccd by the longitudinal forces, and of 
bending, produced by the traiis\ erse Ibrcea, 

For example, lot the load be uniformly distributed, and let w be 
its intensity in lbs. p(T lineal inch of the span mmswred korizonlcilly; 
that is to say, if I denotc's the length of the sloping beam between 
the points of support A, B, i its angle of inclination, and W the 
toted load, the value of that intensity is 

^ W-f-/ cos i.....(1.) 
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The supporting pressure at B is horizontal; that at A is inclined 
At the angle whose tangent is 2 tan i; and their Tallies are re- 

BjKictivt'ly— 

At H = W — 2 tan ^ 

At A, JW+WK ...) . 

The longitudinal components of the load and supporting pressures 
aiL as tollows:— 


Of the load, — W sin i~ ~~^wl cos i sin i ; 

Of the pi'essure at B, - H cos i = - , • . :* ! 


Of the pressure at A; H cos t + W sin i 
W / 1 A 

= -- ( . + aiii M, 

2 \bnii 


. I 


a.) 


the negative signs in the liist twt» oxpivssious denoting downward 
action. The transverse component are,— • 

Of the load, . -\V eoij I - iff/ cos‘^ 4; I 

Of each of tho siippo.-tiiig 1 W cos i j ..(4 ) 

pressures. f ~ 2 J 

Tjet A denole tho art'a of a gi mi titinsvtrse section of the beam 
at E, whose distance tiom B is denoted by sc'. Then tliei-e is at 
that section a iongitudiniil thrust whoso intensity, found by dividing 
its amount by tho area A, is as ibllows:— 


, /W i , \ 

^'‘Vabiiii *-«>•»<•■«>'*“"«) A.*(,).) 

The bending moment M at the same crosb-section is tho stai oe as 
in a beam of tho span /, loade<l with w cos" < lbs. on the linoal inch 
meas^etl cUong tJia bearrij and is to be found from these data by 
the formula of Article Ifil, Case VI., p. 24(J, or by the method of 
Article 17C p. 282, according as tho beam is merely fixed in position 
at A and B, or fixed in direction as well as in position. 

It may here be remarked that if C D be a horizontal beam of the 
span I cos % (being the horizontal projection of the span of A B), 
loaded with the same uutformly ^stributed load W as A B, and 
supported or fixed at the ends in the same manner, the moment 
of flexure at F, the cross-section coirespondme to E, will be the 
same as at E. 

Jict 1 be **the moment of ineitia” of the cross-section at E (see 
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p. 2S2)f and m' k the distance from the neuti'a] axis to concave 
side of the beam. Then the mnraent of flexure M produces an 
additional thrust at that side of the intensity. 


• „ M in A 

so that the greatesf. intensity of thrust at that cross-section, and the 
condition that it shall not exceed a safe limit of intensity (/') ajre 
expressed as follows:— 

.(7.) 

In the best practii^l examples, the^beam is fixed in direction at 
A and 11; and in that case, tin* j^i*catest moment of fi(*xure, and 
the greatest longitudinal thrust, both o(‘eur at the abutting joint A. 
The value of the bending moment being taken from Article 170, 
equation 8 , p. 285, the greatest intensity of thrust is found to l)e 



. „ / 1 . A 

‘ ^ 2 A Vhin i J 


W/cos i m' A 
12 ‘ I • 


.(7 A.) 


In designing a sloping beam, the <lej»ilj h may be fixed in the 
first place, as in Artieh* 170, p. 275. Tin* kind of crosa-hcction 
adopted will then fix the ratios w', and I-i-r/t'/t® A, I and A 
themselves being still indeterminate. Let the last of these ratios bo 
denoted by q. Then equation 7 may lx' put in the following form:— 


* rt W ^ 1 / 1 . A ^ cos /) _ . 

A layA) . 

whenc/e is deduced the folio’s!mg tormula fiir eomimiing the re- 
quimi Aeetioiial urea:— 

. W I 1 / 1 . .\ / cos i) . 

/• . 

Table of Values of y 1 — m' h'‘A(= n having the valiiea 

ia Article lOa, p. 254^ * 

I ^ 

\ 

^ Form op Cross-Section. c* 

' 1 

1. Hectan^le, .. 

/ ® 

II. FUipse^and Circle,. 
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m 


IIL Hollow Roctangle, A-bh- h'K )' 
also I-formed section, 6' being 
the sum of tbe breadths of 
tho lateiul hollows,. 


IV. Hollow Square, A asA* —A'®. 

V. Hollow ElRpse,.. 

VI. Hollow Circle, .'kt.... 

. • ^ 

VII. T-fornu*d Section: approxiftiate so¬ 
lution as ill Article 1G3, equation 
2, p. 2r)5,- 


6V ■ V bh)' 

1 /- 

‘6 AY 

’S\ bh^) \ hh)\ 
1 /, U\ 


(Flange A. j web AA. ^ \ 

^ ^ 0(A2 + A.)(A2 + 2Ai) 


VIII. Double T-formed section; approxi¬ 
mate solution as in Article 103, 
equation 4, ]>. 256 
(Flanges A^, A^; web A^; the 
beam sujqjosed to gi\e way by 
crushing the flange Aj) 


Ag (Ag -t 4 Aj + 4 Ajj) f 12 Aj Aj 
6 (Ag 4 2 A;j) (A + Ag 4- A3) 


IX. Double T-fomied section, alike ( 1 /. 4 A^ \ 

above and below (A 3 - Aj);. j 0 V Ag 4 2 Ay * 

When the dedection ol the sloping beam A B is compared with 
that of the hoiizontal beam C I> of equal horizontal span, and 
under the same load, it appears, from the principle of Article 169, 
p. 273, that if time bearria are of e<iml and sind/ar cro&s eection^ 
their deflections at corresponding points being as the cubes of the 
lengths, and as the loads producing deflection, which are inversely 
as the lengths, are to each other as the squares of the lengths; 
that is 


Deflection of A B : deflection of 0 D :: 1 : cos ® i.. ...(9.) 

Also, the vertical componertis of the deflections are as the lengths 
simply, or 









296 


MATEIUAM AKP STBUCTURES, 


Bat if A B incrmsfid m breadth, aa compared with 0 D in the 
mtio of 1 ; cos i, or sec i : I, the vertical components of their defections 
will be equal. This principle will bo refovrod to in the next article. 

'179 a. To Oedare ili« Gr<‘nleMt Mirew In n Bram fram the Defleellmi. 
—This is done by means of a formula deduced from equation 13 
of Article 169, p. 273, as follows:— 

Jjct h be the depth of the bcamnt the section of greatest stress, 
and m' h the distance from the noutnil axis ol' that section to that 
surface of the beam at wliicli the greatest stress is required; w', a 
factor explained in Article 162, p 25w, dcjicnding on the form ot 
cross-section: — 

c, the halt-‘^pau\)f a beiini sn})poi/U‘d at 4,>oth ends, or the length 
of the loaded pari of a beam bupport'jd at one end; 

tlie factor for proof deflection, ex])lnined and exemplified in 
Article 1G9, pj), 273, 271; 

E, the modulus of iliisficity ot the material; 

V, the observed di Hfrtion , 
then the intensity ot the gre.itcst stiess is 

M ni' h V f. . 

^' 1 = . 

'I’o the values of the fnetor given in tlie table, p. 274, may be 
added the following, which arc taken from Articles 176 and 177, 
pp. 284, 285, 286, 288, and 289. 


ft 


( ’asks. Fttiloti. 

XIV. Beam fixed at both ends, section uniform, 1 1 

load 111 the middle,. .. j 6 

XV. Beam fi\e at both ends, .seetion uniform, 1 

load uniform. g* 


XYL Beam fixed at both ends, U(])th unitbrai, ( 
load uniform, htrengtli unilbnu,./ 

XV11. Beam iinj lei-fi'ctly fi ved at botli ends, section 
luiiforin, load iinifonn, the dead load w 
being small eompaivd with the rolling 
loud u), and the greatest stress in the 

middle,. 

XVIIL Beam iioperfeetly fixed at both ends, 
seetion unitorm, load uniform, the dead 
load w) being considei'aidc cnmjiared 
with the rolling load ti>', the lessor of 
“ the two following factors (see p. 291), 


1 

4 


Iff+ 5«f 

tff H“ 3 
4 to + 8 id 

to + 3t<f 
8tff-f 4«>^ 


180, 0lreHgih nnd Milltarmi of an Arched Bib nnder Toriical JtdMdib 

Fig. 132 rt'presents an arched rib, springing from a pair of 
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abutments^ and su 2 )posed to be under a vertical load. Let 
BAODB' be a 
curve traversing 
the centres ot gra¬ 
vity of all the d'oas- 
sections of the rib :* 
this umy be called 
Ihe neutral cvw'ef 
and it represents 
the figure of a ‘‘lin¬ 
ear arch,” or inde¬ 
finitely thin rib, wliostf eendi ions of e{juilibiT iin a1*e the same 
with those of the actual arch. tThose conditions h.ive been ex¬ 
plained in Article 123, Case II., pp. 186,187; Aifciclo 124, pp. 187, 
188; Article 125, pp. 188 to 191; Article 128, pp. 195 to 198; 
AHicles 130, 131, and 132, pp. 199 to 203. 

When a vorticjil load is disti ibuted over tlie arch, agreeably to 
the conditions of equilibriuin of the nential curve, each particle of 
the arch is compressed, in a du'cction parallel to a tJhngent at the 
nearest point ot tho neutral curve; and but for the circumstance 
to be stated presently, that conijirossion would Iw* uiiifonn through¬ 
out each cross-section of the rib, so that tho neutral curve would be 
the “line of resistance.” 

But tlu‘ con>])ression depresses the whole arch, so that the 
neutral cuvv e a‘ sunics some n< y, figure, such as B a c B', in 
which its curvature at each point djffers from the original curva¬ 
ture; and hence, <'veu under a load distributed as for an equili¬ 
brated or linear arch, there is a bc'uding action combined with the 
direct compressiou. When the distribution of the load diffei-s 
from that suited to tho neutral cuive as a linear arch, the bending 
action varies in its amount and distribution. 

fu either case the arch acts in the double capacity of a rib under 
direct compression, and a beam under a transverse load; and its 
strain and stress at each ]ioint are the resultants of tho strains and 
stresses arising from the directly compressive action of the load, and 
from its bend mg action. 

BaoBXiPJf VmsT. General Case .—In solving problems which 
relate to this subject, it is in general most convenient to measure 
co-ordinates from a point such as O, in the same vertical line with 
one end, B, of the imutral curve. 

0 being any point in tho cfirvo, let 



a: = O B be its horizontal distance from 0; 

2 ^ s= E 0 its vertical depth below O; 

Let 7 = B B‘ be the span of the neutral curve, and k its rise. 
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Let w be tlie j^hole intensity of the vcrtita.1 load, whether con¬ 
stant or variable, in lbs. per incli of horizontal distance, so that 


/; 


w d xU the whole load on the arch* 


The load w d x on each small poiH^iou of the arch may be con¬ 
ceived to consist of two })art.s, «* 

d X, producing direct conipi'ession alone,* buing distributed 
^»ccor(liiig to the laws of the equilibrium of a linear arch,—^that is, 

d' // ^ 

in such (i. manner that tCj (H. being the'still undeter¬ 

mined horizontal thrust of the archf, and 

(m) — ?Oi) d a; = — II dx, .(1.) 

producing bending. 

Having formed the pi’eceding oxpi*essiou, by putting for w and 

t/2 • 

d ^ their‘proper values, proct‘ed as foll(»ws:— 

The vertical c(»itiponent of the sh<'ai;ing force at any jKunt, such 
as C, is (set* p. 242)— 

. 

Fq luoiig the still nndetennined vertical com])oneut of the shear¬ 
ing force at B, ami the k1o}»c cd (.he neutral curve at that 

« <<Q 

point: 

The Ixmding moment at C is (see )). 243)— 



Mq being the still undoiermineU bending moment P 
The cdteraliim of vuixature pix^duced in tlje neutral curve at 0 by 
the bending action ih — JVL — E I, the negative sign being prefixed 
to denote that downward curvature iB»l,o be considered as positive; 
and the cUterativn of slope is expi-oased as follows:— 
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t 0 being the still undetermined alteration of the sllpe at R 
The vertical deflection at C is expressed thus,- * 





i d sc. 



The bending acfion of the loud is thus expressed by the four 
equations, 2, 3, 4, 5, containing#four indeterminate constants, JI, 
Mq, tQ. If,<flnf^ch of those equations, x be made = ex¬ 
pressions are obtained applicable to the further end of the span, 
These expressions may be dc\oted by Fj, Mj, v^. 

Tict /i a = 0 B =,j/ d d denote^the ^ngth of an 

indefinitely short arc of the neiitral nirve. Thai arc la not altered 
in length by the bending action of the load; but it is altered by 
the direct compression in the proportion given by the following 
equation:— 


^ d 8 

dt _" f/r. 

ds'^ EA' 



in which A denotes the sectiomil area of the rib at C, and the 
negative sign indicates comprf'ssion. 

To find the combined eftect of the bending action and the com- 
p^e 8 ai^e action on the figure of the inmtral curve, proceed as 
follows:— 

Let u denote the positive horizontal disjdacenient of a point in 
it, such as C. For examjile, (!! I) being the oiigiiial position of an 
indefinitely short arc, and c d its altered position, let 

OE = aj; OF = a;-l-«?aj; 

EC = //; + 

OD = ar.s 

Oe = x~{-u; 0/= a? H-a: + M. 

= y + fd = y-j-V-jr d y + dv, 

cd = d8 + dt. 

Then from the two eijuations, 

d ^ = d d y*; 

(d8 + dt)^=={dx + du)i-^{dy + dv)^i 

The following is deduced 

^d8'dt-\-df=si2dx*dtt-{-du^~¥2dy'dv-^d v®; 
and from this the terms d^^d w®, d v®, may be rejected, as inap- 
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« 

preciably email compared with the otlior tci’uie, reduolug it to the 
iollowiDg:— * 

d8‘dt = dx’d7i-jrdydv; 

whence is obtained tlio following oSkprceaioii for the horizontal dis¬ 
placement of D re/aticcii/ to 0:— 


. d e ,, 
d u = , d b 

djc 


d y t 

, d a . 

d K ‘ « 


.(7.) 




For d t put its value according to cqu^aon 6, and make = 1 + 


and dv — lit X, tlien 

d ar 


d V — - 



d x'y ...(7 A.) 


which being integrated, gives for the horizontal displacement of C 
ndatively to B and in a (lirection away from it, 


r\ iJ 
J o{F, A 



} 


dx; .(b.) 


an expression coutammg the same four mdctcrmiu.itc constants 
that have already been mentioned; and if as be ma<le = I, there 
is obtained the altn'othn of the span B B', which may be denoted 
by Ml- 

If the abutments are absoluUdy immoveable, Uy = 0. If they 
yield, v>y msiy bo fouml by experiment. Hence, as a f/rst equaiion 
of condition lor liuding the indeterminate constants, we have 

w, = 0, or a given quantity.(9.) 

A bccond o((uatioii of condition expre.sses the immobility in a 
vortical direction of B', the further end of the rib, and is as 
follows:— 

yj =. 0..(10.) 

( 

The ends of the arched rib are either fixed or not fixed in 
direction. In the former case, {^ = 0; and in the latter, Mo =s 0; 
so that in cither case, the number of indeterminate constants is 
reduced to three. One more equation of condition is therefore 
required; and it is one or other of the following:— 

If the ends are fixed in direction, = 0;.(11.) 

if they are not fixed in direction, =r 0 i .....(11 a.) 
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The values of the three constants being foim by elimination 
from the threo equations of condition, are to bo il'rodncod into the 
expressions for the moment of flexure (3) and the deflection (5), 
frhiidi will now become formulse for calculation. 

If thrust be treated as positive, and tension as negative, the 
greatest intensity lof stress at any given cross-section is to be com¬ 
puted by the formula, 

I ’. 

the positive or negative sign being useil aceoiwdng ite the moment 
M acta towards or from tlio edge (tf the rib under considoration, 
whose distance from the neutral curve is /a' h. 

From tho expression 12 may be deduct'd the position of the 
point where the stress is greatest for a given arrangement of load, 
the orrangemt'ut of load 'which makes that stress an absolute 
maximum, and the corresjnmding value of tlie stres^,. 

The vertical demaiimi of tbc llm of resistance fiom the neutral 
curve at any point is given by the expression ■» 


M II; 


.(13.) 


and its perpendicula/r or normal deviation by the e\pi*ession 

d s 


M -^11 


djc' 


(14.) 


and these deviations take place in the direction towards which M 
acts. 

When the deflection is found by direct experiment, the following 
formula may be used to compute the giintest stress from it:— 


(loc 4 E m' h V 


(IS.) 


the second lerm being similar to the expression in Article 179 a, 
p. 296. 

The preceding is a general method, applicable to all cases in 
which load is vertical The following particular cases ai'C the 
most useful in practice:— , 

Pbqblbh Second. Hib of Uniform Stiffness .—If the depth and 
figure of the cross-section of an arched rib are uniform, imd its 
breadth is at each point proportional to the secant of the inclmatiou 
of the rib to the horizon at that point; that is, to 
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d » 
dx 



ilaf’ 


BO that if Aj be the sectional area, and the moment of inertia, 
of the rib at tlie crown, and A and I the corresponding quantities 
at any other point, we have 



then thy intensity of the direct thr’r along the rib is ereiywhere 
equal, and th‘e ve»*Xical dt‘fleetion h / each point is tlie same with 
that of an umfonn straight horizontal beam of the same section 
with the aixjhcd rib at il^ crown, and acted upon by the same 
bonding moments 

This is expressed symbolieally l)y introducing the preceding 
expressions into equations 4, G, 8, 12, and 1/i, which now take the 
following form:— 


% 



d t 
ds 



J ...(4 A ^ 

.(6 a.) 


* = -EA, 


In the pi<*seut case, as well as in all cases in which the depth 
and figure of section are uniform, it it. convenient to express the 
momeit of meitia of the cross-section in terms of its area and 
depth, as in Article 178, p. 294, by the aid of a factor q, as 
follows;— 

I = y »i' A;.(17.) 


(see the table of values of q, pj), 294, 295); for thus E Aj is 
rendered a common divisor in the expi'ession (8 A.) for the change 
of 8})an, which lieeoines 




d 03® I 


J Qdx 


(18.) 


while equation 12, for the greatest stress at a given cross-section, 
becomes 
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Pr¬ 



os A.) 


affording a ready means of computing the mjuisiti area, of 
ci'wss section, when tlie deptii and figure have hocu fixed befoiv- 
haiid. ^ 

Ribs of uniform siif&ess are not of common occurrence in 
practico, but the ^rmula‘ reljfting io them may be np[)lJed with 
little error segmental ribs of iindbrm section. 

PnojJLMjfr Third. which the Ahvimods yield prnportiofix¬ 

edly to the. ITfp’izonfal ^’//riwU^ljet the enlai’geincnt of tlxo spaxi of* 
the arrU due to horiAi^tal thjfciat be exjxressiMt l^y th?;^ equation 

=^u H ..(0 A.) 

then equation 8 takes tins fidlowing form:— 




and for u rib of uniform .stiffness, 




The co-efficient a may bo det(Tmine»J by ox]>criiuent. For 
examjile, itx the course of sonic ‘‘cent evpetimeuti, a stone ])icr, 34 
feet broad and 11 feet thick at tlie ba'^e, was found t<» yield to the 
extent of *27 of an inch to a thrust of 31(»,()tJ0 lbs. applh'd at 
a height of 25 feet above its base. Jn this I’aso, the \aJue of a was 


•37 

34 (),()()() 


= *000,001,135. 


a 


Further experiuMUits are wanting to establish general principles 
as to the yielding of piers and abutmeuts. 

Problem Fourth. Patabolio Rib with Rolling Load: the Ends 
ftxced in dvrection; the Ahntinents intmooeable. —The following is the 
most uBotiil cast* in pi’actice:—Let the ueutnil curve B A B' be a 
parabola, anti the rib of uuifoi-m depth anti uniform stitliiess j and 
let the ends be broad and fljit, and accurately bedded on the 
skewbacks from which they spiiug, so that their directions may be 
regarded as fixed ) that is to say, 

^ = = 0 . ( 19 .) 

Take the origin of co-ortlinates on a level with the summit of tlie 
neutral curve; then the equation of that curve is as follows, i 
being its rise:— 
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*' = ^( 2 “")*=. 


Wlience we have— 

d y S k /I 


js~ P \2 /’ I • ^ 

I 2 -*} = K21-) 


G4 F (I 
\2 


We 


y 8 /<* 

-^ 2 - / 


/I'’ '<i '' •" =/l'' * 

- /. 'dH^ '- ^!.fSl) 

being in this c.jsc siTui)ly jwoportionnl to the area of d^ectUmf 

y rdx. 

0 

Iji't tlio rib bo inicloT an uniform fixed load, W’q lbs. on the 
horizontal lineal inch, and a rolling load of ?«lb.s. on the horizontal 
lineal inch; the rolling load, covering the Lojizontal length of 
the rib at the end furtlu.st from the origin of co-ordinates, lea^cs 
(1 — r)l nnloaded. 

Then efjuationH 2, 3, 4, and 5, become as follows:—^formulee 
relating to the nnloaded divi^on being denoted by A, and those 
relating to the loaded division by JR,— 

Shfartng Ji'olK’E,— 


(A.) 


,, , / 8 iH \ 

*0-1 -IS — 

^ — “u) ® — w I» —(1—»•)*} i 

4 


(23.) 


Bending Moment,— 

(A.) M = j 


M = M, + F. a + (1^? - »,) f - 

M>|aj — (1 — 


.(24.) 






PiLRAlOIiItl RIB PIXED AT ENDS. 

I «; 

AtTEB^tfOH 0 #-Slope,— j 

, /Skll 

V /S« I * 

JB.) ^tnthefactpi^ljbracketsaftd + — (1 — r)^|^ 

irv_ __ ^ _ 


m 


[(25.) 


DliJLECiIOIJ,— 

(A.) V = 


1 




qnitJ^ E Aj* \ 
( 


M 


® 2 


vs 

Eq * 


Ska • 

qr 

li 


(B ) ^to the factor in bi a( kct«! add "i" | a* — (1 - ^ | ^ # 

The equations ol condition are tlic following — • 

= 0 gives 


( 36 .) 


rs 0 gives 
TM. 



/SkU 

^2“- 

v/^ 


/Bill 


V 


m 


gives 


The combtion that the abutments aie lumtoveiibk, oi = 0, 

b«8 

il .Pi,' . n 

-V+ 3jEA,+7^i.*‘*-» = ‘*5 

and multiplying both sidos by ^ ^liavo 

_M,_ F„ 1 10 ,1* w r= P I, I i L ? i® 

6 24 120 120 t 15 6 k 




\ (29.; 


j 

By elimination between t^ic three equations of condition, the 
following results are obtained:— 

, 45g'TO^A* A ,16^\ « /QAv 

4i* •0+3'p;=®'. 
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thuu the liorizonll 1 iUinist is 




the beiuUug moment at the unloaded end, 


M _ "oj 

13 • IS I 


10 r® — lo 7’* -h 6 r® ] 

i^E I 


....(32.) 


and at the loaded end. 


j _ t^o B I ^ I Q 2_g ^ j. 3 ^ 

12 ‘l + B^ 12 1 «»^-ror- 


10 7* — 13 r* + 6 rfi 
1 + B 


(33.) 


The greatest inteji‘«itv of stiess oteurs at tlie loaded cn<l of the 
rib; and its v.dne is, for tJiiiist; 

ft = i;(« ^ S) = 8 A, ll + B G + 3v3 1 

for tension, let p\ denote the stress, and q* tlie value of the factoi 
q\ then 


+ w 


Aj \«/ A / 8 Aj ^ 1 -j- B \3 q'h Ic) 

(3^S<«’^-«'* + »’^)- (35.) 

( 3 ^ 7 . + *))} 


X^et denote the value of r which gives the absolute maximum 
of thrust; that which gives the absolute maximum of tension 
(if any), then 


1 
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2 1 +B , 2 

5- 


1 + 1, 


..(36.) 


and tlioso ab»oliite maxima arc. 


,, , j Wq f 2IR ,1\ . 2 w 

tluusb/^^ 8 A, i 1 4 Bb , A + + 377 . 

(2r;-2r;+j»-!| 

• 

* . . ’‘P / «>o 2 B 1\ , 2*«) 

I l + fi Viy'A 

( 2 /;. 2/f+^l)} 


[■...(37.) 


..(38.) 


Equation 37 serves to coinpute tlie }#i(>])er sectional area ior the 
rib, wheii its de]>th and fonn liavo boon iixcd. tf equation 38 
gives a negative result, there is no tension at any jToiiit oi’ tlie 
rib. 

The vertical comj,onent of the shearing foi'ce at the unloaded 
cud is 



1 ( 

2 U + B 



10.» «'')}; (39.) 


and tins, together with the proper values of — Mq and of 11, 
being substituted in e(|uatioiJ 20, enables the deflection at any 
point to be computi'd. 

When q h -i- k, <( h - 1 - an<l 13, art' all very small fractions (as 
is often the case), the following equations aixi tiue:— 



II 

II 

.(36 A.) 

sx, 




/2B 

^^\3q’l 

m 


When, on the contrary (1 + B) -f- ^ 

1 — - is equal to or 


greater than 6^2, the greatest intensity of thrust takes plice 
when the beam is loaded along its whole length; and when 
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(1 + B) -4- ^1 is equal to or greater than 5 2, tlie 

gn*ntest intensity of tension also takes place when the beam is 
l(>u(l('d along its whole l(‘ngtli ; that is to say, = 1; and 

then we have the following equations:— 


n 

^>= 8 A. 


w) 

8(1 + B)A' 


..(31 B.) 

11 (wq + w) B , , 

> 12(1+.C)> . 

,.(33 B.) 

l\ 

h) 

+ 0-192-“;} 

i (37 B.) 

/2B 

\ 3 (/ h ki 


[ . (38 a 


The effect of an a'iiriHary horizontal girder^ made fast to the 
arched rib sit its crown, will l>«* considered further on (pp. 313, 314). 

I’nOHLKM Fifth. In the same case, when th>e Abutments yidd to 
the thrmt so as to enlarge the span to the extent = » H; it is only 
iieces-isuy t(> make, throi ghout the formulai of l*roblem Fourth, 


P»=^ 


4*^» (f m' h^/ , Id , a E A A 

It'T o'19 ”r - ‘ 


4 /.^ 


3/2 


I r 


.(40.) 


Proulum Sixth. Parnbolir Hib of eepmt itiffnessy supported at the 
endsy but aofju d —'I'iie lornuilo' of 1‘robloni Fourth are ap])licable to 
<his case, with the inodihesUions, that and Mj are each =: 0, and 
thilt becomes an iiulc'ienuinsitc cimstsint. Hence tlio following 
insults, in which the terms enclosed in square brackets, [ j, have 
refcmice to tlu* loaded division of the rib only:— 

F = Po+ a—(1—,)/ I j; (41.) 

w' 


M 


„ , /8 a ; 11 \ X 

+ —'"■>) i 


2 


....( 42 .) 
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»= In 


^T^'A^EA.^ol + C- 


nf./Skli ^ 

9 + (-« •—"O 


s <0 ® T" 




(43.) 


(+♦•) . 


and = a II denoting the eiilargenn ut of the Hpan, as in Prolilera 
Filtli, we have,— 

“ = - 0 + 575 + I 

which, being muJiiplied by qm* K Aj — 8^, and j»roj>er aubbtitu- 
tious made, gives the following eijn.itjon oi condition :-*- 

2 ” 24 120 12T 

■ ( 40 .) 

I 10^ 6A V ^3i2^ I )’ 

The other two equation*- of condition are aa lolloin r :— 


f. om'A^EAiVi f/oii * . 

0 = *- - , 1 >=5’m'A2EAito-» +-»j 


.Wl'^ /3 J[| //^ 

24 “ 3 ' 


- Ml w^l lorV 4AII 

J^o .) — l~' 


(47.) 


08.) 


E<j|uations 46 i.iid 47 give, by eliminating Iq, and dividing by 
the following;— 


0 = (Q ^ 2 /O ^ 

12^ 40 ^120' ^ ^ / 

/I qm'h^ f. 16A^ aEAA 1 
ifi- 4*P 0 + 3^2+ I )]• 


...( 49 .) 
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and tdiminating Eq botwt'en this equation and 48, we obtain the 
followingC 


0 = ' ^6 5 r* + 2 


...(60.) 


whence, using the following abbreviation,— ' i 

■ . (i +'*„^;+“Y*)}..;.(61.) 

we liave ihe iollo'wing \alues of the lioiizoiital thrust, and of the 
other conslaiiis,— 

“=8 A (r+ (1) {«’»+2 (® ® 

n-o+“’r—^2(i+o)~ <®®-) 

,V2„5,4 4.2r''*\ ) ^ 

2 (i+c) Jr 

The shetnimj force at the loaded eind of tJte rih is (with the sign 
reversed)— 

- P=r—h\ = — Vq-^vj^IAwtI — 




?/’n I , icl .. „. 4 ^TT 

l + (2r —!.»)- 


( 66 .) 


-211+n^^V 2(1 + 0) /(• 


To a^Old negative tigua in what follows, this is denoU'd as above 
by l\ 

I'lie ijrealent hmdlng nmamt occurs at a point whose horizontal 
distance from the loaded end of the iil) i« 


- 8rH; 

n + w-72" 


.( 56 .) 
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aud tho value of that greatest bendiug moment is 

WFR; 




giving, for the grei^tesfe stress, a thrust wlioso intensitj is 

# • * 

1 /M' 


.(67.) 




.( 68 .), 


To find how much of the sj^aii of the rib inn* \ U* losiled, in order 
to make tliis stress an absolute uvpxiMJuin, and wJiaf that uuLxiinuin 
IS, the value of r is to be deduced from tlie etjiiiuiio;* 


</ r 


- 0 



This equation is of (lie fourleentli order. (hie«of its rotds is 
r = 1, which ill most eases gives a mhnntinn x.iliie of1)i\iding 
tlie equation, tlieri'fori*, by I —r =0, it isredueeiJ to tlie Ihiiteeiith 
order; but it is still too .omplev to be einplojed as a formula for 
practical use. 

It appears, liowever, by Inal, that with tliosc* piojiorlions which 
are coiuinou ii. ];raeliee, a c/o>c < ^ imatixm to f ht* absolute maxi¬ 
mum value of the stress /)j is Ibiuud by a'-siiining om Judf of 
tJie rih tohe loadul; that is— 


r 


(«o.) 


By introducing this value of r into the pn'ceding foimiilaB, we 
obtain the following results:— 


8 i(l>0) a)'. 

.(62 a.) 

Fq 2 2 ) r+Ti^. 

. ... .(63 A.) 

*“~24fm'A«EA* t 2/1 + a~ 10 i 

i;... (54 A.) 
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/ I 

I— aj= .. 
4 


w 


+ 3 ) I 


+ C 


w-h 2 




w»\ (J 

+ 0 


.(.56 a.) 


M' 


64 


|m;+,4 1 

S + f) 

'C ) 
'•rR3j 

+ 91 

s + i 

' 1+0 


.(67 A.) 


To illii!itrat 6 tlii^ by a imiiierical example,, let the following data 
be assuHK'd:— 

^ • 


9 = 5 (this value r(‘quires an I-shaped section to realize it. 


a = 0 ;< (tluit is, lot the abutment be iimnoveal>le). 


Then, 


C = 


80 "'ll 


= *013 iieai ly. 


Also, let the intensity of the rolling load be equal to that of the 
lead load, or w^zWq. Then 

H = 1-48 
r = 0-13^ to; 

• I — jr = 0*26 I to; 

M' = O'OIGU itf. 

(being less than the bending moment due to a load of the intensity 
10 over the whole span, in the nitio of 0*136 to 1). 






3M 



Problem Heventii. To fimd the greatest Jhjlectim of tm Arc^bed 
mb, the greatest valtie of v is to be taken which corresponds to 
t s=: 0. It can be deduct d from equations 26 and 26 of Problem 
J5fth, and 4.3 and 44 of l*roblcra Sixth, that in all ordinary cases 
to which those problems I’elatc, the absolute maximum defection 
occura in the middle of the rib, when it is loaded over its whole 
hngth; tliat is, when 
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r=:l;a^=^. ^ 

Then in a rib of uniform stijShess, faxd in direction at the endSf 
we have, 

tt _ 2® (W + «>o). W ±_^o)^. 

fc* (1 + J3)' I ® 2 (1 + 13) ' 

- = - M . = --1 •(«•) . 


•(«!•) . 


^(to* + tOo) B 

^ ~ 3d4’f^A7(1TB)‘ 


In a rib of uniform stiffneBs, 7M)t fixed in direction at the ends, we 
have, 

_ /2 (W + W(,)^ V — ^ ^ 

8h(l + (jy 2(1 + 0) ' 


Z» (wj 4 i/»o) 0 

^~~2iq m' K (I + (J)' 


. .(62.) 


« — '? "^o) 

^ “■ :m q m’ /V^ K Ai (J + 0)' 

In comparing tbebo fornmlse with equation 12, of Article 169, p. 
273, for the cletiection of fatraigl. l)e.ims u'lder any load, it is to be 
observed tliat the total load in the present probleiii is I (to + Wq), 
that - 1 . 364 =r c® -f. 48, and that q m' A^ = 1. ileuoe it 
apjiears that tho defli'ction of an airclied rib of uniform stidhess 
under an uniformly distributed load, is leas than that of a straight 
beam whose section has the same moment of inertia with that of 
tlie arched rib at its crown, in the ratio of 


B; I + B if the ends ara fixed in direction (see j)p. 30/), 308). 

C ; 1 + 0 if the ends are merely supjiortcd (see p. 310). 

Problem Eighth. Arclied Eih of vni/urm stiffness fixed in 
direction at the emls, and Jixed (d tl^e crown to a horizontal beam.-- 
In tig. 163, let B B' as before be the arched rib, and E A E' the 
horizontal beam. In 
the spandrils of the 
archare vortical stmts 
which transmit the 
vertical load to the 
curved rib, and cause 
the vertical compon- 
■ntB of the deflection 



Fig. 1&8. 
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of the straight and aix^lied beams to bo the same at corresponding 
points. 

The effect of these struts is taken into account by making the 
total moment of inertia of the cross-section, in the formulsa of 
Problem Pourth, viz .;— 

= ly iti' 7/2 Aj, 


include the moment of iiu‘r(ia of Jie stntight Jf)eam * but the area 
A, is still to b«' tliot of the ardted beam onltj. 

lift tJie curved and str.iight beams be ><j firmly connected at the 
crown (A, fig. tliai their horhonftd dhplacement u is the same 

at that jJvuutj and let the horizontal beam abut at its ends, 
E, E', eithei* against the jners, oi* agsiiust somo other part of the 
Bupei*8truclint‘, s<* as to be capable of resisting a thrust. Then the 
hoviz«)ntaI thrust is no long(‘r necessarily the same in the two 
divisions of the* arched rib, A 11, A B'; but when one of those 
divisions (as A B') is mor<‘ hc'avily loaded than Bie other, the 
horizontal thru’.t in the more loade<l <livision is grt^att'r than in the 
less loaded division, the exeei,s being resisted by that iiai-t of the 
horiz<mt.il l/'ain (A E) vvdiieh is al»ove uie less loaded division. 

ft is uniK'ct‘Ssary to give here the eomph‘to det.tiled investigation 
of this case, or to do more than to state the most important result 
of that investigation, viz.;—that with the dimensions and imdcr 
the circumsta» ‘M's that usually oconr in jiractice, tlie eff<‘ct of the 
re.sislauee of tin* ljonz<.vital beam to a longitudinal thrust is to 
make tin* gnMlest intensity ot stress in the arched rib under every 
jiartial load either less than, or mt ajijireciably grt*ater tlian, the 
greatest, inteiwity of stu-.s under a complete load, which thus 
iK'Couies tin absidute maximum of stress in the arched rib, and is 
given by equations 87n for thnist, and 38n for tension, page 308. 

The greati'st stress in the lioiizontal Vieaiu may be found approxi¬ 
mately us follovv's:—Lei h' ilenote its ilepth, A' its sectional urea,— 
1VJ| the gre.ttcst moment of Ilexuvc os ooinputiMl by equation 33 b, 
p. 308, H the hori/ontal thru^t by equation 31 B, p. 308. Then— 


, , M, 7i' II 

guabst = A^+A'^ 

itobt tonsioD, p i =*:> t* *. 

w Jj J 


.(63.) 

.(64.) 


On the subject of the strength of aiclies in diffei*ont materials, see 
the following Articles.—Stone, Artick 2t>7, jiago 432; Timber, 
Article 3i6, page 481, and Article 316, page 482; Iron, plain 
arched ribs. Article 374, page 538; Iron, braced arches, Article 
380, page 665.* 

* 8ee also Kidler’a Bridge Oonstmetion, 2nd Ed., 1893, and Anglin's De(Hgn 
cf Sfrwtweg, 2ud Ed., 189.'i. 




316 


• CHAPTER IL 

. i 

• OF EAUTHWOUK. 

(Section T .—StrengHi and StaMUty of KaHlvioorJe in GmeraL 
• * • • 

181. GenemI Principles — Adhcmlon — Frielto.t — IKnluml Slope — 
Henrinesa. —Eartliwo!’!? is of t>jfo kititis—t'xcavatiou, or cuttin^;^ 
atwl filling, or einbankinr*nt. Tlio term “ earthumrl,*' in its widest 
sense, comprehends exca\ation in roek, as well as in the looser 
materials of the earth’s crust, 

lilarthwork gives way l>^ the slijgiing or sliding of its pai'ts on 
each otheT; and its stability arises from r(*HiHtauce to the tend<‘ucy 
so to slip. • 

In solid rock, that rosistanee ari.ses fi*om tlie elastic *st ross of the 
material, wlien subjected t») a slK^aring force; but in a rn.is.s of 
earfJif as commonly undej',stood, it aris<*s pai'tly from the friction 
l»ctw<‘tm the grains, and partly fi-om their mutual adhesion ; wliic'b 
latter force is considerable in !.*une kinds of eaHJi, such as clay, 
esfK'cially when moist. 

But the adhesion of earth is gradually destroyed hy the action of 
air and moisture, and of the cliaugi's of the weatiicr, and esjiecially 
by alternate frost and tbaw; so that its friction is the only force 
which can bo relied upon to pr<'>duce permanent stability. 

The <.einporary additional stability, however, whieli is produced 
by adhesion, is useful in the execution of earthwork, by (‘luibliiig 
the side of a cull ing to stand for a time with a vertical face for a 
certain dejdh below its up}>cr edge. That depth is greater tlic 
gi'eater the adhesion of the em-th as compared with its hearintHJs; 
it Is Jnci*eased by a modciute degi’ee of moisture, but dimuiishcd by 
excessive wetness. 

The following ai*e some of its values:— 

Greatest depth of 

Eaktii. temporary 

vortical face. 

Clean diy sand and giUvel,. 0 

Moist sand, and ordinary surface mould, from 3 to C feet. 

Clay (ordinary),.from 10 to IG feet. 

One of the effects of the temporary stability due to adhesion is 
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#»een in. the figure of the surface left after a “slip” has taken 
place in earthwork. That surface is not an unifom slope, inclined 
at the angle of re'iiose, but is concave in its vertical section, being 
vertical at its upper edge, and becoming less and loss steep down¬ 
wards. It is not capable, however, of preserving tliat figure; for 
the action of tlie weatlier, by gradually deatroyii'g the adhesion of 
till* earth, causes the steep u]»])er part of the eoneaxe face to crumble 
down, HO that the whole tends to asuime an uujl'orm slope in the 
end. 

I 

'Yho permanent sfafnlity of earth, \/luoh is due to friction alone, 
is Huflic'ont to niiiiutain the side either of an embankment or of a 
cutting at'an ibnfonn slope, whose inclination to the liorizon is the 
aiiffle of repoHe, or angh‘ wliose langtmt is the co-ejHcient of friction. 
This i.s called the natural t>fope oi' the earth. The customary mode 
of describing the slojte of earthwork is to state the ratio of its 
honzoutal breadth to its vertical height, which is the reciprocal of 
the tangent of the inclination. 

Values of the angh* of repose (<F) and co-efficient of friction (y), 
and its recijirocal (I -f), for various substances, have already been 
gi\en in Ar'icle 1 JO, p. 172; but for th ' sake of convenience, those 
which refer to tlie frictional stability of eai'th are here repeated, 
with a few additions; — 


EARTH 


Dry Hand, clay, and mixed 

eai/li,. 

Damp clay,. 

Wet clay,. 

Shingle and gravel, . 

Peat,. 


f Irom 
\ to 


(from 
1 to 
flroni 

t to 

/from 
t to 


Aiifrle 

ot 

Repose. 

Co-effluient 

ot 

Filction 

Cnstomaiy 
designation of 
Natural Slope: 

<P 

/ 

1 ~-/to 1. 

87“ 

0-76 

1*88 tol 

21® 

0-38 

2 63 to 1 

4,>® 

1*00 

1 to 1 

17“ 

0-31 

8*23 to 1 

14® 

0-26 

4 to 1 

48® 

1-11 

0-9 (0 1 

35® 

0-70 

1*43 to 1 

46® 

1-0 

1 tol 

14® 

0-26 

4tol 


The most frequent slopes of earthwork are those called ] ^ to 1, 
and 2 to 1; corresponding respectively to the co-efficients of friction 
0*67 and 0*5, and to the angles of rejioHe and 26^®, nearly. 

The presence of moisture in earth to an extent just sufficient to 
expel the air from its crevices, seems to increase its co-efficient of 
friction slightly; hut any additional moisture acts like an unguent 
in diminishing friction, and tends to reduce the earth to a semi- 
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fluid condition, or to the state of mud. In this state, although it 
has some cohesion, or viscidity, which resists rapid alteration of 
forox, it has no frictional stability; and its co*oMcici^ of friction, 
and angle of repose, are each of them null. 

Hence it is obvious that the frictional stability of earth depends 
to a great extent oji the ease with which the water that it occasionally 
absorbs can be drained away. I’ho safest matefialB for ofixthwork 
arc shivoTS of rook, shingle, grjwcl, and clean sharj) sand, whetlxer 
consisting wholly 0 /small hard crysfails, or containing a mixture of 
fragments of sliells; for those materials allow water to pass throughf 
witiiout lotaiiiing more of it than is beneticial. Tne clcaiie*-! S’vnd, 
however, may he made comjlett'ly unstable, atul rCducCd to tlie 
state of “quicksand,” if it is contained in a basin of watcr-lioldiug 
materials, so that water mixed Amongst its j)ai*ti<*loa cannot be 
drained ofll 

The property of retaining water, ami forming a paste with it, 
belongs specially to clay, and to earths of which clay is an ingindient. 
Such earths, how hard and firm soever they may he, wli<‘n first 
excavated, are gradually softened, and ha\e both tjieir frictional 
stability and their adhesion diminished by cx[)OSure to tJic air Jii 
this rcsjtect, mixtures of sand and clay are tlie worst; for the sand 
favours the access of water, and the clay jirevcnts its eseajie. 

The ]>roj)erties of earth with respect to adliesion and friction am 
so variable, that the engineer should never trust to tables or to 
information obtained from books f-o guide him in designing earth* 
works, when he has it in his power to obtain the necessary data 
either by observation of existing earthworks in the same stratum, 
or by experiment. 

The following are the weights of a cubic foot and of a cubic 
yax*d of the ordinary materials of earthWM»rk:— 


Cubic Foot. Cubic Fard. 

Chalk,.from 117 to 174 lbs. from 3160 to 4730 lbs. 

Olay, . „ 120 to 135 „ „ 3240 to 3645 „ 

Gravel and Shingle,.... „ potoiio ,. „ 2430 to 2970 „ 

Marl. „ 100 to 1 x 9 „ „ 2700 to 3210 „ 

. ” » 2750 „ 

Sand, dry,. 89 „ „ 2400 „ 

» damp,. 118 „ „ 2190 „ 

. 162 „ „ 4370 


182. Mdra of Bock-Cattinuc.—When rock is firm and sound, so 
that the permanence of it^cohesion may be depended ujwn, the 
sides of excavations in it may be made vortical, or nearly so. 

How £sur the cohesion of the rock is to be dejiended upon, is a 
question to be solved rather bv observation of the rock in each 
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particular case, than by any general princii>lea having regard to its 
geological position, miiicmlogical charactei*, or chemical com¬ 
position.; the geological position is by the organic 

remains imbedded in the rock; and these have no connection with 
its mechanical jirojUTties; and rooks composed of the same species 
of minerals, and the Siime chemical constituents in the same or 
neju-Jy tljc same proportions, allow great differences in strength and 
durability. 

It may be observed, however, that the cohesion of igneous 
'and metainorjihic rocks, such as grixnite, syenite, trap, gneiss, mica- 
sUte, inurblt*, quartz-i-ock, «irc, ma^ in goueral be trusted, unless 
they arif nifieh liasured, or cimtain jiotaah-felspar, in which 
cases a suftieieut slojie must be given, to jircvent fragments 
from falling into tho cutting so as to do damage. Of the 
sedimentaiy rocks, those whieh contain much clay, such as shale, 
are to be treatoil with caution, how hard soever they may be 
when first cut; for they are hiil»le to soften by tho action of the 
weather. Sandstone and linu'stone, whether compact or granular, 
if fit for building puiposes, will stfiud with vertical or nearly 
vertical fare's; but tliose materials ex'st of every degree of liard- 
ne.ss, from that of i-ock, proj»erly fi]>eaking, to that of earth. Hand- 
stone is met with whicli crumbles in the hand, and requires slopes 
of from 1 to 1 to 1 ^ to 1; and chalk, according to its degree of 
hai’dneaa and soundness, stands at slojies varying fivim ^ to 1 to 
to 1. 

The stability of sedimentary rocks in tho side of a cutting is 
gri'ater when the lic-ds arc iionzoutal, or diji away fiom the cutting, 
than when they dip towai'ils it. 

183. I'hcory of the Ninbility nnd Preaiinro of Tiooiie Karih* {A» 

M.f 194 to 198.)—The stress exerted m different directions through 
a given particle in a mass of earth is subject to the general 
principles which govern the com])ound internal stress of solids, as 
already stated in Aitiele U)8, pp. 1G6 ti> 170. 

It is also Hubjei't, when friction alone is the cause of stability, to 
the limitatiim e'x])re.ssed by tho following principle:— 

T. Ooiieml Principle of the Blabilily of Ijoose Earth ts 

necessary to tJie of a granvla/r rnasSf that tho directixm of 

tite pressure Wlmen the portions into wliixih it is dKcdsd by any 
plane should not, at any pinnt^ Tnahe with the mrnvd to tiudplane an 
ernyie greater than the angle of repose. 

The piano in any mass on which the obliquity of the pressure is 
greatest, is perpendicular to the plane ’^hich contains the axes of 
greatest and least pj-essure. 

Referring to fig. 85, p. 168, and to the description of that figure 
in pp, 168, 169, it is evident that the above principle is equirident 
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to stating that the gimtest Talue of the angle of obliquity 0 K 

or 7iir in that figure shall not exceed the angle of roposo of the 
earth in (pieHtion. /y 

The greatest value of nr obviously occurs wlion O R is per})en- 
dioular to P Q, and is given by the following equation:— 


max 


x;.>=: 


an* sin. 


IM U 

UM 


^ am sin 


Pi — Pz . 




and this angle must not exc<‘yd ilie angle of repose j wh* iice the ' 
condition of stability of the earth is cxpiTssed folhws*:— 


Mli ;>2 

() M 


-cii: sin (P; 


or otherwise as follows :— 


(»•) 


Pj 1 + sin (P 


(u.) 


which lost equation gives the intensity of pimsims in a 
given direction, that is coiisistent with the rejioso of eartJi through 
which a pressure of a given intensity />j acts at right angles to the 
fin^t mentioned direction, ami servos to determine the least 
intensity of horizontal piH'ssurc winch will maintain the stability 
of a mass of earth through which a vertical pressure of a given 
intensity acts. 

11. Premarc* in Karih.— Bui it is necessuiy in some 

cases to determine the limiting ratio of the intensities of a }tair 
of conjitgcUe preaswres in a mass of earth, ■wliich may or may not 
he at right angles to each other; and that problem is solved by the 
following geometrical construction, easily deduced from Proposition 
IV. of Article 108, p. 168. 

In fig. 154, let 0 represent a section of a prismatic pai’tlcde of 
earth, made % the plane of greatest and least pres- 
surea Jjet that particle be a rhombic prism, on 
whose faces the pressures are **coiiju(/ate;'' tliat is 
to say, let the pressures on the fa(‘os which are 
parallel to D G, act parallel to E F; while the 
pressures on the faces which are parallel to E F act 
parallel to I) G. • 

Let p be the intensity of the pressure parallel to 
D G, and jt>' that of the less pressure parallel to E F, 
each estimated par unU of area of the plam to which 
it w etmjugaie. Let 6 be the angle of obliquity of the prism 0; 
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that is, the difference between each of its angles and a right 
angle. This angl 3 must not exceed the angle of repose of the 
earili. 

Then the intensities of the conjugate pressures, p«r ^eni^ of <M*«a 
pla/nes perpendimlar to their iRr&Aiona^ are respectively,— 


V 

cos 


and 


cos S 


*■ In fig. 165, from one point (), draw two straight lines, O M X and 

() K, making with euoh utlior the 
angle M O 11 - <P, the angle of repose. 
About any convenient point M in 
one of those straight lines, describe 
a seniieircle R X, touching the 
olhei* straight line in R. (I’his may 
be done by desciihing the dotted semi¬ 
circle M R O, so as to find the ])oint R.) 

Through O draw the straight line 0 Q P, making the angle 
M()P = tf,'the oblupiily of th»‘ connigate pressimwj, and cutting 
the semicircle Y R X in P and Q. Then the limits of the ratio of 
the intensities of the conjugate |>ressures are 



o J* og’ 


that is to fwiy, in algebraical symbols, 

p' ,, , ,, OP eo9rf+ ./(cos^ij-pos*®) 

cannot be greater th.iTi = 
p ^ OQ eos^- J{<ion^i~cos*<py 


, ,, OQ eos /(cos^tf-cos* 

nor less tlian. ~ aT li - 

() P cos if + J (cos - cos ^4)) 


( 2 ) 

(2a.) 


being the solution of the problem. 

The following are the extreme cases of the problem:— 

When the prism C is rectangular, and the conjugate pressures 
perpendicular tt> each other, wo liave # = 0; 0 Q P (^incides with 
O Y X, and conso(|ucntly 


cannot be greater than .(3*) 

p ^ O Y 1 - sm ' ' 

nor less than.. x v ~ i- v.(3 A.) 

OX 1 + sin ^ ' ' 

When the obliquity of the prism 0 is the greatest possible, se 
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that the points P and Q coalesce in B, and the two liiults of 
the ratio of the conjugate pressures become eaih equal to unity, 
giving the single equation, 

.. 

XIX. Premure in u mum of Uarth vrlth nn nnllmitedl plane upper 

■urAire. —In fig. 164^ p. 31D, let 4\ B repi’esent pirt of the indefinitely 
extended plane uj)ppr surface of a mass of earth, either liorizonial, 
or sloping at any given angle not exceeding the angle of re])Osc (p* 
Conceive the whole mass to be,di\ided into layers, such EF, 
parallel to A B. The condition of all pai-tichs, siuiji as C, into 
which one of those layers, as E F, can be divided by vertical 
planes, must be similar; whence il follows tluit the piessmv exerted 
at any vertical ]>lane is pjirallel to the* mirface A B, and the ]>ressure 
at any surface parallel to A B is vertical. The particle formed 
by the intersection of the vertical column D (X with the layer E F, 
is bounded by oonjngsite planes; and tlie conjugate pressures 
acting tlirough it are respectively vertical, and parallel to the 
laye,r, • 

'J'he vertical pressure p is due to the w<‘ight of the column of 
earth 1) C which rc'sts on the particle, L(*t— D 0 be its depth, 
and w the weight of an unit of its \o 1 nuie; then 


p - W Uu COB 



The pressure along tlu' steepest sloix* of the layer K F, which is 
exerted through the vertical faces of the pi ism C, will, if the eai*th 
is laid down in layers, be of the Imst intensity buttieient to preserve 
the rc'pose of the earth, as given by eorabiniiig e([uati<m 2 a with 
equation 5 ; that is to say, 


p’s=w X' cos 


^ cos J (cOs2 ^_cos2 <p) 
cos B + J (cos 2 6 - COb‘^ 


(G.) 


To represent these results graphically, construct fig. ISo as 
already described, with O M X horizontal, O K inclined at the 
“ natural 8 loi>e,” and O Q P inclined at the actual slope,—that is, 
parallel to the steepest slope of the plane A B. From P draw the 
. straight line P W perpendicular to O P, cutting 0 X in W. 

Then 

O W : O B: O Q : : to a! : p : p'. ..(7.) 

The extreme lases are as follows:— 

When tho upper surface of the earth is horizontal, W and P Imth 
coincide with X, and Q with Y; so that, 
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OX ;0 Y,: 


w X = p \ ]^'f and // — u> • 


1 - s in ^ 
1 sin ^ 



* When the upper surface of the esrth slopes at tlie angle of 
repose, P and Q coincide with R, and W with M; so that 

i 

() M : O R : : to a; ; p' = jo j and if ^ p — wx cos (9.) 

r 

There is a third coujugaie pr«ss?«re, cxcjrted horizontally through 
*the pai-tirle C, in a direction pcrpcnJienUi to tlie vertical plane of 
steepest slo 2 >e. Its intensity is repj’esented in fig. J65,by O Y, and 
is given hy the following (‘qnation :— 


w X • cov ^ (1 — sin <f>) 
cos i^/(cos‘'* tf-eo.s2^’ 


( 10 .) 


and in the two extreme cases it takes the following values;—For 
a horizontal uiqier surlace, or = 0, 


p" -p* =. V' X 


1 — sin (p 
1 + sin <p 


(II.) 


For the natural slope, or = ^, 


p" = w X (1—sill $). 


( 12 .) 


The intensity of the greatest pressure exei'ted through a given 
particle of earth is rcjiresented by O X, and given by the following 
formula:— 


w X • cos ^ (I 4 sin ?>) 
cos 9 J (cos*^ 9 - cos® 


(13.) 


The direction of the a ris oj yretUesl presmre is at right angles to, 
and conjugate to, a iihine bisecting the angle which a radius drawn 
from O'to Q makes with the horizon ; that is to say, the inclination 
of tiiat axis to the horizon is given hy the formula,— 



180® — arc • sin 


. hin A 

m-r j. 
sir 


(14.) 


Tlie extreme cfises are, 

When ilie upper surface is horizontal, or 9 = 0; 

p^-wx] yp=i 90'^ (or tJie axis is vertical).(15.) 

Wlien ^ ^; 

p^^Ufx{l ^ ^ 2 .....(16.) 
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or the axis of greatest pressure bisects the angle between the slope 
and tho vertical. ^ 

The axis of haul preamre in tho })]ane of greatest slope is per¬ 
pendicular to that of gr<‘atcst pi’e»<ure, and the intensity of the 
least prcasui-e, being rcj)rc.sented by O Y, has jdready been given 
in equation 10. • 

IV . Preamire of Barth nytainul a vrriiral Plaac*— Ill fig. Ififi, let 

O X represent a vertical plaiA' in, or in 
contact with, a mass of (‘arth, whose u[)j>er 
surface Y 0 Y is cither iioriTumtal or in¬ 
clined at any angle and is ^ut by the 
vertical plane in a direction perpciidiciilar 
to that of steejiest declivity. It is required 
to find the pressure exerted by the earth 
against that vertical jilane y>er unit of * 
breetd^, from () down to X, at a depth 

O X = aj beneath tho surface, and the dir(‘otion and ^xwition of the 
resultant of that jn*easuro. 

The direction of that resultant is alr<*a(ly known t»ho paiullel to 
llie declivity Y O Y. • 

Let B B be a jdane traversing X, ]iaiullcl tt) Y O Y. Jn tliat 
plane take a point 1), at such a dislamv X D from X, that the 
weight of a ])rism of earth of the lensrth X I) and having an ohlitjue 
bas<‘ of the area unity in the pla* o () X, shall r<*present tho inten¬ 
sity of tho conjugate pressure per unit of area of a \tTtieal plane at 
the dejith X; that is to say, construct fig. 155 as alivady d<*scribed, 
and make 

O P : O Q in fig. 155 ;: O X : X D in fig, 166. 

Draw the straight line O D ; then will the ordinate, paiullel to 
O Y, drawn frem C) X to O 1) at any dej)th, be tho length of an 
oblique ])rism, whose weight, per unit oi‘ area of its oblique base, 
will be the intensity of the conjugate jiressure at that depth. Let 
O D X be a triangular prism of earth of the thickness unity; 
the weight of that prism will he the amount of the conjugate pres¬ 
sure sought, and a line jiarallel to O Y, traversing its centre of 
gravity, and cutting O X in the ce)itre of presmre C, will be the 
position of the resultant of that pressure. The depth O C of that 
centre of pressure beneath the siuface is evidently two-thirds of 
the total depth O X. 

To express this symbolically, make 



.(IT.) 

p COB tj (cos® 9 — cos® 
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then the amount of the conjugate presbure, represented by the 
weight of the prispi O X D, is 




wx^ 

*2' 


• cos 


wx^ 

-n—'COS 
J 


COS — J (cos® i — cos® . 

cos tf + J (cos® - cos® <!>)' ' ’' 


In the extreme cases, equations 17 and 18 take the following 
forms:—For a horizontal siiiface; 


g 


0-X D=a- 


1 - sin fl> p, _ M> a® 1 - sin , 

1 tbin <P’ 2 ~' l+'sin 


For a surface slopb<g at the angle of repose, 

<* 

i. V ni 

^ A D = sc; P = „ * cos 


( 20 .) 


MaSvSes of earth with indefinitely extended plane upper surfaces 
do not occur in reality ; but the formuhe which are applicable to 
them are a])j»Heable to rt‘al masses of earth with limited plane 
upper aui-feces, with a degree ol aecuiacy suflicient in most cases 
for practical puiposea (See Phif Trans.^ 18.56-7). 



TABLE OF EXAM.WKS. 



0 

0“ 

ir/ 

SO* 

45 '’ 

60 " 

(90'’ — ^) -T- 2 

45 ^ 


30 “ 


15 '’ 

/= tan ^ 

0 

0 268 

0*577 

1*000 

1*732 

1 cotaii ^ 

00 

3*732 

1 * 7.12 

i-ooo 

0*577 

sin 

0 

0-259 

0*500 

0*707 

0*866 

1 - - sin 0 

I + hin ^ 

1 

0-588 

0*333 

0*172 

0*07 » 

cos ^ 

I 

0-906 

0-866 

0*707 

0*500 


Tliere is a mathematical theory of the combined action of inction 
and adhesion in cartli; but for w aut of precise experimental data, 
its practical utility is doubtful. 


Seci’ion it. —Memiirailm of Earthwork, 

184 * dalcnlation of llair-breadtb« ^nd Ar«aa •f LawdL—»Tho 

boundaries of a piece of earthwork in general are as follows :*-** 

I. The base, formingf or formxdion, being a surface nearly, and 
sometimes exactly, horizontal, which forms the bottom of a outtioj^ 
<Mr the top of an embankment 
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11. The original surface of the ground, which forms the top of 
a cuttiug and the bottom of an embankment. 

LIl. The sidesj or shpea^ which connect ^e base with the 
natural surface, and whose inclination is the steei>e8t consistent 
with the permanent stability of the material. 

Figs. 157, 15d,*and 159, represent exainplef of croas-sectums of 



SL 

Fig 157. Fig. 158. 


pieces of earthwork, in each of which D E is the base, A B the 
natural surface, and DA and 
E B are the 8lo])es. In fig. 157, 
the natural surface is horizsoutal; 
in figs. 158 and 159, it slopes 
sideways, being what is called 
“side-long ground.” 

Piga 157 and 158 reprewmb cuttings, bo vcjiresent embank¬ 
ment, it is only necessai-y to conccivi' them to be turned upside 
down. 

Pig. 159 represents a piece of earthwork, of which one side, 
Q E B, is ill cuttiug called “side cutting,” and the other, Q D A, 
in embankment. 

The ludf-bremUh of a piece of earthwork has already been men¬ 
tioned in ArtieJo 56, p. 112. It means the horizontal distance 
from a given [loint in the c&rUre Urn of the hose to one edge of the 
cutting or embankment; and although it is called “^a^breudth,” 
it is very generally different at oppo.site sides of tliat centre line. 

Each naif-breadth consists of two parts:—the ival half-breadth 
of the base, which is fixed by tlie design of the work, and the 
horizontal breadth of one slo^ie, which is to be found by calcula¬ 
tion or by dmwing. 

In each of the figs. 157, 168, itud 159, 0 represents a pointy 
in the centre Une, as marked on the ground; P, the point vertically 
above or below it m the centre line of the base; D G and EIJ aie 
vortical lines through the edges of the base, 1) F and P E are the 
half-breadths of the base. 

In fig. 167, where the ground is level across, G A and H B ari 
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the breadths of the slopes, and 0 A and ('' 1» the half-breadths of 
the earthwork. 

In figs. 158 and 159, where the ground slopes sideways, the 
vertical lines through B, F, and K are produced, if necessary, and 
are cut at right angles by horizontal lines, A LJVl, and BNT, 
drawn through the edges of the earthwork. A L* and B K are the 
breadihfi of the slopes; and ]VI A and P B are the half breadths of 
the (*arthwork. V , 

When the natural surface of the ground is rugged, the best 
ihethod of determining the lu’eadths of tin. slojx's of eartliwork is by 
• ineasurccnent, upon a series of eross-sections of the prvjwsed work, 
plotted to* thp saine scale liorizontally and vertically. (Article 11, 
p. 11; Article 60, pp. 97, 98.) 

When the natur.al surl'aee of the ground is level, or nearly level 
across, or has an uniform or nearly uniform sidelong slope, the 
breadths of slopes may be found by calculation, according to the 
rules now to be exjilained. 

In each of the following jiroblems, h ileiiotes (J P in figs. 157, 
158, an<l 159, being ilie eiuitrsd depth of the earthwork at the given 
ei*o8H-seettoii‘; bQthi' half-breadth of ihe Iwise, FDorFE, jrtol, 
the slope of the earthwork, mc'aning s horizontal to 1 vertical, F, 
the half-breadtli of ilie sIojk'. 

Problem First. 'To caicidafc the breadth of a slope^ when the 
natural ground in level acrose. —In fig. 157, 

//I H B BA-s/i. .(1.) 

Pkorli'.m Second. To ndndate the breadJdh of a slope when Uw 
natural ground has a girHoi mnforni sidelong inclination. 

Let the natural sidelong declivity la* at the rate of r to 1 ^ that 
is, let r be tli(‘ cotangent of the angle which the line A B in figa 
168 and 159 makes witli the horizon. 

Geu,e T,—When tlie ground, in proceeding from the centre to the 
edge of the earthwork, sIoim's away from the base, as in the right- 
hand side of figs. 158 and 159— 


/- BN - + S.. .(2-) 

r-8 \ r/ 


Here the factor h + I'epresents H E, the depth of the earth¬ 
work at the (jdge of the base. * 

Case IL—W^on the ground, in proceeding from the centre to 
the edge of the earthwork, slopes towards the base, as in the left- 
hand side of fig. 158,— 
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b' 


= AL-= 


r ft 
r + 8 




Here the factor A — represents G D, the depth of the eaith- 

work at tiie edge*of the base. « 

Case HI.—When the gi’onnd intersects the base between the 
centre Hue and thc«c*dge of th# earthwork, as at Q in tlie left-hand 
side of fig. ir»9-~ 


..-(4.) 

V-s \r / 


Here the factoi* ^-4 re]»resciith G U, the depth of the earth- 
woj*k at the edge oft lie base. 

'J’he horizou^l distance of the point Q from the centre lino is 
given by the foriiiiila 

F Q == /• 4. . {:>.) 


It is obvious that the foi’mulse of this article can be applied to 
cases in whicli the s1o)ki of the eaithwoi'k and tlie rate of declivity 
ot the ground are diflerent at the two sidi'S of the centre line, us 
well as to those in whi<*]i they ar» the same. 

The half-bmidths of the earlnwork, to the right and 

left of the centn* line at a gi\en j)oint, being each increased 
by the breadth lequired for fencing, give the fottif half~hreadfli8 at 
that point (as stated in Article 0(1, p, 113); and these being added 
together, give tlie total breadth of the hiinl 1o Im* taken. From a 
series of those breadths, ut different points in the centre line, the 
€trm of lamd to be taken may be calculated by the method of 
ordinates explained in Article 32, pp. 33, 31. 

Or the total half-breadths may l)e jdotted on a j>hin, the 
boundaries of the laud to be taken drawn through them, and 
the area found by the Method of Triangles, p. 33, or by the use 
of the Planimeter, p. 34. 

1^0. Cal'lulafion of Sectional Area* of Earthwork. —The com¬ 
putation of the areas of a series of cross-sectionB of a piece of earth¬ 
work is a step towards calculating its volume, or “ quantity.” If 
the ground is nigged, it may be necessai’y to find the area of each 
cross-section by inoasurements made upon a drawing j but if the ' 
ground is nearly or exactly level across, or has nearly or exactly an 
uniform sidelong slope, the area of a given cross-section can be 
computed from the same data which serve to compute the birndths 
of the slopes; that is to say, 
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The natnral sloj)e of the ground,.r to 1 j 

The sh pe of the eai*tJjwork,.a to 1 j 


The half-breadth of the h.me,. 60 ; 

The central depth, .4. 

Ill each cast* tin* ai'eu of crosa-si*etioii n^quiivd will be denoted 
by S. 

i’liOBLEM First. To cOmjyuie the area of cross-section of a piece 
of ea/rthuoork witsn the gro^md is level across, as in tig. 157. 

/ §,=:FC-0 B=l4(l>5o + 6') 

= 25o4+a42 .( 1 .) 

PuoHLEii Second. To comjmte the area of cross-section of a piece 
of ea/rthwf/i'h, when the ground has an vniform siddong slope, not 
intet'sectvng the base, in tig. 158 


The area of the trapc'zoid G D K H = D E • F C = 2 5o 4; 

„ of the triangle 11 Jl E _ ^ ^ ^ « (according to 

Ailicle 181, eouatiou 2) v 1 

" ' 2 (/• — s) \ rJ 

„ of the triangle A tr D = ^ ^ (according to 

- Aiticle 181, e(piatioii 3) ^ ; 

hence, adding those three parts tog<‘ther, 


S 


= =^‘ 0 ^ + 2 (/I,) • ('* + tf + 2 ; ;.)•(*- t") • ('•) 


rs 

2 (r + s) 


This formula may also be put in the following form 


S = 


6,1 -{- 2 60 A + 5 A" 

qS — gi 



Anotliei mode of expressing the same quantity is as follows,*— 
* Siiggei)te(ji, BO far as 1 know, by Mr. I'homas Koberta. 
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and is convenient for use in cnunectiou with a table of nqiiares:— 
Produce B E and A D till they meet in K, in tlie vertical line 
0 F produced. Then * 

S = triangle A B K — triangle E D K 
<AM + BP)CK — BE-^FK 
- 2 ' 

* / ^ } 

butFK=-®j OK = /*-i- DE=:2^oaud 

8 s' » 

2 4^ 

A M + B P = _s2 ^o )} cons(»q\1onily 



Problem Tiiihd. To cotnpuie tfie areas of live two diomMis of a 
cross’sectiou of earthworJc, when the ground inte^'secfs tlw base, as in 
iig. 139. • 

The crosH-sectioii here consists of two similar triangWs, QBE and 
Q A I>, one of wliich is in cutting and the other in enihankment. 
In the figui*e, the larger triangle is in cutting; the same tigiiie 
inverted will represent the case in which the larger triangle is in 
embankment. When Q, C, ana F coincide, tbo triangles lU'e 
equal. * 

Let S' denote the larger and S" the Hiualler triangle. Then 


(B P + F Q) • E II _ (3o + r h)\ 
2 2 (/• — «) ' 


{AM~FQ)-DG _{h^ — Thf 

2 ■“ 2{r^8) .^ 

186. Calcnlatien of Tolumeii or Qnantiiiea of Knrthvrorkik 

Case 1. Wlmt, two croaa-aections S^, given^with thslongitudinal 
distance between them x, the volume (V) of the earthwork betw’een 
those crosb-sections is given approximately, by tlie following 
formula, provided and Sj are nearly (‘qual, but not otherwise:— 


V = »• .(I.) 

Case U. When three equidistani croes-aectione Sq, Sj, S^, are given, 
Vfidt the toted length x, of the piece earthworh between them, the 
best approximation is, 







330 


MATERIALS AND STRUCmiRES. 


V =« 


.S^+4 «i-4 R., 

6 ■ * 




Oase III. Two Gross sections given, and mw assumed .—Equatiou 
2 may also be used to give a closer approximatiou lliau equation 1, 
when the two enclinost eioss-section'>. only tire giv(‘ii, Sq and Sg, by 
putting lor Hj the area ol .in assunud cross-section midway between 
Sy and Sj; its eeutial (U‘j>th being issumed to be a mean between 
tlie eeniral depths of Sq find S,, and the sidelong slope of the 
ground (it any), .il 8^ ti hamioiiic meeii be*ween those at Sq and Sg. 

When the ground %s levd aaoss, this List jnoPtNds gives the follow¬ 
ing result. — ' 

Let /#obe the eentivil depth at 
» /tj t; ,, at SgJ 

th(‘n the asHuiiicd emtial d(]>th at is ; and 


V = I + /<,) ^ . ...(3 ) 


This toiinula is calhd the “ I’lismoidal Fonnula.” Another 
foiin of the stune fonnula, eonvtmient tor use in conneetion with a 
table of HipiHH's, is as lollowa:— 


V r. X 


(I 0 - / \ a. i 
(^'0 ■b ^'2) + I 4 



Formula 3 is the Kasis ot Sii .John Macueiirs earthwork tables; 
formula 4 ol JVIi. Jlendeisoiis 

Case IV. even number of equidistant cross-sections given, S^, 
So. &0. ... the distance iiom section to section being 

A a;. 

V = A O'! 2" + Si + ^ + *«-• • • + a"}' 


Case Y An mid numher of equidwtatU crom-aecUmt gima, 
Sp Sg, ikc. . . . S.; the distance from section to section being 

A X. 

V=‘^3'*’|s, + 4S, + 2Sj + 4S3 + 2S4 + <fco.... 

+ 8S,_,+ 4S._, + ^|. 
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Besides tlie ourihwork tables already mentioned, many others 
have been publishetl, such as Mr. Bidder’s, J|lr. Ilnskoirs, <fec. 
Such tables gencmlly give either the iman aectional area of a piece 
of earthwork of a given l).'ise and slope, and of given depths at 
the two ends, or a iiiimber pro]>oi*tional to it; which mean area or 
mimbcT being niulLi])li<*d by the length, give.s tiie ^olnme. 

Quantities «)f earthwork, iij Britain, are usually shited in ciihic 
yards, while their*diinen.sions ar<‘ given in fo(‘t. 1’he expressions 
for vohiinos in this Article, being snit.d f<»r the ease in whieh the 
unit of volnme is the cube described n])on the linear unit, leqiiire^ 
to be divided by 27, when the dimensions are iji feti, to reduee the* 
volumes to cubic yards. • 

Sometimes, while the Ijreadths and depths are given in feet, the 
lengths are stated in chains of G(» feet; and in that case, to give 
the volumes in cubic yards, the expM'ssions in this Article should 
0(i 22 

he multiplied by = 2-444. 

On the mensuration of eai-tliwork, the treatise of Mr. John 
Warner may ho consulted with advantage. , 

Section IT I.— Of the hJjcecuiiou of Earthwork. 

187. Boringn and Trial MhnftN.— Tho (»rdiiiary method of ascer* 
taining the natui*o of tin* matei .li to be excavated, j)r(‘vious to the 
undertaking or execution of any jaece of ‘eai-thwork, is by boring a 
vertical hole of about 3.’ or 4 inches in diameter in the ground, 
and bringing nj) speeimens of the materjals j)iei-ced through at 
different depths. 

Inasmuch, however, as the sj»ecimens of materials so brought up 
are, in general, reduced to chips or to powder by the action of the 
boring-tool, and sometimes to paste or mud by tho action of the 
water which is poured into the hole to keej) the tool cool, and 
facilitate its working in hard strata, the information obtained by 
boring is not wholly satisfactory; for althougli it shows the miii- 
eralogical composition of the materials found at different de])ths, it 
leaves their probable stability in earthwork doubtful, except in so 
far as it can be infeiTcd from the resistance met with by the boring 
tool; and this source of information is available to the engineer or 
contractor at second-hand only, through the statements of tlie 
borers. The smallness of the hole, too, makes tlie results of borings * 
doubtful; for what seemiato be a stratum of rock may sometimes 
prove to be only a solitary block or boulder. 

To ascertain completely the nature and qualities of tho materials 
of an intended cutting, trial-shafts or pits should be sunk down to 
the level of its bottom. The expense and time required for sinking 
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shafts make it impracticable to use them exclusively. The best 
method is to coml^ine shafts with borings, by sinking, in every im¬ 
portant pi'opofic'd cutting, one shaft ai least, which should in general 
i>e at the point of gjcatest dejrtli, and making, besides, a series of 
borings at points 200 or 300 yards ajjart. Tliese borings will be 
sufficient to show whether any change in the stm^a occurs sufficient 
to inak(‘ it adviwiblc to sink one pr more additional shafts in a 
given cutting. ^ 

Uoring t(K>ls arc nunh^ wrougl^t iron, steeled at the cutting 
edges and ]K)iiits. Tiny nu‘ usually about 3 feet long, or a little 
inoic, aliont one half ot the leiigtli being tlie tool or boring instru- 
nieut )>ro])er, and c w'ln.iinder the shank, which is a bar of l|th 
iiielj scpiau* or tluTcabonts, having a scicw at its upper end 
to cuiine(‘t it with the first of tlie lengthening rods. These are 
wjuure bars, usually about 10 fe('t long, of the same diameter with 
the shank of tho boi-iiig too], with screws at their ends by which 
the} can he imited logethtr to any lengtli rt'quired by the depth of 
the bore Tin' iipj>eriiu>st lod is e.i})al)le of bemg hung by u bwivel 
and ]o[)ein«]n a triaiiglr or sheai's set up over the boro-hole, in 
order to haul ii]) the lods wlnm required. The working part of the 
tool is made of various figures, for penetrating varioub materials. 
The coniinonest forms are the auger, the loorm, and the jumper. 
The auger, wdiieh is used for boring all ordinaiy eaHhs, shale, and 
soft rock, is formed like a hollow cylinder, about 3J-incheR in 
diumeter,'with an open sharp e«lged slit along one side, and slightly 
contracted at the lower end, which sometimes (for boring soft rock) 
has a small spimi jioint like that of a gimlet. It brings up speci¬ 
mens of tbe Tnat('ri.il Istred in tbo inside of its hollow eyliudweal 
body. 

7’he worm is a sliaq) pointed spiial, used for boring rock too haiil 
t<» be pierced by the auger. After the rock has been pierced by the 
worm, llie anger is used to enlarge the hole and bring up the 
fiaginents. 

J’mtli the auger and the worm aiv worked by turning them con¬ 
tinuously round towai’ds the I'ight (that is, in the direction of the 
motion of till' hands ol’ a watch), by means of a cross-head six feet 
long, or thcieahoiits. driven by two men. 

To jiierce i-ock th.it is too Lard for the worm, a jumper is used. 
Jumjiers ai'e of vaimns figures; some flat, like a chisel, with a sharp 
edge at the lower cud; borne square, with a four-sided pyramidiu 
]K)int, like a poker, somo spear-pointed. The jumper is worked 
by raising it a short distance and letting it drop, turning it a little 
way round after each blow. It is sometunes simply hung by a 
rojx', insU^ad of lieiiig screwed to the lower end of the lengwenitig 
tods. Tlie materials broken by the jumper are sometimes brought 
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up bj the auger, sometimes by a sort of bucket ou the top of the 
jumper itself. „ 

Bores in very soft materials sometimes re(|uire to be lined vith 
a series of cast or wi-ought iron pubhcd down as the boro 

proceeds, to prevent its sides fi*om tailing in ; tho lowest pipe having 
a sliai*p serrated 3dge. These i>ij)es may be made to screw together, 
so that they can bo liaii1e<l up again. 

The depth of a fiiyev of moss, nmd, or quieksaiid, at the surfac<* 
of the ground, is sometiiiu's pifibt'd or onnded ^tith a long slen<l^ 
iron rod called a pricier. ^ 

The operations of sinking sliafts will be ileserilw'd further <»n, 
under the head of I’l mnijj.ing. • 

In marlyng the results of borings ami trial shafts on a section 
(see Article 11, p. 10, and Article, 17, p. care is tola* taken to 
show nothing on the ])aj)er t'xcept tin* faets actually observed, all 
conjectural sei'tions of the strata lying between the borings and 
pits, whether marked by outlines, cidour, shadings, or woi-ds, being 
rigidly excluded. The insertion of snch coiijeetural sections, 
although it imprf>vcs the appearance of the drawing, ^nd makes it 
moro readily intelligible, is done at tlie ri.sk of misleading con¬ 
tractors, and involving tho coinpauu's ami engineers in lieavy 
resjionsibilily. The resmt of tlie pits and borings being shown 
exactly as observed, contractoi's and otliera are left to draw their 
own conclusions as to the iiitcnnediate strata. 

188. BqiualisBinR iSarihworli ' a term a]»pli('d to tlie |)roccss of so 
adjusting the formation level of an intcudi'd work, tliat the earth 
fiH>m tlie cuttings shall be as nearly as possible suiTicient to make 
the embankments, and no more. Tin* art of making this adjust¬ 
ment by the eye ujion a section of the ground with sutliciont 
accuracy is soon acquired by practice. In most c.ise.s it is esAcntial 
to economy in the cost of the workj for any suiphis of embank¬ 
ment over cutting must be made up from “ side cutting;” and the 
earth from any surplus of cutting ons emliankmeut must be 
formed into “spoil banks;” both of wliich Nsoiks involve additional 
cost for labour and laud. But cases soineTinies occur, in which it 
is moro economical to make an enihankuKmt from side-cutting 
close at hand, than to bring the nect^ssury material from a far 
distant cutting on tho line of works, or iii which it is moiH? 
economical to throw jiart of the material from a cutting into a 
spoil bank, than to send it to a far-distant etfibaukmeut on the 
line of mrorks; and these points must be decided by the engineer to 
the best of his judgment iu each particular cose. 

189. The VemiHnwrr FeneJug, erected before the earthwork is 
commenced, should enclose all the ground required for the under* 
taking; that is to say, it should run along the outer boundaiy o( 



334 


MA-TEUIALS AND STRUCTURES. 


tho strip of land whicli is to be tskeu beyond tbe edge of the 
earthwork, and wl^oso breadth is added to tin* half-brt*adths of the 
eartliwork iu calculating and setting out the total lialf-brcadths 
(p. 113). In the open country, wlu'rc the peiananent fence is to 
be a hedge and dib*!!, the breadth of that strip of land is usually 
about mwfael; but whoiv ground is valuable, aS amongst gardens 
and ploasur*'-grounds, and in town^ and suburbs, smaller breadths 
are used, as to which no gfiioml rtile <‘jin be laiti down. 

, lernpor.u’y fence us^!^..'Uy consists of posts and rails of larch 
or oak; the ])osts being from 4 feet to 4 feet 0 inches apart, about 
fi feet long, driven from "I ieet to :l«feet 0 inches into the aground, 
from 4 to d inelu's •‘•road In a duTction across the fence, and about 
3 inches thick in a direction alomj tlje fence; the mils about D or 
10 feet long, .3 inches deep, and inch thick, scarfed in mortises 
in every soeond post. ISumet.imes tlie posts in which the rails are 
scarfed are made stronger than the intermediate posts, and have 
diagonal stays to inerease their stability, the foot of each stay 
being nailed to a small stake about 2 feet long. 

The best sitlj for permanent marks t)f the line and levels is near 
the fence (j>j>, 110, 111). 

190. If the soil is wet, a <*niriiwater Drain may be made at the 
same time with the temporary fencing, t.t one or both aides of the 
earthwork, commencing at its outfall into an existing main drain 
or water course, and working upwards. When the grm^iid has a 
sidelong slojio the caichw'ater drain is indispensable at the ufKlull 
side of the earthwork. Thus, in fig. 1 GO, A li is part of the base 
and B C one of the slopes of an intended cutting; 0 G is part of the 
natural gi-ound, sloping downwards towards G; is a catchwatei 


Cr 
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Fis; ire. Fig. 161.*' 


drain, to prevent surface water running from G towards 0 from 
injuring the slojie of the cutting. In tig. 1G1, A B is port of the 
1 mi 86 and B C one of the slopes of an embankment; £ F is part of 
the nattiral ground, sloping downwards from F towards £; D is a 
catchwator drain, to prevent surface water running from F towards 
0 from collecting at 0 and injuring tho embankment. The catch- 
water drain may be an open ditch, in ordinary cases from 3 to 4 



STRIPPING SOIL—CfUTTINGS—DRAfNAOIS. 


335 


feet wide an<l fivrn ii to 3 feet deep j or it may be an undorgrouiid 
drain, buiJi of stoiW* or brick, or inatle ol* earthenware iubcn (as in 
the figures), with broken stone or clean gravel above it 

]i)J. Sfrirpinff Molt—'fin) soil or vegetable mould should be 

stripped from the site of au intended [)i<‘oo of earthwork, and laid 
down near tlie fbuoe, in order that it may bo afterwarils used to 
m-sod the slopes of the earthwork. 3’lie usual depth of soil sjnead 
on those slopes viuleh from 3 w 6 iucht's. 

]02. Civneml Oprrntion^ ol* C'nttiiip.^wliere there is no reason 
to the conlrary, it is ile.sii*able that base of a rutting ‘alumtii 
have a dcs'lirity towards the ])ai]it at which tlje w(U‘J< of exVavaiiou* 
is comnieueed; f)r tins renders inort* easy th<" ''•'inov 5 il ot the earth 
in wagons, and the teinpoi-ary and ]K'nuaueut drainag<‘. 

A cutting is u.mally commenced (if Lli(‘ earth will stand fora 
time with \ertieal sides) by making a “gullet,” or vertical-sided 
exciivalion, wide enough to eotibiiu one in* more lines of tem¬ 
porary rails for the pas.sag(* of <*artb wagmis. The widening of 
the eiiitiiig to its full \\i«ltb, ami the formation of the 8lo}>o, 
should be cairied i>n so as never to be far behind till* liciwl or most 
advanced end of the gullet; for the strain thrown on a mass of 
earth by standijig for a time with a vertical flie(* has a tendency to 
produce cracks, which may extrcml beyond the pi)sition of the 
intended slo])es, and so ri'iider tb(‘ sides of the cutting liable to slip 
after they have been linishcil. The adv.uieeil tnul of a cutting 
of conaidorabh} d<‘pth, and tl ( jwirts of i» , sid<'s whose slopes ha\c 
not been finished, consist, while the work is in ja-ogi’eas, of a series 
of steps or stages called “lifts,” rising one above armtber by six 
or eight feet, or thereabouts, the excavators working at the faces 
of these lifts so as to carry them on together. 

From faces at the end or sides of the gullet, the- earth is 
shovelled directly into the wagons. FT-om tlio ollu*r faces of the 
cutting, the earth is wlieeled in barrows along j)lanks to points 
from which it can be tipped into the wagons. 

1D3. IVrainiiiK the Bnne and NlopcM.— At tbo foot of each slo])e of 
a cutting it is almost always necessary to have a longitudinal 
drain called a “ side-dmin,” of from 0 inches to 2 feet deep accord¬ 
ing to the circumstances of the caise. It may be a small open 
ditoh, or a channel pitched and laced with stone, or a covered stone 
or brick drain, or a line of tubes (as at E, fig. 160) with broken 
stone or gravel above. It may receive the waters of branch 
drains running across the should such be found necessaiy, and 
also of branch drains laid in the slopes, as F, fig. 160. When thb 
latter are tubes, they may in gener^ be laid about 2| feet below 
the surface. It is in general advisable so to place the side-drain 
Vi that its bottom shall not be below the prolongation of the plane 

z 
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of tlu‘ slope B C, iinlosB iiiere is a retaining wall; otherwise it may 
canse that h 1 o ])0 to^slip, awfl may itself he ehishwl or choked. 

Springs rising in cuttings nsjnire sj)ecisl dtiiins to cany away 
their watt'rs. 

1!)4. The ijabonr of Karifawork, in ortlinury cases, consists of 
ijetting^ or excavating; filing into baiTows or "wagons; wlieeJing 
in haiT<j\vs; lending in wagons; and feeinhig or tipping —that 
IS, de|M)sitiiig the earth in the emoankinent inhere it is to rest. 
ij>tlier processes retpiin-d i *. special oascss will be considered farther 
on. 

Tlie lalnuir <,d getting the earth depends mainly ujiowits adhesion. 
IjOoso ss*nd aw<l grat'el, soft vegt'tablc nu»nld and ]»eat, ean he dug 
with the Kho\t*l (»r the sjMide alone; stilfer kinds of eartli recjuire to 
be looseiifil with the ])ick ludbre being shovelled into bari*ows, and 
in some eases, with crowbars, wotlgt^s, or stakes; the softest kinds 
of rock ean be broken nj> with the ])iek or erowhar; harder kinds 
r« (piire the action of w’edge.-*; harder still, especially if fi'ce from 
natural fissures, ne(*d hhistiiig hy gunpowd<‘r, Avhieh will Is' treated 
in a sejKunte article. 

Wla'cling in harrows is ])erfornied iijuui jdank.s, wliose steep<‘st 
inclination slionld not exceed 1 in 12, unless the men are assisted 
by means of rop«‘S and wiiuluig inaeliinery. 

L(‘adiijg is performed upon light fenipornry rails, in wugtma 
ealJed “ eaith-\\agon.s,” whose bodies ean Is* tippe<l oxer by 
tui’iiing on a pair of horizontal trunnions, so as to emjd) the ixirtli 
out: tliey are draw’n by Jioi*^es or by small locomotive engines. 

Tin- labour of slioxelling #7 weight of earth into baJiTOWS, 

and that of wheeling it fioin the fare of the eutting to a given point, 
tipping it into the w’agons, and leading it a giv^'U distance, ai-e 
iiearl) the same for most onlinaiy kinds of eaHh. ¥oy Vk given 
hvH of earth, the labour of th(»sr ojterations xaides nearly as the 
heavincNS of the eartli. 

Jn oriler to exeente an excavation xvith speed and eeoiioiny, it is 
iu‘eessary to iix eorreetly botli the absolute and the pixipoitjonato 
numbers of piekmen, shox^dlera, and wlieeleiis, or ban'owinen, so 
that all shall Im‘ eonstautly emjiloyed. The only method of doing 
this e,r<H'tly, in any juirtieidar case, is by tidal on the sjiot; hut an 
apf*i'<»\imaliou m.iy be made befoifhand by estimating from the 

diitR of t*xp<M‘iene*\ 

^J’he abeolnte nu/nher of excavators working at the face of a 
cutting is dett'rmiried by the horizontal exti^nt of face at which 
cutting is in pi*ogivss at once; one excavator to five or six feet of 
breadth of face, is ulHuit as close as they can be placed without 
getting in each others’ way. 

The pro|iortiou of wh^en to sfiovdlers may be estimated ap^ 
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Ijroximaiely by the faot, that a shoveller takes about as lonj» to till 
ttU ordinaiy ])hitow with cai*tlj as a wlieeler ta,]ces to wlietd a fall 
barrow about lOO or lilO feet, on a horizontiil plank, and I'otuni 
with an empty Iuitow. 

If the full barrow has to be wheelc'd u]» an Msoent, eacli foot of 
rise is to bo consfldei*ed tMjuivaleiit to six additional feet of hoj‘iw>tital 
distuiK'e. 

Hence the folloMiig a]>]>ro3!ninate for'tula 

Let I be llie horizonlal distance tliaVlie eaith has to l>e whoele^J, 
and h tlu' beij^dit of ascent, if any ; ilufv 


number t>f vvheehns to one sho^(‘ller = 


/-ft;// 

from HU) tr> 1L»() feet 


(!•) 


The nuniht'r of hnrrowjt reijiiired for ciudi sin)veller is one more 
tlian the number of wheelers. 

A shoveller will throw each shovelful of earth fit»m 0 to It) feet 
IiorizonUlly, or from 4 to /> feet vertically a])ward.s. Jf the i‘arth 
is to he tlirown hy (he shovel to ip-eater disbinces or heights, two 
or moj‘e ranks of s1m)n oilers mast be emjdoved. • 

The lu’oijoilion of the j)iekmeij to the shovellers (in a siiighj niiik) 
dopend.*! on the stillhe.ss ofthe oarth. Tin* folJowingare examples:— 

I's’kineii to 
ciin' S))o\eller. 

Jjor)se sainl and \egetablc uioiild,. o 

<k)ni]»aot earth,. . 

Ordinary clay,. from [, to i 

Hard clay,. „ i,],to2. 


Earth is de.signated as “earth of om* man,” if one sli<»\eller can 
ketjp one line of w]ie(‘lei*s at wovkj “ earth of a man and a-lialf,” if 
two shove]lei*s and a piekman are in'eded tt> keep two linos of 
wheek'j’S at work; “earth of two men.” if /uk' slioveller and one 
piekman can kee]) one line t»f wheelers at work ; and generally, 
“ earth of so many men,” according totlie number of shovellers and 
pickmen together who an* required to kt*ep one line of wheelers at 
work. Let m denote that number; then the total nninlsT of 
shovellei’s, pickmen, and wheelers for each line of wheelers, w'ill be 
approxinuktely 

\f / 4 0 A , . 

M - /u + I Mo%- ' I on r .(2-) 

(irom 100 to 120 fe(*t ' ' , 

The rate at which the cutting may he expected to advance, if 
no special difficulties occur, may be estimated for each lino of 
tvheelers (or for each shoveller in one rank), at about 
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20 cubic vnT‘4ls of Ioowj wind, or nioiild, 

• * 
or 10 cubic viirdfi of oUiy, or couijvict orirtli, 

TLc bibour of oxcMviiiing is often consi«lcriibly Kweued, especially 
in widening a gullet at tlio sides, ))y undeiiniMing largo masses of 
eaith fi*oni btl*»w, iiiuJ loosening tliotn by driving stakes behind 
tin in IVom .il>o\e. 'Phib is culled “falling.” 

An earlh-wagoti holds about as ifiucli as 50 yheel-baiTOWh, and 
if diM'wn at (In* walking ]4ce of a bom*, its speed may bo taki'ii as 
ub<nif one liflli gi’eater thf\ tliat of "tin* wbeid-bairows; so that it 
•is etjui\*ilent. to about (10 wbeel-barrows; and one earth-wagon 
gtnnL' ainl* retninii^ a disbiuee of about 0,000 feet horiiffmtaily, 
while .iiKiilief ‘slaiias to bo lilled, will kee]) one alioveller at work. 
If loadul w.iirons luive to be diawu uj) an asceni., and the t(*ni- 
porury lails anj in inodemtely good order, eaeli foot of ascent may 
Iw* considered as erpiivalent to about loO feet of additional Lori- 
zonta) distanee. ilenee let 1^ be the horizontal distance, in feet to 
which (ho earth is to be led in earth-wagons drawn by horses, tl 
the ascent, inject, if any; then the mi/^)er of shoveHers {in single 
rank) to eack earUt-H'ayoii in motion nt one time, is about, 
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and the mspineal of this expn'sses the eartlirwoffona or fractions of 
an caiih-mujoit in motioy, at one time per shovdier: but additional 
wagons, as to wbieli no prccisi* rule can be laid down, must bo pro¬ 
vided, in order to allow for (hose whieh arc .standing to be liJIod, 
and tor those whieh are in tlu> act of being tipj'ed and reversed. 
With lul^>lno^i^e engine', ibo s]>eeil can be increased, and the 
number of wagons jiropoiiionally diminislusl. The preceding 
caleiilatioii'. ha^e reierenee to wagons which bold from 2 to 2| 
cubic i.irds ol c<ntli, oi tlienMbouts, the weight of which is from 2| 
to 11 tons, the weight of ()ic wagon it^'clf being between a ton and 
a ton ami «-linll'. Tlie fiietkni being taken at 15 lbs. per ton (or 
1 — ir>0th of the gross loud nearly), the force requii*ed to draw a 
wagon, or train of wagons, (dther on a level, or u]> or down a given 
declivity, can easily be calculated. In estimating the number of 
horst'H i*equircil, tlio foino which a Iioiwo can exc i when walking 
slowly may be estimated at about 120 lbs. 


When the leading of eaiidi is performed, not in wagons or 
te miiprary rails, but in two-wheelod oue-borae carts on an ordinary 
^av, the nuinlier of such carts reqiflred may be approximately 
niputtn from the data, that the net load of each such cart is 
a ^ ttt equj ^ ^ twelve wheel-bannwH, and its average speed 

going «Dj{,*,^tiuruing about one-sixth part more than that of a 
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wliecl-bari'ow, so tliat oacli oart iii motion is oqiiivalont to about 
fourteen wIiooI-Imiitows in motion. In tbis aa in the preceding 
casr, in computing tbe total number of carts, allowance must be 
made foi those whicli ai’e fitai»diug to l>e filled, and thoso wliieJi ore 
being turned and ii}>jK‘d. 

105. B4>nch«‘ii on tile sides of euttings are small plutfonns, level 
tr.insversely, seldom excc'cdiim abont six f5'et in breadth. I'liey 
a»'(' sometimes us^d in very deep e^■'.tlp'^■h, lor tli(‘ lairjiose either of 
intercepting the fall of bouldem and ],Hces of i-ock from the liigl^,r 
fllo])es, or of faidlitating the di-diuaj/p. A bench ought to have a 
slight decli/ity lengthwise, ami at the loot of thu sh'a* above it 
there should be a side-drain like tliat atlia sale af the base (1^, 
Jig. 160, p. 334) to catch and ca*i*> away all the siirlaee-water 
fn‘in that slope. 

106, Pr«vciiiioR of Miips. —As (he slij>])iiig of tin* sides ol onttmgH 
is C’aused by the action of water, its jneMution is jiromoted by 
eflicient oidinaiy drainage, as (Ic-eiils'd in Article KSO, p. 331, and 
Article 103, ]i, 335. When onlniaiy iiu'thods ol drainagi' are 
insnllicient, other expedients miisl Ik* adojitcd, siuSi the iolloW’- 
ing:—To make tin* bran<‘h flrains of the sloj)e veiy numerous and 
close j to make special drams lor c,inymg ilown to tho side-drain 
<d' the cuttings, tin* watcj’s of such hpj'iiigs as may flow from the 
fcloiie; to face the slope with a W(‘ll-packed layer of stones laid diy, 
from 6 to 18 indies thick, accoidingtothe circumstances of the case; 
to cut aw'ay a portion ol the li.wer part oi the slope, and form in the 
space so left a bank of gravel or sbivers of stone, ag.iinst wliicli the 
slope of earth may abut, with conntt I'forts, made by digging 
trendies at right angles ti> tin* gi-a\(*i bink, and iilliiig them with 
gravel; this combination acts both as a i*etaiumg wall uikI as a 
system of dmlus; to build at the foot of the sIoik*, so as at once 
to support and drain it, t*itlier a dry stone letainiiig wall, or a 
wall of brick or masonry laid in mortar, backed with a vertical 
layer of dry stones; to intei-cept undergrouml winters on their way 
towards Uie slope, by means ol a drift or nnm*. 

Hetaining walls will be Inrtlu'r treated of under the head of 
Masonbit, and drifts under that ol Tlisnelling. 

In some instances, all remedies fur slijijiiiig are found unavailing, 
and the material must bo allowed to find its own angle of ri'jiose, 
care being taken to remove the earth which slides <lown fioni time 
to time, and to acquire thu necessary additional land. 

197. dcttlemetit of Kivbnnktticiiiii. — Kmhankmeuts subsidu tOr 
settle after their first formation, to an extent which vurich cousid* 
■erably for difierent materials and under difiereut cii’cumstances, 
being seldom less than oae-twdfth, and seldom more than mie-Ji/thf of 
the original height. The best method of ascertuiniug the probable 
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pro])ortioDate soiil(‘m('ut of a proponed tMubawkuioiit i« by an 
PX]>evimcnt on a shyrt of it, allowaiiec for fh(‘ S(*ttlemont ao 

nsocrtiuiird nin‘>vt then bo itiaclo in const nutin{» tlio leinainfler of 

the cnibankincnl. 

108. 'rito uimribiMioii of Knrthwork luouus the Arraiiivomout by 
wlucli iI k* materials obtaiinsl from diflbront }».irts%if tlie ciittincfR 
aiv (hslributod amoiKjfst difiorcnt jrii^ts of llio ombankinonts, so as 
to insuiv the least possiblee‘A])onfiiK{re of labonf in the lentfunj or 
couvcyaTiec of theo.iitli. Y> attain this object, two rules are to 
bo followeil as closely as may\bc practicable;—tt» fill I'aeh portion 

of einlMTiknent frf>m the occf.wiWe [»ortu>n of cRttiiig; and 

to takt* care that U e seieial routes l)y^\hleh eai'tli is comejed 
from <‘uttiiin to embanknunl shall not cross each other 

The mean distance o{ lead, fnim a division of a eiittiiis' to that 
division of an eiuhankineiil whieli is filled from it, is lu'arly equal 
to the distance between tln'ii* ec'iities ()t giavity. 


liM). 4;i<‘iM*ml 0|*c*rnlioiiit of Kmbnnkinsi —The best luatonals for 
embankments are those wh(»se frietion.il si.ihility is the greatest and 
the most ])ernia*henf, siieli as shiv'ers of rook, shincflo, ijravel, and 
clean sand flay also forms ‘•afe cn binkiiients, I'rovnh d it is dr;), 
or nearly drv, when laid ilovvii. VV’et clay, vetjetable mould, and 
mild, are unfit foi nst* in embankments; so also is peat, except with 
certain jirecautlons to b(* afterwards mentifined. 

An embaTikment may be made in three ways:—J. In one layer. 
11. in two or more thiek Jayeis. TIL In iliiu layei’s. 

I. In one hit/er —Tins beiii" th'' chea])(‘st and quiekest methfal, 
consistent with stabilily, is that hOlowed in all earthworks in 

vvhieh theie is no sjieeial reason to the 
(ontrary In fii:;. 102, 15 A f repre¬ 
sents the natur.il surface of the gnmiid; 
DA part of the base of a cutting; 
A E(hm enibaukiiK‘nt,fheconstruetioii 
of which is caiTied forward in the 
direction A E of its full width and height (including a sufficient 
allowanec* for subsidenei*), by running eavtli-wagoiiH on tt'mpoiiiry 
mils from tin* cutting along the toj) of the embankment, and tipping 
them at E, so that the earth runs down and .spread-' itself over the 
sloping end E f of the bank, whieli is called the “tiji.' 

The sloping lines paiallel to EC repnwnt a series of successive 
previous positions of the tip, as the embankment advanced from A. 

No ti])jling fiver the sidts of einhaiikments should be allowed; 
for the earth so tipped is liable afti-rwavds to slip oft*. 

It. In thick layers .—This process has been used in some em¬ 
bankments of great height. It consists in couqdoting tlu‘ eoiistmc- 
tifrn of the embankment up to a certain height by the process of 
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tipping over the end already dcBcribed; leaving that layer for a 
time to settle, and then making a second layer in the same way, 
and so on. It involves miieh additional time uiid lahour, and is 
seldom employc'd. It is, however, nseful in making embankments 
of hartl clay or shale, which, wIk'u first tip]> 0 (I, consists of angular 
lum])H that lio with vacant s]>ao^s between them, and do not form a 
com]Mu*t mass until ])ai’tially softened and‘broken down by the 
action of air and moisture. I 

J11. //I thin, ifii/ers. —This ]>r<»cess co;?sists in spreading the earth 
iji liorizoittal layei's of from I) inches us 18 iiicln‘S det'p, and rauiiniifg 
ea<*Ii layer so as to make it coyipact and tirm behm* Ja"i;:g down" 
the next ]a 3 ’'er. Being a tedious and lalxirioiM process, it is used in 
S]>ecial cases only, of which the ju-incipal are, fhe*liJUng behind 
retaining walls, behind wings aial ahntinenls of hrdges and eulvei*ts, 
ami »)ver their aivhcs, ami the emhankments of reservoirs for 
water. 

I'lio hthmir of spreading (‘.ivtli in layers and mmming it may he 
(*s1imai(‘d, in general, at from Oiive-(ut<ha~Hijcth to oncc-uml-a-ihiyd 
tliat of shovelling it into a haiTow. (See Article HU, ji. 337.) 

20(1, lSinbankin|i( ou Mici«*ion|{ tdround.—When tlu‘ luflural grouml 
has a .steep sidelong alo])e, it is, in gfUH'ral, necessary to cut its snr- 
fjice into steps hefoi'e making the embuukment, in order tliat t lie 
lattiT may noi- slidt* down tlm slope. In the cross-section, fig. 103, 
the <lotted line A 15 rojin*- 
s(‘nts the natural snrlaee of 
tlm ground, Q E B a side¬ 
cutting, and A 1> Q an (mu- 
banknnmt, resting ou sti'jia 
which have been cut be¬ 
tween A and Q. The* best 
position for those* Ht<‘ps is 
perpendicular to the aicix of greatest jtreesure, whose iiielination 
to the vertical is given by equation 14 of Article 183, p. 322; so 
that, if A I) is inclined at tlie aiigh* of re]jose, the stejis near A 
should be inclined to the horizon, in the opposite direction to A 3>, 
at the angle given by equation 10, p. 322; while the steps near Q 
may be levtl. It is better to make the steps steejier than the in¬ 
clination given by this juinciph' than to make them flatter. 

301, JBmbniikiiitf over and nrar mnHoiiry.—In embanking over 
culverts (that is, covereil drains of masonry or brickwork), near 
retaining walls, or m^av Bie abutment and wing walls of bvidgQs, 
care must be taken not to injure the masonry \>y shocks from the 
fall of earth, or by ill-distiibuted or sudden ]>i'essiires. 

For the jiiiiiJOHe of ju'eveuting sliocks, the piecautiou is takea 
already mentioned in Article 190, almve, of spi'eading tlie earth in 
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immediate contact with tlio masoiny in thin layers, and ramming 
each layer. For this pm'})ose, <li-y materials should be chosen, that 
will let water dmin‘'ofl‘ easily, such as sliivtTs of stone, gravel, and 
clean coai*se sand This rammed ('arth should fill all the space 
between the wing walls of bridges, and extend back from i*etaining 
walls, and from the abutments of bridges and culvciis, ten feet or 
then'abouts. Over the arches of culverts, the earth rammed in 
thin layers should rise to at least half the heiglpt*of tlie j)roposed 
embankment; the remaindO* may be tipped in the common way, 

For the irarfjoso of preveiVing nneipial lateral pressures against 
bridges t-nd large culverts, care slnmJd be taken (by^the aid, if 
necessary, of tynher nlatfoi’ius to carry the temporaiy rails), that the 
embankment is carried up at both sides of the structiu’e at once, 
and as nearly as ))ossible to the same height at the sjvme time. 

202. iii'aiunK« of KiubnnkiuraiH.— The position and use of the 
catchwater drain near the foot, of the slope has already been ex- 
jdained in Article 180, ]>. 334. Tlie constrnciion of culverts, for 
caiTying drainage*-water below embankments, will he tiuated of 
under the head jf Masonry. (Iroiind in which springs rise should 
be avoided altogeiliei’, if ]) 0 ssibi *. I mi if it is absolnUdy necessary 
to embank over a spring, a euhert may be built to carry its water 
d(‘ar of the embankment. 

203. KmbBnkmeiii In a Great Plain. —When a line of conveyance 
IS carried across on extensive plain, it is almost always uecessaiy, in 
order to keep its surface :liy, that it should he luised alx)ve the 
general level of the ground; and where inundations occur, the 
requihite height may be considei'able. In fig. 1G4, A represents a 
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cross-section of an cnibankincnt for this jmrpose, the materials for 
wliidi are obtained by digging a i)air of tvenclies, B, (J, aJougsido of 
it. These trench(‘B, by colleding snrfaee-water and discharging it 
into the nearest river or other main drainage chanuel, tend to 
shoHen the diimtiou of fioods in tlm iieigiibourliood of the line, 

204. fiiubnnkiiieiitii on m»A Orounii.— -When ground is so soft 
that an embankment made in the ordinary way would sink in it, 
different expedients arc to be employed, accoi*tiing to the kind and 
degree of difficulty to be overcome. Tlie following list of expedients 
is arranged in the order of an increasing Icale of difficulty:— 

I. By digging side-drains parallol to the site of the intended 
embankment, the firmness of the natural gi*ouud may be increased. 
XX. If the material of the natural ground has a definite angle of 
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repose, tliougli much flatter than that of the material of the em¬ 
bankment, tlif slopes of the embankment may be formed to the same 
angle, thus giving it a broader foundation than it would ha\e with 
its own natural slofie. 

Ill, A fbxiudation may be made for the* embanknmnt by 
digging a trench and Ailing it with a stable ttaterial. In Ag 105, 
A B F B represents the . 
crossrsection of au*ntended 
ejijbankment, and A 0 I) p 
that of the trench to be 
dug for its foundation, Ihe • 
edges of the base of the 
trench, C, B, being \eitu‘ally below those of the top of the 
Ofnbankmeni, B, F. To design the*>e eios-'-seelions, proceed as 
follows:— 



Ijet A - G E denote the lu'ight of the ])ro])Osed t'mbankment; 
m, the weighl of a cubic loot of its maforial j 
w'j theweightof a cubic foot of thcmateiiul of the natural ground; 
0', its angle of rcj)os<>; 

A'- G 0, the requiied depth of the louiulation; 

also let J J, - A'; 

1 4 sin <p ' 

then the depth of the loundatioii is given b} tht‘ foimula, 


A'- 


A A'-J 

— U3h'“ 


•. 0 ) 


The slopes of the trench, G A, D B, shouhl be inclined at the 
angle of i*epose ot the soft inaleiial; so that tlie bivadth of each 
will be 

AG A'*cotan .(2) 

and this Axes also the inclination of the slopes of the embankment, 
A E, B F, without refei’cnce to ilie angle of r(‘pose of its mat<‘rial. 

IV. The ground may be compressed and consolidated by means 
of short piles. This method will be further explained under the 
head of Founda'i ions. 

Y. The embankment may bo made of materials light enough to 
form a sort of raft, iioatiiig on the soft ground, sueh as hurdles, 
fascines, or dry i*eat. The use of fascines will be further explained 
iJR a later chaptfT. l)ry peat was the material used by George 
Stephenson to carry the Liverpool and Manehester Bailway across 
Chat Moss. Its heaviness, when well di-ied in ihe aia*, is about 
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30 lbs. per cubic and when sjituratrd wiili wafer, 63lbs. On 
the dry peat eiubankinent was placed a pUiitbrm oI‘ iwo layers of 
hurdlcH, to carry the balliiht. 

VI. Should all other expedients fail, a moss or bog may still bo 
croswd by thit>wing in btoues, graved, aiul sand, until an embank* 
incut is f(»nned, I'cstiiig on the hard simtum bel?)W the moss, and 
witli its top rising to the re<pim‘d level. Tt is found that the 
material of the t'lubaiikinert a.ssuiues the bunie natural Hlo])e that it 
would «lo in the air. 

J 

Di‘e«Mlng', SoillniKf nnd Pitchinn Mlopen.—Th<' blo|iCS, both of 
‘embankiVie'it.s and cuttings, are to be dK'Ssed to smooth" and regular 
hut faces, and covc'*“d with a layei of soil, which vnrie.s fi’om 3 
inclu'H to 6 inches in d(‘j>th, accoj'ding to the practice of different 
engineers, and is sown witli ginss-sced. 

The labmr of dre>>sing alojws is nearly equivalent to that of 
digging about lialf-a-toot deep iii loose mould over the same area of 
Hurfaee; and that of .sj)r(‘iuliiig tlie soil is about the same witli that 
of shovi'lling it into .i barrow. (See p. 337.) 

Slopes of (‘uVbaiikiiu tils wlucli are exp(»sefl to ''till water may lie 
faced or “pitched'’ with «lry stom about a loot.thick. The jiroteetioii 
f»f slopes against waves and currents falls under the head of 
JJydraulic Engineering. 

:20G. Clu> Puddle IS used to make embankments and ebaiinels 
water-tight, and to protect masoniy against the iienctmlion 
water troin behind. Th^'proper inateiial for it is clay, freed from 
all larg(‘ stones, roots of plants, and the like, and containing as 
much sand and tine gravel as is consistent with its holding wuti*r; 
if then' is t<»o little sand, the ]>uddle is liable to crack in dry 
weather. Jt is made by working the clay in layers about G inches 
thick, with enough of water to induce it to a pasty condition, by 
means of .a tool tliat has a sort oi poarhhig action, until it becomes 
a peifei'tly uniform and compact mass. The labour is abfmt five 
times that t)f shovelling the same quantity of maleml. 

207. Quairylng and fSlatitlnif Bovk.-—Rock that is too hill'd to be 
sjilit with the ]nck, the crowbjir, or the quaiTyuiaii’s hammer, and 
not HO hard as to requiit) blasting with gunpowder, canjbe quarried 
in blocks, by cutting groovi's, or boring holes, ie the upper surface 
of a bed, insc'rting blunt steel wedges in them, and driving those 
wedges with a hammer until a block splits off from the layer.' 
Gautlioy'a estiinati* of tlic labour of this operation, jier cubic yard 
of rock, is about 0-4 of a day’s work of a man; but it varies very 
much for different kinds of rock. 

The ]>roce8scs of hhisting with gunj)owd<.r may be divided into 
mall blasts and great blasts. 

1. A small blast is made by boring with a jumper (Article 
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187, p. 332), a hole in the rock, whoso diainctor varies from 1 inch 
to (5 inches, or tJieronlxmts, ami its deptli from one foot to 30 feet. 
Part of iJie (le]»th of the hole is tilled with coaivse-grained giiu- 
powder, ponn*d in througli a ttihe reaching in^arly to tlie bottom, 
and the reiuaimler of tlie hoh* ih ninimed with whal is Cailhsl 
“ t.*im)>ing,” cbiiKisting of chips of rock, saiid,sBlay, ainl otliei' such 
inatorials; the best material being dry clay, (''are is to be taktm 
n(‘ver to use materials that may strike tir^ and not to rain hal’d until 
there aiv some inches of material between the lfim])ing bar ami th^e 
[lowfler. TJie fuse may be jn’otceti'd by tniveiMiig a tiihe, ora !'i*oove 
in a jiieee of wood. It should <l>nrn at tlu‘ rate of jdamt 2 feet })er * 
minnt(‘. Tli<‘ best fuse for this ])nrpose is knovn as ‘i Bickford’s.” 

The explosion of the powder sjiliis ami loosens a mass of rock 
whose vohiim is a[>proximately ])ro]KU’tional to the cu}>e oj tht' Ihte 
qt least resistaiice^ - -that is, m geiu'i-al, of the shortest distance fnmi 
the charge to the surface of tlie rock — and may be roiighl’y cstimatcti 
at twiee that cub<-, but this proportion varies vi'ryiuucli iu (liili'i'imt 
cases. 


The ]n\)porfion of tlie weii/ht of rocJc loosen&l t(f tjjie weiijhl of 
poimler o<plod(‘d ranges from about 7,000 : I lo 11,(K)0 :1, and may 
1)C taken on an avciage at 10,000 : |. 

Tlie ordinary rule for tlie weight of jiowder in small blasts Ls, 


, . ,, (line >f least ii'sistance in leety* , 

powder in lbs. =s ' '32 — ... (1.) 

A test of the strength of bl.isting powdm* is, that 2 ounces, or 
Jth of an avoirdupois pound of it, being tired in an ciglit-incli 
mortar elevated at an angle <»f 43’, slioulil throw a 08 lb. l«ill to a 
distance of 240 feet. 

Another test is hy tiring 2 ounces of powder in the “epi-ouvette 
ginij” its bore is 27-6 inches long, and 1 I inch in diameter; 
it weighs 80^ lbs ; it is hung in a frame like a “ ballistic iieiidnhiin,” 
and its I’ccoil is measiiii'd on a graduated arc. (»ood powder fit for 
blasting gives a ivcoil of about 20 degrees. 

One lb. of ]K)wder in a loose state occujiies about 30 cubic 
inoliea By compression, it may be wiueezed into 27^, or ihere- 
aboiits. 

Thirty cubic inches are equal to 38-2 ci/lhidrical im'lies; and 
this is the hnyth of Itole, true imeh in diameier, required to hold one 
lb. of ‘powder. The cor^e.sponding length for other diamofet*ni 
varies inversely as the square of the diameter. 

A blast acts most efticieutly when tlie Hue of least rcsi.stunce 
(being, in sound iwk of unifonn strength, the shortest line fmm 
the charge to the surface), is perjiendicular to the axis of the bore* 
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hole. It acls least clUcirutly when the line of least resistance is 
the aads of tlie bore-hole itself. It is not always possible to jump a 
hole pui’|)endicular''to the intended lino of least resistance; but the 
Inde should always be made to forju as givat an angle with that 
line as possible. 

If a charge fails to ex})Iodc, the tain])ing may be bored out with 
the auger (p. o3'2), a new luse ])ut in. and the hole re-tamped. This 
process, however, is not n^holly fr( 1 * from danger; and the safest 
method is to jinnp a now hole near the first, and ptit in a fresh 
cliarge of }>owdej‘, the exfdosiou of wiiicli will probably bo com- 
’ munieated, to tjio lonner charge, • • ^ 

The lahoiii* o£*^im})mg holes varies very nuich for ditferent 
qualities c>f i-ock. It is ])erformed either hy two men striking the 
iumper with hammers, while a man or hoy turns it, or by one or 
two men raising it .and letting it drop; the latter being the more 
edieiont method, hut wearing out the jumpta- faster than the 
other. The jumjjcr used for the latter jn'oeess is called the 
“ chum junqxT.*' 

The following are e\am[>les of he day’s woik pt'r man per¬ 
formed in jumj>ijig holo.s; — 

(Mindiical Inches 

w 


of Hole 

In granite, })y hammering.loo to 150 

„ hy “ehuvning,”. 200 nearly 

111 lnn(‘stone,. 500 to ^00 


(As to jumping hy machinery, see Article 302, p. 594.) 

In granite', jumpe'vs ve quire' to he sharpened about once for each 
feiut luire'd, aiul ste*eleel ouee fi)!- each 16 or 20 feet; and the length 
of inw) waste'el in using them is about one-tenth of the depth 
heire'd. 

The h)wt'r ends of he)h'<» in limestone have sometimes been 
enlarge'd to form a chamber feu- the pe»weler, by the aid of dilute 
nitric acid. A double tube, ceuihisting of an outer tube of copper 
with a tube of lead Avithin it, is ]>assed down te> the bottom of the 
hole; the iune'r tube' has a funnel on the top inte> whi^ the dilute 
aciel is pou»-('(l; it ]).issos dowm, and dissolves the kmc of the lime- 
atono; the caibeinie- acid gas disengaged forms, with the solution of 
uitiute of lime-, a .^tre'am of froth, which rises through the Bjjace 
betwee'n the innei* anel emter tubes, and escapes through a lateral 
b^'ut spout iicai- the to]> oi‘ tli« hitter. t. 

IT. A grmt blast is made by excavating a vertical shaft or a 
horizontal heading in the mas.s of rejck, whiejh should turn at right 
angles at least once on iis way to the powder-cliaml)er at its end, in 
nirder that the tamj>iug may not be blown out. Buch shafts and 
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headings vary from 3| feot stiiiare to 3jJ feet by 5 feot or there¬ 
abouts, and the labour requiri'd to make tiiem varies from 3 days^ 
to 6 days’ work of a miuer per lint'al foot. 'I’lio mine bfdug swept 
out and its floor covered with a matting of old sacks, the gun¬ 
powder is placed in. the diamber in a deal Ji>ox, whoso size is 
regulated by tlio*fact tl)at 1 lb. of gunpowder fills about 30 cubic 
inches j a small ouantity of finer iK>wd<‘r in a bag or case forms the 
“bursting chaige,* and is tfuversed hy a line ])latiuum wire, 
connecting a pair of copper conducting wii’f-s with each other. These 
are coatwl with Indian rubluT or gutle percha, or otlu'i-wise in¬ 
sulated. and ])rotocied by bcin;^placed in a groov** ip a W(M»,lon bar. • 
Tho cnti-aiice of tbe chamber js cl(>^l*d with a wall ol^tinf, and the 
rest of the mine “tamped” by being luiilt up citbtT with nibble 
masonry or with a mixture of stones and clay. When the work¬ 
men have removed to a sate distiince, the conducting wires are 
connected with the O])po8ite ends of a galvanic battery, when the 
electric current niises the platinum win* to a white heat, and fii'es 
the cliarge. 

The chief uso of the electrical ajjjwratus is to fire (sevcu’al charges 
exactly at the sauie instant. When one charge* only is to be fired, 
a safety fuse may be used. 

According to Mr. Sim, tlie chamber of the mine should be so 
placed, that the line of least ix'sislancc n)ay be about tw o-tlmds 
of the height of the rock to be )Osened. 

In gn‘at blasts the pro])ortion of Ihe wt*ight of the rock 
loosened to liiat of tlie powder f*xploded, rangi'S from 4,.'500:1 
to nearly 13,000 : I, and is on an average about G,000 :1 or 
7,000 : 1 . 

The ratio of tlie number of lbs. of powder to tbe (uibo df the 
number of foot in the line of least resistance ranges from I • 33 to 
1 : JO; but tbe best mode of fixing the quantity of powder is to 
estimate roughly the weight of the mas.s of rock which is likely to 
be loosened, and use firom to of a lb. of j>owd<*r for each ton of 
ruck. 

In choosing llie positions of boies and mines for blasting, regard 
should bo had to the natural veins and fissures of the ruck, as 
means of facilitating its detachment from its bed. 

Blasting under water will be considered in a later part of tins 
treatise.* 

* On the subject of blasting rock the following authorities tnav be ennsnlted;-^ 
Qttttman, Bkuting; Foster, Ore and Stone Mining, 2nd £d.,‘ 1897; Hogfaei, 
Coal Mining ; Absl, “ Explosive Agents applied to Industrial Farposes/’ Minvta 
Proceed. Jnet. O.E.f vol. Ixl; Remov^ of Obstructions at lion Gate at the 
Danube(see The Engineer, 1896, p, 336) ; Proceed. Ind, O.E., 

voL oxix. ; also Berthelot, Et^^ves and their Power. 
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Tabi.k op the Heaviness op Kock. 



Lbs. ill oue 

Lb*!, ill one 

Cubic F«k 


Cubic Foot. 

Cubic Yard. 

to a Ton. 

Basalt,.*. 

iH7 

.15060 i 

12 

Chalk,. 

.117 to 174 ... 

.3160 to 4730 

... lo-i to 12*0 

Kelspar,. 

1.O2 

1^4 

xk i_ ♦ 

4.170 • 

13-8 

Flinl,. 

4430 

136 

(ti'jinit<‘,. 

164 to 172 ... 

44 30’to 4640 

... 13-6 to 1,3 

J-<inioHt<'U(‘, . 

lOy to 175 ... 

4^,60 to 4720 

...,13-2 to 12*8 

„ 'mugiiesian, 

J 7 S ... 

4810 

... i2-6 

Quart/.,. 

16.0 

4450 

136 

Sandstone, avtunge,... 

144 

3800 

i5'6 

„ ditiorout j 

kinds,. f 

130 to 157 ... 

3310 to 4240 

... 17*2 to 14*3 

Shale,. 

162 

4370 

13*8 

Sl.ite (Olay),. 

T7.r; io 181 ... 

4720 tl» 4890 

... 12*8 to 12‘4 

Trap,. 

170 

4590 

132 

It IS stated that to i>roduce the 

same etfect in 

blasting that is 


|)!‘<)<lucrd by a wt‘i«i;lifc of jwmlt'r, one-sixth of that weight of 
blasting cotton, or one-tenth of that weight of blasting oil, is 
Hnillcieut. Ulubtiug oil (otlierwise called “Nitroglycerine” or 
“ Nitroleiim ”) oxplodi's by concussion j therefore it is daugeiDus 
to jump a new hole near a hole which is already charged with it 

Nitr<»glycerine has been rendered niucli more genemlly service¬ 
able through its absor{)tion by a siliceous earth tound in ditierenc 
partly of Europe ; in this form it is known as “ Dynamite,” for 
which see j). 79G. There are various other combinations of nitro- 
glycehne, siudi as cordite, blasting gelatine, and ballisnte. Gun¬ 
cotton, referred to abo^e, is a cornjiound of nitric and sulphuric 
acids with cotton libre Some of these comiiounds arc smokeless, 
and can he tired although wet. 

For authorities, see p. 347. 
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Section J. — Of Natural i^loac». 

• . 

208. Wruciarnl 4'fanriirirrM of MtoiifH. — 111 tip, Inst AHicIo of tlje 
picmlinjif cliapixT, rocks or luitiiral stooc'. Mere *oiiMi(l(>rffl in tlie 
light, of luaitn'ialR to l>r oxf‘av.'it<‘<l. Tlie} hsn e now to l)o consitli'red 
in tlio liglib of inutmak for building. 

The geologicjd |)osi1iou of rocks has but littb* <*onn(*ction with 
their |)»*o])ertieK a.s building iniitorials. Asa general nde, the more 
ancient rocks are the sh’ougej’ and tlie more duralde; V)ut to thi.s 
tlu‘re are many exe(*]>t ion.s. Tlie jiroperties or <‘haftiH<‘r.s of rocks 
which are of most iinjioHiinec in an engineei'ing ])oint of view are 
of two kinds; the .structural ami tin' eheinieal. 

With res{)(‘ct to the siructnral cliaracter of tln'ir large inasse.s, 
rocks maybe di\ided into two gi‘eatclas,ses,—1. The nnsiratitied, 11. 
The stratitied, uccoisling as tin j do not. or do consist of flat layers. 

1. The U nstreUified llorkH ar(‘ belw'ved vO h.ive become solid more 
nr less slowly, and under a greater or less ]»r<‘Hsnre, from a inelt(*d 
Bhite. Tlu'y are, for the most jmrt, hard, <‘om]iacl, strong, and 
durable. 

It is in general obvious that the great uiaascs of mist ratifled rocks 
arc* built, as it were, of blocks, which separate from t aeli oIImnt when 
the rock decays. In granite, for example, thosi* hloeka are obliipie 
hexaiidrons - in other words, rlioiuhoid.'il iirisnis, sometimes of 
enormous size; in basalt, tbey are regular hexngtmal or jientagonal 
prisms, built up into columns; in triji, they are irregidar prisms, 
sometimes ajuiroximatingimpeH'ectl}" to the eoliinmarf(»rm of hnsalt. 
In many cases the further progre.ss of (tecay rounds off the corners 
and edges of the blocks, and converts tliein into bonlders, which 
allow a tendency to break up into concentric oval layers. Jn 
all cutting, quariying, and blasting of unstratifi<*d rocks, the work 
is much facilitated by taking ads autage of the natural .joints bet wf'cn 
the blocks, at which the lyek is more easily divided than elscwhore. 

In their more minute structure the unstratified rocks pifstmt, 
for the most part, an aggregate of crystalline grains, finely adhering 
together. In granite and syenite, these ci-y.^tals are comparatively 
large and conspicuous; in trap, they ai-e much smaller and less di»- 
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tinct; in basalt, they ai*o alniost invisilile, and the stiHiofciire ia 
almost gltts^; in lava, it is decidedly glassy. Amongst varieties 
of sbructuro in instratified rocks, arc tbe porpliyritic, where 
detaehed crystals of ono siihstanco are imbedded in a mass of 
another; and the cellular, where the mass contains a miitibor of 
8}>herical or oval cavities, as if, in its former uieLed shite, it had 
air-bubbles dispeit-cd in it. 

Masses of unsiraiifh'd j’oek are oft( n tra.vei'soil by veins or cracks, 
sometimes empty, sometimes lined on the sides, and sometimes 
IKled witb crystalline masses of various minemla Such veins 
facilitate tlie division of the rock wlicj-e they traverse it. 

[I. Stratified Uovks consist of a scries of parallel layers, evidently 
deposited from water, and oHgiually horizontal, although in most 
cjses they have become more or h>ss inclined and curved by the 
action of disturbing forces. It is easier to divide* them at the 
planes of (livision b<'tvvccii those layci‘s tlian elsewhcm They are 
traversed by veins or cracks, sometimes empty, sometimes ooutain- 
ing ciystals sometimes filled with ^'d\k(‘s,” or masses of un- 
Btraliti<‘d rock, TJios(‘ vtdns or dykes anj often accompanied by a 
“fault,” or hbrupt altcnition of the levels of the strata. 

It is in the imintsliate neighbourhood of masses of unstmtifiod 
rock that the stratitied rocks show the greatest etlects of the action 
of disturbing forces in the inclination, curvature, and distortion of 
thoir layers. In such ]iositious, too, they often apjiear to have had 
their sti'ucture alteivd by heat and intense pi'essure, and to have 
been rendered harder and more com])aci. 

Besides its principal layers or strata, a mass of stratifiod mok is 
in general cjipable of division into thinner layers; and although the 
surfaces of division of the thinner layers are often parallel to those 
of thq strata, they are also otten obliipie, or even perpendicular to 
them. This constitutes a t ami noted stiaietura. Ijaminated stones 
resist pressure more strongly in a direction perpendicular to their 
laminse than parallel to them; they are more tenacious in a dircotlou 
parallel to their laininoi than peipendicular to them; and they 
ai’e more durable with the edges than with the sides of their 
laminie expo.sed to the air; and, theivlbro, in bivhliiig, they should 
bo placed with their laminse or “ beds” perpendiooliu*, or nearly so, 
to the direction of gix'atest pressura, and with the edges of those 
lamiuss at the face of the wall. 

In the more minute structure of stratified rocks the following 
varieties arA distinguished:— 

(1.) The conipoict crystalline structure, as in quartz rock and 
marble. This is accompanied by great stren^h and durability, 

(2.) The slaiy structure, when the rock, which is usually compacti 
can be split into innumerable thin layers, often highly iucliuM to 
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the sti'atification. This structure is cousidored to have arisen 
from intoiiye pre.ssure, in a direction perpeiidieular to the layers. 
Tt fai’ilitiitos quarrying. Home of tho stones ih which it oecuis, as 
hal'd clay-blato and hornhlendc-slate, arc amongst the Bti*ongcst and 
most durable know*. (.)th«*rs are soft and ])erishable. 

(3.) Tlio yron^ihtr rri/stalUue structure, in vniieli ciystalUne ginins 
either adhere liijmly togcthcr^as in gni'iss, or ai*e cemented together 
into one mass Hoiiio otlwA* materia^, as in sandstone. TJiis 
is aceonqjanied V)y various degiws of coni]»actness, pomsily, 
strength, iiiul duralnlity, irom Ihc highest to the Iovm st, pHb.Miig 
at the lowest extreme into sand. , , " • 

(4.) The C(nnpart graiivJar stmeture, wherq the ^finhis are too 
small to be vi^ilde, and seem to form a continiioi.s mass, as in blue 
limestone. Tins .structure is usually accompanic'd with eonsider- 
able strength Jiiid durability, it p.>''ses by gr.idations on the one 
hand into the compact cry.siallino siructnre (1), and in the other 
into, 

(5.) Tlie porous grauvJlar structiiH', in which the ginin-s are not 
ciystalliue, and arc often, if not ahvay.s, minute sslydls cenu'iitt'd 
together, as in oolite. The porosity of rocks hming thi.s structure 
varies much; aud so also do the strength and durability, which are 
seldom vciy liigh. In 4hcs<* rc,spcctb the lowe.st example is soft 
chalk. 

(6.) The couyloimrate htructui-e, wheie fragments of one material 
are imbedded in a mass of another, as in gmuwacke. 

The Jracture, or appearance of the broken builju-e of a stojie, is 
one of the means of showing its stnictural cliara<*ter. Tlu* follow¬ 
ing are (*xam])les:— 

The &oeih fracture, when the surfaces of division are plaTie,s in 
definite j)Ositions, is characteristic of a erystalJiue stnu-turc*. 

The tmeven fnicture, wlieu the broken surfact' prcbenis sharp 
projections, is characteristic of a granular .structure. 

The sfeUg fracture is even for ]>lanc.s of divksiun parallel to the 
lamination, and uneven for other direction.s of division. 

The conchoidcU fracture* iirescnts smooth concave and convex 
surfaces, aud is characteristii* ot a li.inl ami compact structure. 

Tho mrtliy fi*aclure leave.s a ix)ugh dull .surface, and indicates 
softness and brittlciie.ss. 

209. Chemicii.1 C'onvtittteiiia •f sionev*—-Tlio numerous substanc(*s 
which have not yet been decomposed, and which are thorefqre 
provisionally called “ elqjpentaiy substanc(*s” in clicmistry, are all 
found in the composition of stones. These elementary 8ub8tnJici‘s 
form, by their combinations, a vast variety of eom|)ounds called 
" simple minerals,” or mineral species.” Each simple mineral is a 
definite chemical compound, and is a hoinogoueous substance; that 
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is to say, every particle «»f it ijercpptible to any means of observation 
ifi Niiniiarly composed to eveiy otlier. Most simple miiiemlH ai-e 
distinguisli(*d Jilso by definite primary forms of ervsUilli/atioii. 
Two minerals wliicli Imve the same eheinical comjiosition may still 
bo distinguished as .rlistinct f^jieeics, by having dillereut jaimary 
crystalline forms, Thomson uiiumerales more th^n oOl) iiiineral 
sp(*eies; Jnnie.sou givt's alnmi 110 geuein, ea<*h eontuiniug Irom one 
to to sf>ecies. r * * 

,^’he masses whieli form the earth’s crust, whether stony or earthy, 
stratified or nnstratiJied, are made up of 8im]>le miiiends, eitJicr 
dr one Itiinl or o+' sevei'al kinds, not ehemically e-^mbined. 

'I'here are a few simple' minomls which are so muoli mure abun¬ 
dant in the earth’s crust than the othoi’s, that they fix the pjv- 
doiiiinant chaixictt'i’S, boLli chemical and inechanioal, of the stones 
into wlios(j compo.sitiou they enter; and those minerals alone, with 
their principal ch<mii(‘al ccnistituenis, need bo cousidei'ed in such a 
treatise as tlie ])re‘'('nt. 

Tlie prineijKil ehemical eoiistitucni of those predo7)iinaut itthiercds 
are four EAUTjHh, viz.- 

1. or ]mrt' flint. Its chemical comjtositiou is (according 


to the llritisb scale),— 

One equivalent of silicon,.. 28 

Two (‘(piivalents of oxygen,. ^2 

One equivalent of siliea,. 60 


Rilioti exists nneoinbined in great abundance, in the form of 
quartz, sand, and liiiiL With other earth.s and alkalies it combines, 
acting as an acid, ft is not solulde in any acid except the fluoric, 
nor wln'i) crystalli/.<'d is it soluble in water; but by an indirect 
pincess it can Ih' maile to form a gi'lalinons eoinponnd W'ith water. 

II. Ahimma^ tlie base of clay. Its chemical eonqiosition is 


Two equivalents of aluminium,. 

Three equivalents of oxygen,. 48-0 

One equhalent of alumina,. 102*8 


Alumina exist ,s uneombinod in the ruby and sajjpiiire, alone. In 
combination with uthc]* earths, it exists in great abundance. It 
acts either as an acid or as a base. It forms a paste with water; 
and by indirect ]>roresses, can bo made to form a g^tiuous com* 


|xmnd with water. 

III. Lime is thus composed,— <. 

One equivalent of calcium,... 40 

One equivalent of oxygen,. 16 

One equivalent of lime,. 56 












COMPOSITIOH OP NATURAL STONES. 

Linjo docs not exist in nature uiicoui\)iuetl; but in combination 
irith (jarbonic acid and witli other (‘urlhs it is veiy abundant. It 
is stroujifly aUcaline, and .soluble to a HUiall extent in water. 


IV. Magtvmcb is IhuH compo.se(l— 

One equivalent of magnesium,.. 24 

One equivalent of . 16 


40 

• 

Magnesia is not found in nature' uiieombineil; iu cou'biuation. 
with esu'bo.dc acid and with t>tln‘r earths it is ab’liiidaUt, though 
noi so much .so as the ihvet' eartlis hefove-mentiuned. * ll is aJhaliue, 
hut not so liighly ►so a,s lime, and is very H|).u‘iugly soluble iu 
water. 

In some of the predominaut niiueiMls tlie two following 
Alkalies are louud, eoinbim*d vvitli earths. Their jnvaenee in 
stone promotes its decomposition when e\j)Osed to ilu' ■weatlu'r:— 


Nanips Composition. l^.qvivnlent. 

V. l^otash, . rotassium 78-3 4 - o\}gen 16 = 94-3 

VJ. *SWa, . Sodium 46* 4-o\yg<*u i6 = 62' 


The following Acid exists aL.indantly m eomhin.itiou with lime 
and magnesia. 

VII. Gaa’lnniio Acidy,. Carbon i? 4 - oxygen 32 =: 44 

The presence of earbouio acid in stones is made known by their 
efh'rvesciijg when acted upon by stronger cW'ids. 

The metals iron and manganese also enter into the eoinjiesition 
of the predominant minerals, iu quantities comparatively siiudl. 
Their chemical cquiv^alents are, Ii*on, .">(5 j Manganese, .'>.5. 

210. The Predominant Nllueralii In Hioiivm arc the ftdJow iiig 

I. Quartz is pure silica. J(s hi.aviness is from to 2’7 timei 
that of water. Its piiruary ciy.sttilline Ibrm is a rhomholiedron. 
Its most comiuou external crystalline loi'in is a regular six-sided 
prism, with " six-sided pyramidal snmmit. 

When it occurs in transparent crystals, colourless or colouied, it 
is called rocherystal. In a coin])aet, translucent mays, it is calh'd 
In dark-coloured, translucent lumps, whieli are scattered * 
through the chalk, it is called In giuins, or small cry.stals, 

mom or less rounded at the^edges and comers, it forms mttd. Thei*e 
arc various other forms of quartz, which it is uunecossuiy to men¬ 
tion. It is the most hard and durable of all the predominaut 
taineral& 
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II. Felspar ia a uiiiieral genus of c<>ni|»ouudB of earths and 
alkalies, of which tlie tliree Bjjeeiea -whosie composition is given 
below are the most abuiulant, esjK*cially the tii’ht. Their heaviness 
is from 2*5 to 2*8 times that of wntei-. 

1. Com/noii Felnpai'y or Potunh Fehpnt^ is composed of silica, 

alumina, and j.otusli, in proportions v hicli nearly agree witli tho 
following eoiistilution :— , 

(i eipiivaients of silica; 

* ] equivalent of alumina,; 

. , 1 equivalent of potash. 

2. Soda Felspar has the whole oi* jiart of the potash roplufoed by 
an equiv^aleiit quautit^y of soda. 

8 Lime Fehp<w has the whole or j»art of the potii.sh replaced by 
an equivalent quantity of lime. 

Felsynir, with a crystalline or compact granular structure, forms 
the whito or flesh-coloured grains and crystals which .ore seen in 
granite, porphyiy, and some oIIkt »*ocks to he afterwards mentioned. 
With a slaty sinietlire, it form** fhnhsfon(\ With a soft granular 
stmeture and earthy fracture, it forms claysfone. It pivsenta all 
degrees of hardness and durability. 

III. Hornblende [iresents gre.at varieties in ajiyieamnce and 
composition. Its heaviness is trora 2-7 to 8*2 times that of water. 
The composition of the white variety agree.s nearly witli the 
following constitution:— . 

1) cquivahmts of silica; 

G equivalents of magnesia; 

2 eipiivalent of lime; 

and there is also a small ipiantity of fluorine, which may be com* 
billed Vith jurt of the caleium. The most common vai'ioties are 
the dark-gi'Cen and the black, in wdiich jiart of the silica .appears to 
be rejdaeed by alumina, in the jiroportiou of one equivalent of 
alumina for thrt*c of silica, and ]>art of the magnesia by an equiva¬ 
lent quantity of yirotoxide of iron. 

Dark-green or black hornblende forms a great part of the mass 
of greenstone or traji. It occurs in crystals, fibi*c., ud grains, and 
has a glassy luBtre, and a fractui’e sometimes conchoidal, sometimes 
uneven, sometimes slaty. It is one of the toughest and most 
durable ol uiiiierals. 

IV. Auuite mucb resembles hornblende in all its properties. 
The comjMisition of its white varictie*’ agrees nearly with the 
following:— 

2 equivalents of silica; 

1 equivalents of magnesia; 

I equivalents of lime; 
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wliile in the green and black varietitifs, part of tlie magnesia appears 
to l>e replaced by an equivalent quantity of protoxide of ii-ou. 

V. Mi(JA is distingnisLcd by Inuiiig a liusiuatc'd structure, so 
that it either consists of or ran easily be sjdit into transparent or 
€cmi-tinns]>areiit layers or scales, ft is flexible, and so s<dt that it 
e.au be cut witlf a knife. Its Ju'iuiness is from 2-8 to 3 times tliat 
of water. I’he conq>osition of one variety is nearly as follows:— 

1 6 ecpiivalents of .siliea; ® 

4 ctpiivuViits of aliiuiina; , 

3 e(jui\alents of potash; 

6 CipiivaUmts df oxid(‘s of ijwi and ef inenganese. 

In other vaiieties ])aj*t of the p(»tash Avonhl rtcein to be i‘(‘placed by 
litbia, and by an additional quantity of oxides »>f iron juid <»f man¬ 
ganese. Some kinds contain fluorine. 

VI. ChJjORITE, or greiMi earth, is a eomponud of the silicates of 
magnesia, alumina, potash, and oxide of iron, with some water. It 
resembleH mica in its laminated slructur<‘, and in its softness and 
flexibility. Its h<*{iviness is from 2*7 to 2'8 times that of water. It 
oceura in sni.all scales, in large sheets, and in slaty raass(*.s. 

VII. Carbonate of Lime consists of one eqnivah'nt of carbonic 
acid and one of lime. It forms all the larieties of iiiarbh* .ind 
limestone. These stones will oc further described afl.ci*war<ls. 

Vin. Dolomite is a comjiound of carbonate of lime and car¬ 
bonate of magnesia, in the ]>r()])ortion of about two (‘quivalcnts of 
the former to one of the latter. It fonus various magnesian lime¬ 
stones, to be d(‘8cribed finflier on. 

211. Htonra Clfifiwd. —'J’he atones U'<(‘d in building are divided 

into three classes, each distinguished by the em-t/i which forms its 
chief constituent. These aro— . 

X. i^Uiceous Stones. 

II. A rgillamms Stones. 

Til. Calca/remis Stones. 

212. fillllceoiiM Mtonrn ai*e those in which silica is the characteristic 

caHhy ooDSlitucnt. With a few cxcej>tions their strneturo, is 
trysUdline-grmiuia/ry and the crystalline grains cmitained in them 
are hai*d and rlumble; so that weakn(‘s.s and (bray in tbein giuie- 
lally arise from the decomposition or disintegration of some s»tftcr 
and more jjerishable material, by which tlie gr.iins are cemented 
together, or by the freezing of water in their jiores, when they Ure 
porous. • 

The following are the piincipal siliceous stones used in building■ 

I. Granite and Syenite are unstiulificd rocks, consisting of 
quartz, felspar, mica, and homblendo. Tim name grmtfe is 8])tjoially 
applied to those specimuna in which thoi'o is little or no horublendej 



356 


MATERIALS AND STRUCTURES. 


ilip name ayenite to tboae in wliioli thore is little or no mica; but 
both are po]nilarly kno\?ii a« yrunUe. 

The quartz is in the* form of cl(*ar, colourless or gray crystals; the 
hon)blcn(U) (when present) in dark-green or black crystals; the 
mica in glistening scales, or grains coni])ose,(l-of such scales; the 
felsj)ar in compact opa<pie crysUils, of a white, yellowish, or flesh 
colour. 

Giuuite is found uuderlyhig the losvcht or “ primary ” stratified 
mcks, and often rising Ihrongh and over them in <lykcs, veins, and 
mountain niass<*s, which naturally brcjik iij) into large rhombtndal 
blocks, as stated in Aiticlo 20S, ]>. t ^ 

I’lio diirdbilUy and liar<Iness of granite are the greater the more 
qiiai’tz find honibleiide jn-odominate, and the less the quantity of 
felspar ami mica, which an* Hit* more weak and perislialilo ingi'e- 
dicnts. Smallnosa and lusire in the crystals of fe 
durability; largeuchS and dnllm’ss, flu* reverse. 

The liest kinds of granite are the strongest and most lasting of 
building stones. Tin* dillienlty of w<u*king tlmni, caused by their 
givat hardness, is only overcome by l<»ng practice f»n the pirt of the 
stone-cutters. Minute ornaments cannot be carved in grauite, and 
a simple and lu^l.ssi^e st>lo of architecture is the best suited for it. 
Tt is us<‘d chiefly in woiks of great magnitude* find imjiortauce, such 
as liglithotisoH, })iers, breakwal{‘rs, and bridges ovi‘r largo rivers; 
and for sueh juirjxfses it is brought from gimt disbinees at consider- 
Jible cost, the stones bi'ing often cut to the re(piir(*d forms before 
leaving the quairy, with a vu'wto save ex])enae in carriage, and 
to obtiiin the benefit of the hkill of stone-cull<*rs aecusttmied to the 
material. It is only in districts where granite abounds that it is 
used for ordinary building purposes, 

II. GIneirh and Mica Hlate consist of the same materials with 


Ispar indicate 


granite, in a stratified form. They are found in the neighbourhood 
of granite, in strata much inclined, bent, and distort<*d, and often 
form great motinfiuu msisst's. Gneiss reseinblo.s granite in ita 
aj)j)«ai"tnce and ])i*<»])eriios, but is less stivmg and durable. Mica 
slate is distingiii.s]u‘(i by containing little or no f^spar, so that it 
consists chiefly of quartz and mica; it has a laminated or slaty 
strucinre, and the silky lustre of mica; it is a tough material, in. 
dimitions jiai-alhd to its layers, but i.s more pen'shable than gneiss. 
Both these stor^fts are useil for ordinaiy masonry in the districts 
where tliey an* hpund. Gneiss, from its stratified structure, is a 
good material f(»r\fl«g-*'tunes. Mica slate, split into tliin kyera, 
may lie used for coVeriug TOofs; but it is inferitir for that purpose 
t<» chy slate. 1 

III. GreenstonA Whinstone, or Trap, and Basalt. These 
ixkks are uustmtifl'^c'd, and couusist of granular ciystals of hornblende 
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or of awgite, with felBi)ar. In grccnstono t?'e graiii't are cormicit-r- 
ably tinei* than in granite; in Uisalt they arc scarcely (libtiiiguishable. 
Grcoiistoiie breaks nj> into small blocks j basalt into regular j)ris- 
inatic columns. (Article 2()H, j). .'U9.) Th(’y are fouinl in veins, 
dykes, and tabijjar Inasses, amongst stratified 'roeks of various agt‘S. 
Greenstone is usually dark-green, rartly white or red; l}a.salt lu'arly 
black. These vi^rieth's of c«)lour are d'U' to the ]iorijblend(‘ or the 
augite, tlu! fcKjuir being wLif<*. Both Jieso rocks an* very conij)nct, 
durable, hard, and tough. TJie suuiilness of the l)lo<*ks in wlych 
tiny can l>c ohiiined, and ihc ditiicnlly of working them, prevent 
their being us<m1 in large' wbrks of niasoni'y; but they are weft 
adapted for ordiuaiy buihliiig, and especially veil ssited for paving 
and metalling roads. 

IV. Talc, Ciiia)R1TB Slatk, Soapstone. In these stones, 
silicate of magnesia [>mlomi nates. Talc is in lranspar<’nt or 
translucent slit(*ts of a lamiiiateil stnieture; it is soft and easily 
cut. ChlorUe is also laminated, soft, ajid easily cut, but more 
opaque than talc; it is sometnues used for roofing^ but is itiferior 
to clay slate. It has a green or greenish-gray colour, ami silky 
liistiu 

i^oapstone is fransluceub and soft, and gtvasy to the touch. If is 
valued for its power of resistin', the action of fire. 

V. Qtubtz Hock, Hornstone, F’ljnt. 'Fhese stones consist of 
quai'tz, pure, or nearly pure. Quartz rock and Jiorustone are 
stmtified, and appear to have been })rodnced l>y the aetion of in¬ 
tense heat on btaudstone; they are bofh eompuet. (^nart/ ivx'k is 
crystalliiio: hornstone is glassy. They are tin* strongest and most 
durable of all stones; but their hardness is so great ius to make 
their use in inasoniy alniosi impracticable. 

Flint is found in nodules or pebbles scaftered through the chalk 
stiuta, ami in beds of" gravel, apparently left after the washing away 
of the chalk. It is hard and dumble, Imt very brittle. Flints am 
used for building puqioscs by being made into a eonci'ete with lime. 

VI. Hobnblekme Slate is hard, tough, durable, and impervious 
to water, and is used for Hag-stones. 

VII. S * NDSTONE is a stratified rock, consisting of grains of sand, 
that is, small crystals of quaiiiz, cemented together by a material 
which is usually a compound of silica, alumina, and lime. In the 
strongest and most durable saudstono the cementing material Is 
nearly piii’c silica; the weakest and least durable is that iu which 
the cement contains inifch aliimina, and resembles soft felsimr or 
olaystone. Wheii there is much lime in the cementing matter of 
sandstone it decays rapidly in the atmosphoro of the sea coast, and 
in that of towns where much coal is bin*ned; in the former cose 
the lime is dissolved by muriatic add, in the latter by sulphune 



BIATERIALS AED BTEUCTUllER. 


358 


ttcul. Cahtferom mndniout'K^ as containing inuoU lime are 

call(’(l, pass Ity in-ciisiblt* tlcgn (‘s into smdy liiu<'stoijeB. 'Die 
upjxaiauc'o of stvoiig and din.iWlo samlstoiu* is ohamctiTizecl by 
sliaipiK'ss of the grains, sm.illiK'ss ot lh<' tju.iniit) of ocmeiitirig 
material, ami a elear, shining, and transhioeiVt anjicararice on a 
ne^vly broken suilaee. iiounded grains, and a ilnll, mealy sui*facey 
characli nze volt and pciishnble aindstono. ^I'lie be t sandstone lies 
in ilnek .stivit.i, fioin wlin-li^it can lx (-nl in blocks that show very 
ftiMit traces of stiatilicalion j Dial Mliieh is easily split into thin 
laM*rs is Aveaker, S.indstom* is lonnd in (‘\er\ geological formation 
iil)o\(‘ the [ riniai') loiks, amongst which i(v place is siiji^il’cd by 
Jionistoiie and'piait-* rock. Tin* best kinds on tlic whole are those 
wlneh belong to (he <*o.d lormation; hut they sormdimes have their 
stiength impaired In being dixided into layers by estisnnely thin 
lamnne of coal. 

'Die colours of sandvtoiie aie white, ^e]low isli-ivil, and red, the 
lattis* colours Ixniig piodiusd h\ tlie ])iesence of jioroxide of iron 
ill the ctimsiiing uialei id thystaK ol sul[ihmet of iron are 
sonu times inbe<ld<<j in il; whii. i\|ioM'd to iiii and inoifitiire, 
tiny di‘Coini)Ost>, and cause disinti gr.itiou oj the stom* Tiny ui’c 
tMsily recognizid ly linn* ^I'llow or yellowish-gray colour and 
metallic Indre. Sandstoiii' is in geneiar iiorons, and ca|>ablc of 
jih-voibing Him h w.itci', but it is compaiatively littb' injured by 
nioistnris unless wln'ii built witli its layers sit on edge, in which 
(M'^e (he expansion of w.iter in fieiving between the layers makes 
them split or “ sc.ih ” oil' tioin the face of the stone. When it is 
built on its natural bed,” any watoi which may jH'uetrate between 
tlie idges of the lajyeish.is room readily to expand or I'scajie. 

The b(‘tttr kinds of v,.iiid'-tone are the most generally nseftil of 
buildiu|3; sttms, Ixing stiong .ind hvting, and at the same time 
easily i iit, saw n, juid dressisl m i very way, and fit alike for every 
purpose of“ masonry. 

Arttiiiiirronn or C'linrj Mionr« ait) those ill w'hieh alumina, 
although it may not alwMvs he the most abundant constituent^ 
exids in sutlicient ipiantity to give the stone its clinrauteristio 
properties. 

I. TN)kpk\ It'S consi.st.s of a mass of fels])ar, with oiy rtuds of felapar, 
and sometimes of ijuaitz, liornhli'iidr*, and other mineials, scattered 
through it it oeeiirs of all degrees of Imrdneas, Tin* variety in 
wliicli the felspar matrix is soft and earthy is called daystons 
]X)rp?iyry; it is of litth* or no value for building puii»oHe.s. The 
hardest kind, in which the matrix is compact and ciystalline, and 
the wliole material beaulifnlly colouretl and cajiahle of taking a 
high jiolish, is sometimes stronger than gi'unite. it is rare, and is 
valued in huilding for ornamental jnirposca 
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TI. (‘lvv SiATi^iK ajn'iumrv stratilUMl rocjk of £<tvat liurdness and 
doiiaily, with n huiiiiiatod htriu-tiuv making in poiuTal a grtjai angle 
with its [jlaiK's of its stj’aiification, (Sot* Arli<’lo !3t)8, p..'t,0O,) Its 
oolour.s an* bhiish-jjray, hlno, and purjJe, the darkest c<»Ionrs 
iiidicaiing in general the gn'atest btreiigth au^ dniability. ]t can 
be split into slabs ainl ]ila(es of small lhi<'kuei«s ami great aiva, and 
is nearly imj»erv»>us to qualities whieli make it the best 

stony matei'ial lor eoviTiJig roofs, lini?»g water-tanks, and similar 
pur])oses. The strongcx* kinds of elay slate have in«)re tenacity 
along th«*ir laniime than any other stone whose lenaeity^lias boei^ 
a.-ieerisrim'd. ^I’he sinns of good ipialiU in slue <Tre, Lompactneas, 
smoothness, and nnilbniiity of texinre, eh ai« dark •colour, lustre, 
ami the emission ol a ringing sinmd when struek 

1II. (liurwACKJi SnvTEis a laminated ehiv'-lone, eontaining sand, 
ami .sometimes fragment.-^ of nne.i .ind <»tlu'r minerals. It is used 
lor rooting ami for thig-stones, but is infeiioj U) elay slate. 

^14. C'alrarrouM Mtoae<« are those in which Carbonate of lime 
])redomm.'iteR. Tliey eflervesee witli tin* dilute mineral ai-ids, 
whieh eoinbim* with the bme, ami set fiee earTiotjie acid gas. 
Sul[ihuric acid forms an ins<tlnble eonqiound with (he lime. Nitric 
and muriatic arid Ibim eompiainds with it, whieh are soluble in 
water. By the aelitm of intenst* heal Ihe earhonic acid i.s exfielh'd 
in the gaseous tbrm, and the bme left in Us canslic or alkaline 
state, w hen it is called quuKUmn. Some <'}ih*areous stones consist 
of ptiro ciubouatc of Jiine; in others il is mixed wiili sand, clay, and 
oxide of iron, or comhiiied with carbonate (»f iimgiiesia. The 
durahility of calcareous stones tlepemls on their com j met ness: thosi* 
which are iiorous being dKsmt(*g>-ali'd l»y the frecssing of water, and 
by the chemical ai’tioiiofan acid atmosphere. They are, for the 
most [>art, easily wrought. 

I. ^AKBLE is eouijtact crystalline earhonato of brnc. Jt is found 
chiefly amongst the ])riiiiaiy strata, and g« Jinrally in tin* noigbbtmr- 
hood of igneous rocks. Jt is frausbu'ent, cajtablc i»f a tine ]M>lisb, 
sometimes white, and .soiuetunes variously coloured. Jt is one of 
the most durable of all storu's. fts scarcity and vjilue prevent its 
bi'ing uscd*exce])t for onnimciital buildings. 

II. ( vOMPACT J^MESTONE Consists of carbonate of lime, either juiro, 
or mixed with sand and cltiy. It varii's in haTdiu*ss and oomjiact- 
Boss, sometim(*s apiiroacJiing to the condition of marbh*, sometimes 
to tliat of granular bmestone. Its most frequent colours are' 
white, gitiyish-bliic, ainf whilish-hrowu. It is found amongst 
primary and secondary stmta, and Jihoiinds specially in tJie coal 
formation, and in the lias formation, ft is \ery useful as a 
building stone, and is durable in proptuiion to its compact' 
ness. 
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III. Gbanxtlar Limestone consibts of carhoDfitte of lirao in gminiv 
which are in genoral shells or I'mgnn'nts of shells, oemeuied 
together by some compound of liuio, silica and alumina, and often 
mixed with a greater or less quantity of saud. It is always more 
or loss i)Oi*ous, and the less i)oi*ous tho more dureblo. It is found 
of various eolotii’s, espeeially white, and light yellowish-brown. 
In many cases it is so soft when fic’st qiianied tiiat it can he cut 
with a knife, and hardens hy exposure to tho air. It is found in 
virions strata, esjK^ci.illy tho oolitic Airmatioii. It there apjK*ar» 
in the form of OoUtej or lioestone^ so called because its grains arc 

' round, and resi'rable tho roe of a lish. The pleiising colour and 
texture of oolite, wnd the ease with which it is wrought, have 
caused it to be much used in building, especially where delicate 
carving is required. The durability of oolites varies extremely. 
The Portland stone, tho Bath stone, and the Aubigny stone (from 
Normandy) are examples of durable oolites. The perishable kinds 
of oolite decay more rapidly than almost any other stone, espeeially 
in an acid atiuusphere. 

IV. Maguesian Limestone, or Dolomite, is found in various con¬ 
ditions, trom the compact ciystallino to the j)orous granular. In 
Britain it is found in the n(‘w red sauilstone fomation im¬ 
mediately above the coal. It is like li?nestoiie in appearance. 
Its durability dcj)ciids mainly on its texture; when that is com¬ 
pact it is nearly as lasting as marble, which it resembles in 
ajipoarauce j when pcji’ous it is very perishable. 

iirK Htrengih of fiitonoK. -Tiic external ajjpearances ^om which 
the probable comparative strengtli or weakness of stones may 
be inferred have been stated in the course of the preceding 
articles. 

Amongst stones of the same kind, that which has the greatest 
heaviut'ss is almost invariably t he strongest. 

The rcsmlts of ptust ex[»erimentH on the strength of stones of the 
same kind diff(T v(‘ry much from each other, probably owing to 
variations in the strength of the specimens of stone exjieriroented 
on. The results given in the tables of the sti*engih of materials at 
the end of the volume aio averages from discoiri mt data. 

The following table contains some additional information on tlie 
ivaistancc of stones to crushing, extracted fi’om a paper which was 
read by Sir Wm. Pairbairn to tlie Manchester Philosophical Society, 
and published in his Useful Information for EngineerSf seooniA 
series 


* See elBO " Tables of Strength of Materials^’* p. 767* 
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Crushing Stress, in lbs. 
on the Square Inch. 


Grauwacke from Penmaenmaw,. 16,893 

Basalt, Whinstoue,. 11,970 

Granite (Momit Sorrel),. 12,861 

„ (Argyflsliiro),.10,9 r 7 

Syenite, (Mount Sorrol),,... . 11,820 

Sandstone (Strofig Yorksliito, moan 9 expeii- 

menta),. 9»824 

„ (weak specimens, locality not stated), 3,000 to 3,500 

LimeLtonr, compact (str(uig),i. 8,528 

„ inagnesiun (strong). , 7,098 

» » (weak). 3,050 


The experiments further show, that the resistance of strong 
sandstone to crushing in a direction pai’allel to the layers, is only 
six-sevenths of the ivsibtanco to crushing in a direction |»erpen- 
dicular to the ia^e)'s. 

The hai*des»t stones alone give way to cnishing at once, without 
previous warning. All othem begin to crack or split pnder a load 
Jess than that which finally crushes them, in a yanportion which 
ranges from a fraction little less than unity in the haixler stones, 
down to about one-hafj'iu tlie softest. 

Tlie mode iu wdncli stone gives way to a crushing load is in 
g(‘ueral by shearing. (Article 157 , p[i. 235 , 23 fi; Article 158 , p. 237 .) 

Experiments on the strength of stones have hitheiiK) been made 
almost universally 011 cubical specimens. It is desirable that they 
should bo made on prismatic si>ocimt'ns, whose heights aro at least 
once and a-half their diameters; Ibr an expei’iment made by 
crushing a cube indicates somewhat more than the real strength of 
the material. 

When any building of importance is projected, the beat course ia 
not to trust to boolm for information as to the strength of the 
stone to be \ised, but to tost it by s|n*cial experiments, which 
can easily be made by the aid of a hydraulic i»r<’a». As to tlio 
method to be followed in making those <*xp(‘nments, and calculating 
their results, in order to insure accuracy, ^eo Article 144 , pp. 
223 , 224 . 

^ The factor of safety in structures of stone should not be less than, 
eighty in order to provide for variations in the strength of the 
Bnaterial, as woll for other contingencies. In some sti*uctures, 
which have stood it is lesgj but there can he no doubt that these 
err on the side of boldness. 

216 . Vwitirtg iHimblliir of suMiM. —The appearances which in<li> 
jete probable durability have already been mentioned in desorib* 
lug partiottlar kinds of stone; but they aie often deceptive. 
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One test of the probable comparative durability of ttoMe of ^ 
♦»»?e kind is the smallness of the weight of Vvaier which a given 
weight of stone is baiwble of absorbing. 

The following are exanijdcs:— 

Granite absorbs one part of wat(*r in from*8o#/0 ^oo of stone. 

Gneiss, „ „ „ „ about 40 „ 

(Jliiy Hlate, „ „ , » i » 80 to 700 „ 

Sandstone (8ti-ong, Yoi'kahire), „ 30 to 60 „ 

i^notber test of jn-obable comparative diiiubility (invented by 
M. llraVd) is to imitate the disintegrating action of fwist by means 
of the crystallizati^ju of sulphate of soda, and weigh the fmgments 
so detached from a block of a given size and surface in a given 
time. (Aftna/es de Chimie et de Phyfdque, vol. . 38 .) 

TJie only Burt‘ test, however, of the durability of any kind of 
stone, is experience; and the engineer wlio jii-oposes to use stone 
from a particular stnitum in a particular locality in any iinpoi’tant 
structure should carefully examine buildings in which that stone 
has been alwiftly used, especially tlio. e of old date. 

The great ditierence wliich may exist in the durahility of stones 
of tin* same kind, and presenting little difference in a])pcarance, is 
strikingly exemplified at Oxford, where' Christ Church Cathedral, 
built in tliC/ twelfth or ihirfeenth century, of oolite from a quarry 
about fifteen miles away, is in good preservation, while many 
colleges only two or thret* centuries old, built also of oolite, from a 
quany in filie neighbourhood of Oxford, are i-apidly crumbling to 
pieces. 

217 . Pivserration of atone.-—The various proccsses which have 
been tried or prc»]>osed for the jireservation of natumlly perishable 
stone*^ all consist in filling the jiores of the stone at and near its 
expo.sod surface with some substance which shall exclude air and 
moisture. In every case tlie surface of the stone should be pi*e- 
pared to receive the pre.sorving material by expelling the existing 
moisture as comjdetely as iiossible; and this is easily done by the 
aid of a portable furnace containing burning coke or charcoaL 

The principal preqprving materials are the following^;— 

IHttuminous madferj such as coal tar. is veiy efiicient; but un¬ 
sightly from its colour. It is possible, however, that a colourless 
or light'Colourcd bituminous substance, suited for the preservation 
of stone, might be prejiared by dissolving “ paraffine *’ (so-called) in 
pitch-oil, or by some sueb process. f 

Dryimj Oil, such as linseed oil, either unmixed, or as an ingredient 
'of paint, protects the stone for a time; hut it is gradually destroyed 
by the oxygen of tho air, so that it i-equires renewal from time to 
time; and it injures the appearance of the stone. 
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Silicate of Potash, or soliible glaHs, is applied in a state of 
Rolation in water, either alone or mixed witli silica in fine powder. 
It gradually hai-dcns, partly through the evapcfation of its water, 
and partly through the removal of the potash by the carbonic acid 
of the air. * 

Silicate qf Linfe is produced by filling the poi»eB of the stone with 
a solution of silicate of pobisli, and then introducing a solution of 
chloride of calciniR, or of nitfetc of liny). The chemical action of 
the two solutions ])roduccs silicate of lime, which fonns an arlilioial 
stone, filling the ])oj*oh of the natural stone, together with chloride 
of potassium or nitrate of ])ot^sh, as the case may be, wliich salts,, 
being soluble in water, are washed out. 

The efficiency of the last two processes, and of various modifi¬ 
cations of them, has of late been much contested. Time and 
exj)erience only can show then* real moils. 

218 . fSxpannion «f Nionc hy Drat.— The following are the ex¬ 
pansions in linear dimensions, accx>rding to the experimenfs of 
Mr. A die, of some kinds of stone, when raised from the tem¬ 
perature of melting ice ( 32 ® Falir.) to that of watty* boiling under 
the mean atmospheric pressure ( 212 ® Falir.); tliaf is, through 
180 ® Fahr 

Granite,. * . *0008 t«i '0009 

Marble,. -00065 to -ooii 

Sandstone,. -oooy to *0013 

Slato,.!... ‘00T04. 


Section II. — 0 /Bricks, and other Artificial Stories, 

219, Clay for Brick*.— 'Pin* various sorts of clay, which are veiy 
numerous, are chemical compounds consisting of silicates of 
alumina, either alone, or combined with silicab's of potash, soda, 
lime, magnesia, iron, and mangjuiesc. The complex clays ap¬ 
proximate in their composition to felspar; anil many of them 
may in fact be considered as soft varieties of felspar. (Article 
210, p. 354.) 

Olay and sand mechanically mixed constitute loam; clay and 
carbonate of lime mechanically mixed, marl. Amongst other 
substances which are found mixed with clay are peroxide of iron, 
Bulphuret of iron, bitumen, &c. 

Every kind of clay h{^ the property, in its natural condition, ef 
swelling and forming a paste when mixed with water. The ex¬ 
pulsion of the water by heat is a slow process, and ix^quires a high 
temperature, and is accompanied by shrinking and hardening ot 
the of clay. It is doubtful at what temperature the ex* 







1 . 


VATEETALS AND STItnCTniim 


f 

>364 

pulsion of tbe watei* is cum])lete; for so far as expei-iiuent has yei 
boon canied, it appt'ars that how hii?h wever the tt*mperature at 
which a mass of clay has been “bimd,” as it is called, it will 
continue to shrink and to lc)S(‘ weij*lit if raised to a higher temper¬ 
ature, A mass of bnnit <‘laj, at tempiMuiures lower than that at 
which it has been burnt, cx])auds with heat auS contracts with 
■cold like other solid suhstanccs. , 

liy tile ojM'iittion of “burning,” at a sufficiently high temj^erature, 
clay becoraes hard and gntty, and loses either wholly or almost 
wholly the ])ropeity of eoinbining with water. Whether the clay 
lift (‘I wards slowl}' bofleiis, and lecoi er>i that i>ro|)erty (»r not, dpp^ii^ 
on its composition, and oii flie chemical agcuita to which it is ex¬ 
posed. I'he jii'cstmce of alkaline constituents in the clay, and the 
action of acids upon it, tend to promote hofteuing; and this goes on 
the more rapidly if it has \>efn Imnied at bK* low a temperature. 

Single earthy silicates, or compounds of silica w'ith one other 
eaith, are dimoult of fusion, and resist the most intense heat 
of a furnace. This lais boeii already exemplified in silicate of 
magnesia, or sgaiistone. (Article 212, p. 357.) Douhle, or more 
comjilex silicate's, are more e«Asily fusihlo, espeeiiilly if one of the 
two or more silicates that arc comhined has for its liase potash, 
soda, or lime. In conformity with this general law, the refractory 
clays, or those whicdi resist fusion by the gi'catest heat of an 
oidinary fui'nace, are those which consist of silicates of alumina 
alone; and such clays only pro fit to make fire-bricks and crticiblesi 
and to cement together the jiarta of funiacos. 

'riic following aiT exjunples:— 

Porcelain Olay, or Kaolin, consists of 

, 2 equivalents of alumina, 

li equivalents of silica, 

which com|)Ound, in the naluivd state, is combined with two 
equivalents of wat(‘r, ne.arJy all of which can lie cx[)elled by a 
white heat. It is fouml in the neighbourhood of granitic rocks, 
having been formed by the slow deeomjiosition of potash-fclspao', 
under the action of the carbonic acid and moishoe of vhe atmo¬ 
sphere, which liave abstracted the pot^h and nine equivalents 
of silica. Its colour is white or cream-colour. 

Stourbridge Fire Olay consists of 

1 equivalent of aluminu, 

3 equivalents of silica, 

With two oquivalentB of water, or thereabowts, wbieb cau be ixemrlj 

4il expelled by a vMte lieat, and a amW 
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This and othor i^re-olaje are found chiefly in the coal formation. 
Their colours are white, light-gray, and yollowish-gmy, the colour¬ 
ing matter being in general a small quantity of oxide of inm. 

Cofiimon Clays are rendered less difliculi to fuse than porcelain 
clay and fire-clay, hy |jhe presence of silicates of lime, magiH*sia, and 
protoxide of ironf and the bricks made of theih, when tlmroaghly 
burned, are ]>ai*tially vitrified. Of those constituents, protoxide of 
iron is the most favouiuble t^ the quality of tlie clay as regards 
the purpose of brickmakiiig, as it ju-omotes the strength and hard¬ 
ness of the bricks. Its presinee is shown by a dark greyish-bluft 
colour, which is changed to led at and near the suiface of the , 
bricks b/ buming. 

Silicate ot lime in the clay in any considerabh quantity makes it 
too fusible, so tliat ilio bricks soften in the kilns and become dis¬ 
torted. 

Carbonate of lime, mixed with tlie clay in considerable quantity 
(indicated by eflcrvescenco with acids), loses its caiTionic acid during 
the buming; and the quicklime which remains tends afterwards to 
absorb moisture, and cause disintegration of the briqjc. Olay con¬ 
taining this impurity should bo avoided in making bricks. 

Sand mixed with the clay in moderate quantity is beneficial, as 
tending to pre\ent excessive slirinking iu the fire. Excess of sand 
makes the bricks too brittle. One part by volunu* of sand to four 
or five of pure clay is about the ’>ost proportion. 

220 . Maniiltartnre and Qnaliflea of Brlvk«u— In making bricks, 
the clay having been cleared of stones, is “tempered;” that is, 
mixed with about half its volume of water, and worked by stirring 
and kneading until it forms a })erfectly uuiloiin and homogeneous 
paste. The quality of the bricks depends mainly on the efficiency 
’ft ith which this is done. It may be performed by a machine called 
a in which th«* clay, coiifciiiied in a vertical cylinder or 

ban’ol, is stirred and mixed by flat arms lU’ojt'cting fiom a rotating 
vertical axis, and at tbo same time forccil downwaids by tJie 
obliquity of the surfaces of those arms, so as to be made to stream 
riowly from a hole near the lower end of tlic barrel. 

The wet clay, having been properly tempered and worked, is 
formed into bricks in moulds, which are larger than the bricks are 
intmided to be when burned, by about 1-10th or l-12th of each 
dimensioii, that being the ordinary proportion in wliich the 
dimensions of the brick shrink in burning. 

Ordmaiy moulds for bricks measure about 10 inches in length, ti 
inches in breadth, and o indies or thereabouts in deptlj; but 
bricks for special purpose are moulded of a great variety of 
ihapea Tarious machin es have been invented for mouidiqg 
them. 
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The bricks, baying beou dried in the open air, or in a drying 
bouse with a temperature of from 60 ® to 70 ®, are burned in kilns 
whose temjn'raturo is gi’adually raised in the course of twenty-four 
hours to a white heat, imiiiitaincd nearly at that temperature until 
the bricks are sufficiently burnt, and then allowed to cool by slow 
degrees. The dui-.rtion. of the ju'occss of burning and cooling 
varies; but fiftet‘n days, or thereabouts, is not unusual. 

From data C(»nt!iiiiod in a paper W Mr. F. W Simms, it appear* 
that the labour of inaking^bricks by hand is as follows:— 

I” one tcmperer, 

’ Three men, viz......-J o’sie moulder, a 

( one wheeler. 


and tw(» boys, viz.. 


one earner boy, 
one pickcr-up boy, 


, make 16,100 bricks per week. This is at the rate of 


1*12 (jays’ work of a ^Jian, and 
07 b days’ work of a boy, j 


per 1,000 bricks. 


The fuel consumed in burning bricks ranges from 6 to 10 owt 
per 1,000 bricks. 

The foUowiiig are chanicteristics of good bricks. 

To be regular in shape, with plane parallel surfaces and sharp 
right-angled edges. 

To give a clear ringing sound when struck. 

When broken, to show a compact uniform stnicture, hard and 
somewhat glassy, and free from air-bubbles and cracks. 

Not to absorb more than about onc-fifteenth of their weight of 
water.* 

Bricks which answer the prc'oeding desoiijition, when set on md 
in a hydraulic press, should require at least 1,100 lbs. on the square 
inch to crush them, agrt'cably to the strength of “strong red 
bricks,” as stated in the table at the end of the volume; and they 
will sometimes bear considerably more. A smaU pillar ofbritk- 
voork^ made of bricks of this quality laid in ciinent, should require 
from 800 to 1 ,000 lbs. on the square inch to crush it (See page 237 .) 

Bricks in general begin to snow signs of giving way, by splinteis 
ing and cracking, when under about one-half or two-thirds m their 
crushing loud. 

The weaker qualities of bricks may bt estimated as having from 
one-half to two-thii-ds of the strength stated above. 

The bricks supplied for every Wilding of importance should be 
carefully inspected, and the defective ones thrown away* 
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The expausioii of bricks by beat, in rising from 32 ^* to 212 * 
Fabr. is as foUows,* according to Mr. Adie;— 


Common brick,. *00355 

Firebrick,...^ . ‘0005. 


221 . CompreMed Brick* are made by dryiti/|^ the clay, grinding 
it to a fine }K)wd€;j, putting ij into moulds of proper shapes, sub 
Jecting it to a ju’cssurc of ifbout 5 toite on the square inch, anc 
baking the bricks in a poti-cry-oven. The bricks so made hay< 
about once and a-half the heaviness of ordinary bricks, and con 
siderably g.. eater stri'jjgth. They sliri..ik very little in 

222 . Other ArUflctei Stone*. —Artificial siiiglstonqji, closely re¬ 
sembling natural sandstone in a)>pearanco, strength, and dumbility 
are made by cementing clean sharp sand together with ailieato o. 
IMOtash (Kuhlmann’s process), or silicate of lime (Ihin&oine’s process) 

In the latter case, clean shaii> sand is made into a paste witl 
silicate of soda, and moulded into blocks, which are immers(*d ii 
a solution of chloride of calcium; th(‘ latter substance penetrates tlic 
whole block, prodiicing silicate of lime, wliich cem^ts the sane 
together, and chloride of sodium, which giudually escapes in solution 

(As to Concrete, see pp. 373 and 793 .) 


Sectiok III .—Oeimnting Maieri^s. 

223 . Analr*i« of fiimmtonr* nnd Cernent Hionc*.— Stones con¬ 
taining carbonate of lime in combination and mixture with othex 
minerals are the most abundant and useful source of the cementing 
materials used in masonry. The following are their principal 
coustituentB, with their chemical equivalents;— 


Carbonic Acid (sec p. 353 ),. 44 

Lime (see p. 362 ). 55 

Carbonate of Lime, 44 + 56 =. 100 

Magnesia (see p. 353 ),. 40 

Carbonate of Maguesia, 44 -f- 40 = 64 

Silica (see p. 352 ). 60 

Alumina {w p. 362 ),. toc-S 

Ferrous oxide of iron (see p. 495). 72 

Ferric oxide of iron (iron 112 -p oxygen 48), 160 
Water (hydrogen 2-f-oxygen 16), i8 


It would be out of place in this work to enter into detaOs of 
^emi^ processes; nevertheless, it may be useful to give the 
f^lowing directions for determining roughly the prupoi^tions 
of those Constituents of limestone which are of the greatest 
practical importance. q « 
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I. Weigh a Bpecimcu cai'efiilly; calcine it in a crucible, and 
weigh it again j the loss of weight shews the quantity of 

acid and 'ioat&r togiethiT in the specimen; but if it has been Well 
diied pi’eviously, at a temj»erature not snfiicicnt to expel carbonic 
acid (which requires a bright red heat), tin' wa+er i*eni»iining may be 
neglected, and tlic whole loss considere<l as carbtmle acid. 

II. Weigli another specimen of from 30 to HO grains; reduce it 
to impalpable powder in fa mortar,I mix it with three times its 
weight of caustic potash or soda, and heat it to redness in a siher 
crucible, dissolve the whole in slightly diluted muriatic acid; the 
rapidity of solution may be increased by heating the diluted acid to 
near the boiling point of water. Eva]>omte the solution, taking 
care to stir it continually towards the end of the process, until it 
becomes thick and pasty: this shows that the silica has coagulated; 
mix the paste with eight or ten times its volume of boiling water;— 
this will dissolve eveiy constituent except the silica:—filter the 
solution, washing the preciintate well with water, taking care to 
pi*eberve all the water so us<*d along with the original liquor, drv 
and calcine tlw precipitate left on the filter; weigh it:—will 
give thf* quantity of silica in the specimen. 

III. To the liquor add water of ammonia in exc<*ss; to pre¬ 
cipitate the alumina, the oxide of iron, ard pari of the magnesia. 

Then add lime-water by degrees as long as a preeijntate falla 
That precipitate is the renminder of the magnesia. Wash the 
whole precipitate; dry it; calcine it; weigh it. To the weight 
thus fiuind add tlie weight of the silica found by o]>eration II, and 
that of the cai'bonic acid as calculated from the result of operation 
T, subtract the sum from tlie whole weight of the specimen; the 
remainder will bo the Him. 

IV. From the total carbonic acid found by process I, (and 
reduced to the weight of th<‘ second specimen) subtract the weight 
of lime found by process ITT. x 44 -i-fifi; tne remainder will bo 
the quantity of carlxmic acid in combination with magnesia; and 
that remainder x 40 -j- 44 will give the quantity of magnesia in 
comhiruttion tmih carbonic add. 

V. Subtract the result of process IV. from that of process IIL| 
the I'esult will be the quantity of cd/umina cmd ostnde of Iron, and of 
magnesia comhimd wUh silica, if any; but in fact, so far as lime¬ 
stones are known, the whole of the magnesia is in the state of 
carbonate. For the present purpose it is unnecessary to separate 
the alumina from the oxide of iron (although it might be done by 
means of caustic potash, which dissolved the alumina and leaves 
the iron). 

The most important result of the analysis is the proportion of 
carhmates to silicates in the stone. The quantity of carbonates 
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fnay be approximated to in a rough way by multiplying the total 
quiitity of carbohic acid, as found by the first process, by the 
following multipliers;— 

If the limestone is not magnesian,.^. 2*3: 

if there m one equivalent of carbonate of mag¬ 
nesia for each etjiiiv^lent of carl )onate of lime, 2 • 12; 

• f 

and the truth will almost always be between those limits. TJhe 
remainder of the atone may bi‘ held to consist wholly or almost 
whoUy of ‘“ilicates. • • 

The substances obtained by caloiiihig difi<'"mt kniestones and 
cement stones may be divided into tin lollowing four classes:— 

I. Pttre, Mich, or Fai produced frenn stones containing 

little or no silieate, which “slakes” by absorbing moisture, and 
having been made into a paste with water, liardens slowly in air, 
and not at all under water. 

II. Hydrcvulic produced from stones containing moderate 

quantities of silicates (from 10 to 30 per cent), wfiieh slake, but 
less rapidly than pure lime, and harden under water slowly. These 
pass by insensible gmdations into 

III. CemenU, ])i*odnceU fitmi stones containing from 40 to 60 jier 
cent, of silicates, which do no* slake, and which harden ipuckly 
under water. 

IV. Fozmolmias, which contain silicates in excess, and are used 
to make cement hy mixing them with pure lime 

224 . Pnrv, Rich, Or Fat liiuic is made by calcining, at a bright 
red heat or somewhat higher, limestone that consists wholly or 
almost wholly of carbonate of lime, such as marble, or chalk. 
Such limestone loses 44 per cent, or its weight by burning, and 
leaves 56 per cent, of its weiglit of lime. Of this, about one-eighth 
is usually wasted. 

The operation of lime burning is performed in kilns of two sorta 
In the more common kind, the kiln is circular in plan, and oval in 
vertical section, the diameter at the bottom being about d-lOths 
of the gre^^jest diameter; it seldom exceeds 10 or 12 feet in height, 
but may be less; it is filled with alternate layers of limestone and 
fuel, and when the burning is completed the whole charge is removed. 
The whole operation takes from 30 to 50 hours. Another sort of 
kiln is cylindrical, or nearly so, with its axis vertical. It is oontin* 
uonsly fra witii limestoneait the top, which descends, and is calcined 
by tbe flame coming from a fhmace at one side of the kiln, and reaches 
me bottom completely burnt, whence it is gradually removed. 

The weight 01 the coal consumed is from l-5th to l-6th of that of 
the lime burned. 
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HATERULS AND ^TRtrCTURES. 


One cubic foot of obalk in block, weighs 90 lbs. nestf'ly. 

„ of broken chulk,.65 

* „ 0 of the quicklime from the 

same chalk, in pieces, 35 „ 

When rich quicklime is moistened with water, it sla^eB; that ia 
to say, it combines chemically with one equivalent bf water (9 parts 
by weight) to one equivalent of lime ( 28*5 j)Ai‘tg by weight), and 
lorms slaJi-ed lime, or in chelSiical language, hydraUoflime. During 
tips jjmcesR, the lime swells to from twice-and-a>half to thrice-and- 
Brhalf its original bulk, becomes very hot, and falls to powder. 
The same process takes place slowly tiirough absorption of moisture 
from the atmoai>heir*; but lime for buildmg purposes ough^ never 
to be “ air-slaked,” as this slow operation is called; for the lime 
thus exposed to the air absorbs not only water, but carbonic 
acid; and part of it returns to the state of carbonate of lime. To 
guard against this sort of deterioration, quicklime should be kept in 
barrels, or in a dry store, until it is required for use, and then 
ra]ttdly slaked with water. The hardening of slaked lime is ]>ro- 
duced by gmdiial absoq>tion of carbonic acid from the atmosphere, 
and crystallization of the carbonate of lime so formed. It is a very 
slow process, but produces, after the lapse of years, a very hard 
material. 

22/). iijdraiiiic iiime* are obtained by burning limestones, which 
contain silicates of alumina, and sometimes carbonate of magnesia, 
and which in general are ouxnpact, and of a gray, blue, or brownish- 
yellow colour. Besides the test of chemii^ analysis already 
mentioned in Article 223 , the following direct test may be applied 
to limestones supposed to be hydraulic. 

Calcine two or three cubic inches of the stone in a crucible 
pound the calcined lime; make it into a stiff paste with water, and 
form it into a ball, which immerse in a glass of water. If it is 
kydrcMlie lime, it will harden under water so as to resist the 
pressure of the finger in a time varying from 24 hours to a 
fortnight, according to its composition j and if its quality is good, 
in a month it will be about as hard as weak limestone. 

Tf it is ceffnent, it will harden so as to resist the pressure of the 
fln^r in a few mimites. 

best kinds of hydraulic lime slake so imperfectly, that they 
must be pulverized by grinding them in the dry state in a mill 
confidsting of a circular trough, in which two stone rollers shaped 
likn millstones, at opposite ends of a bar rotating with a verhcal 
shafti, roll round, and so crush and grind the lime to a fine powder. 
Hydxanlio Hme should be kept in sacks or banrels in a dry storey 
and exposed as little as possible to air and moisture antU it is about 
tebe iiWdL 




UYXi^VUC LIME—CEMENT. 


It 18 a tnixture of quicklime with nilicates of alumina and iron, 
and sometimes with magnesia. Its hardening under water arises 
from the formation of an artificial stone, consisting of compound 
silicates of lime, alumina, and the other bases. In hydraulic lime, 
as distinguished frSm cement, there would aeem to be a gimter or 
less sui^uH of lime beyond that which is ua])able of combining with 
the silica and ah^inina. (Seo p. 804 .) 

226 . Naiaral Cement is obtained by burning stones in which 
carbonate of lime and silica+^s exist in such proportions that, when 
the carbouJc acid is expelled, the lime is exiietly in th« proportion 
required to make a hard compound with the silica ana alumina. 
From the expenments of M. Yicat and of General Sir Charles 
Pasloy, on making artificial cements, it would appear that the best 
mixti^ for making comeut consists, before burning, of 

two equivalents of carbonate of lime,... too X 2 = 200 
one equivalent of clay, of which the probable 


comj>osition is 

one equivalent of alumina,., 

two equivalents of silica,.120- 222 '8 

422-8 

so that the composition in one hundred i)arts is, 

carbonate of lime,. 47 

clay. 53 

100 


and the rapidity with which the cement hardens undor water 
depends on the nearness with which the composition of the stone 
approximates to these pro])ortion8. 

Cement stones are usually found in thin strata amongst those of 
hydraulic limestone. Their most frequent colours are brown and 
fawn-coloured, their texture compact, and fracture earthy. After 
having been burned, they arc groimd to powder, which is packed 
in barrels, and carefully kept dry till required for use. In this 
state, it consists of a mixtttre of quicklime with silicate of alumina. 
So soon as it is made into a paste with water, chemical action takes 
place, and a double silicate of alumina and lime is formed, whose 
composition, in the best cement, would seem to be, 


two equivalents of lime,. 56 X 2 =: ii2‘ 

ono equivalent o^alumina,. 102*8 

two equivalents of sdlica, . 60 X 2 = 120 

334-8 


and this double silicate forms a compact artificial stone. (See 
p. 808 .) 










3^2 1[AT»BIAL8 AND 8TBU0TUBES. 

227 > Artuutel Cement is made by taking either ground chalk or 
slaked pure lime, and blue clay, hi the pro^iortionfl that will give 
the chemical composition stated in the preceding article, thoroughly 
mixing those ingredients into a paste with water in a pu mill, 
making the paste in^o balls of 2 or 3 inches in diameter, lying 
those balls, calcining them, and grinding them td powder. Tt is 
equal, if not superior, to any natural ^eineiit.* 

228 . Posaoianaa are mixtures analogous to cements, but con¬ 
taining an excess of silicates and a dehcieucy of lime, so that they 
must be mixed with pure lime in order to make cement, or 
hydraulic limo, according to the proportiona Amongst the nest 
of these are inpn sci^e and mine-dust, which consist of silicates of 
alumina and iron. If mixed with lime, so as to give the mortar 
a gray colour, they produce cement of extraordinary hardness and 
tenacity, which is probably a treble silicate of lime, alumina, and 
iron. 

An ordinary proportion of such materials is about one part (by 
volume) to two parts of hydraulic lime, measured in the diy state; 
but the best p^ay to fix the ]iroportions is by trial. 

Artificial {lozzolana may be made by grinding bricks, or by 
burning good brick-clay and grinding it; in short, by any process 
which yields a dry powder of silicate of alumina, or compound 
silicate of alumina and iron. 

229 . imorinr. Common and H^drauitc. —Mortar is made by mix¬ 
ing lime and sand with enough of water to form tliem into a semi¬ 
fluid paste, in which slate it is used as a binding material in 
masonry and brickwork. 

Cofunion MortofTy being made with pure lime, hardens slowly 
by the evaporation of the water, and by the absorption of carbonic 
acid funii the atmosphere, forming crystalline carbonate of lime. 
If the water evaporates too fast, the mortar falls to powder; if it 
does not evaporate, the mortar remains always soft. Very slow 
evaporation of the %vater is therefore favourable to the ultimate 
hardness of the moriar. 

Uydromlic MoHar, being made with hydraulic lime, hardens 
partly by the formation and ciystallizatiou of cai'bonate of lime, as 
above stated, but principally by the formation and ciy.->tallizariou 
of a complex silicate of lime, alumina, and othei* bases. (See 
Article 225 , p. 371 .) 

Common moilar may be made hydraulic by a mixture of 
pozzohuuL (Article 228 , above.) 

The sand employed should be clean, eJiarp, and rather eoarse 
than fine. In order to render sand which is naturally mixed with 
clay fit for use in making mortar, it should be washed by srirring 
it amongst water, a slight current of which will cany away the 
* For authorities on cements, see p, 436, also Appendix, pi. 807. 



tfORTAB—CONCRETE—^BETON. 



’ in su»i>enuion, and leave the sand. Good eand for mortar ia 
btcdned hy crashing soft sandstone. Bea-saud should be washed 
■^Vith fresh water; otherwise the salts contained in it will keep the 
mortar always moist. 

In hydraulic as Well as in common mortar Jihe sand remains in a 
state merely of mechanical mixture, so that the mortar, when 
hardened, becenj^s a sort pf artificial sandstone, consisting of 
grains of sand imbedded in*a matrix'of carbonate of lime, or of 
silicate of lime and other case may bo. The tiseewof 

the raivture of sand with tin* hine an* as follows:— 

To ^ave expense, by dimim’shing the* bulk of the lime" which is 
the more costly matt'rial, lequired to till a give* joint in the 
masonry. 

To increase the resistance of the mortar to crushing. 

To lessen tlie amount of shrinking, and the consequent tendency 
to crack, during the drying of tlio mortar. 

But, at the same time, the mixture of sand diminishes the 
tenacity of the mortar; and if too miieh l>e used, the mortar will 
Ix'come bi*ilth‘, and fall to powder as it diiea * • 

The proportion of sand wdiieli limp will “ bear,” as it is called, 
without making the mortar brittle, is tiie greater the purer the 
lime, and the less the more strongly hyfhaulic the lime is. The 
best proportions, ac<‘ordii)g to A icat, ai‘e - 

2 ’4 measures of sand to 1 of pure slaked lime in paste; 

1*8 measures of sand to 1 of good hydraulic lime in paste; 

and lime of intermediate qualities b('ars iut<^nuediate proportions of 
sand. 

When sand and pos^lana are mixed witl] ]>ure lime to make 
hydraulic mortar, the sand and pozzolaua together may measure 
fifom twice to three times the volume of the lime befoi*e slaking. 

In mixing moi*tor, however, the best method is, to ascertain 
the proper proportions in each case hy trial. 

The lahemr «/’ mh'wg mortar htj tJie shovel may be estimated at 
abont 

of a day’s work of a man per cubic yard. 

A two Iwrse ffiui-mill mixes mortar at the rate of from 20 to 25 
cubic yards per day. 

As hydraulic mortar tends to or liardeu, even in the wet state,* 
it thould not be mixed ui^il immediately before it is I'equired for use. 

230 . CeMorete Betni. —Common concrete is a mixture of 

mortar with gravel, in proportions such that the gravel and sand 
together are about six times the volume of the lime. It may be 
mixed either by hand or by the png mill. (See p. 793 .) 
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MA'mUALB A2n) STRUOTUBES. 


Strong Eydraulic Concrete, to which the name hetm, borrowed 
from the I^nch, has been applied, is made hy mixing angular 
fragments of stone* of from I4 to 2 inches in diameter, with 
hydraulic mortar in such proportions, that the mortar is a little 
more than enough to <fill the spaces between the stones:—a propor¬ 
tion which is easily found by trial in each case. It may, however, 
be estimated as varying from c * 

1 volume of stones and 1 volume of mortar, to 
“ 2 volumes of stones and 1 volume, of mortar. 

■ Concrere and beton, when mixed, o:!eupy at tirat from<two;thlrdB 
to three-fourths of th^* total volume of their materials before mixing; 
aiid when laid and rammed, they imdetgo a further settlement of 
about one-sixth; so that the final volume of concrete and beton 
vaiies from 

^ to I of the volume of the materials when unmixed. 

When rounded stones only can be obtained, such as flints from 
the chalk stratsi, they may be made fit for the composition of beton 
by breaking them with tlie hammer into angular pieces. (See p. 436 .) 

231 . niixed Cement.— ('f*menl which is to diy and set when fully 
exposed to the air, as at the outer edges of joints, or on the face of 
a wall, should be mixed with sand, to prevent unequal drying, and 
consequent shrinking and ciueking. The proportions vary £mm 

1 measure of^ sand and 2 of cement, to 
1 mcasui'e of sand and 1 of centent. 


Every mixture of sand dinnnisheh the tenacity of cement; so much 
so that a mixture of equal parts of sand and cement has only one- 
fourth part of the tenacity of pure cement. Where the surfoiCe of 
the cement, therefore, is not exposed to the air, the only advantage 
of a mixture of sand is the saving of expense; and where great 
tenacity is i-equired, pure cement should be used. 

232 . airengUi of Motlar, Crmenl, CoacroK^, aad Boton.— To the 
data given in the tables in the appendix, the following results of 
experiment may be added;— 


A Year anb a-ualf after Mixture. 


Cairsnixo Fosok 
in ltd. on the Sqaare look 

Mortar of Lime and Biver-Sand,.. 440 

» „ „ beaten,. 600 

Mortar of Lime and Pit-^ud, .... 580 

„ „ „ beaten, 800 

Hydraulic Mortar, of lime and pounded tiles,. 680 

„ „ „ beaten, 930 

Beton. or concrete, of mortar and broken flints. 420 
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Sixteen Years, after Mixture, ihe increase of stxengtb is in tke 
following proportions:— 

For common mortar,. i<8th 

For hydraulic mortar,. ^ . i-4tli. 


(The above results arc given on the authority of Eondelet.) 

« 


One Year after Mixture. 


TBNAornr in Iba 
on the Squarft Ieoh. 


Good hvdraulic lime,. 

Ordinary hydraulic lime | . m 

Hich lime,. 

Good hydraulic mortar,. 

Ordinary hydraulic mortar,. 

Grood common moiiar,. 

Bad common mortar,. 

(The above are from Vicat.) • ^ 


1.70 

140 

100 

40 

140 

85 

50 

20 




Six Months after Mixture. 
Adhesion of common mortar to compact lirno* 


stone,. 15 

Adhesion of common mortar to brick, . 33 

(The above are from Kondelet.) 

Cement from Chalk Jime and Blue Clay, a few 

days at'ter mixture (Sir C. W. Pauley),. 125 

Portland Cement (from compact limestone and 

clay) 80 to dO days after mixture,. 1200 to 1550 


233 . cirpMiin—PiaMOT of PoriK.—Gyp-sum is a comjiound of 
sulphate of lime with water, in the following pmportions:— 

One equivdent of sulphuric acid (sulphur 32 + 


oxygen 48) .. 80 

t'ne equivalent of lime, . 56 

Two equivalents of water,. 36 


172 

It is found stratified, and in various conditions, crystalline, 
lattiiiiRted, granular, aifd earthy. It is translucent, usually white 
gray, has a peany lustre, and can be easily scratched with a 
knife, being intermediate in hardness between rock-salt and cal¬ 
careous qiar. 

By calcining gypsum the water is expelled, and it becomes a 
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ttA.T£RIALS AND STBCTCTITRES. 


dry white powder of sulphate of liu)o, known as “ Plaster of Paris,** 
When this powder is rapidly mixed with water, so as to form a 
paste, it immediate!^ begins to combine with pait of the water, no 
as to rej>roduce gypsum in a compact granular state j heat is at the 
same time developed, .which hastens the eva][>oratien of the super¬ 
fluous water. The mixture should be made % putting the powder 
into the water, not the water amotigstrtbo powden-* The proportion 
of water used varies according to tlie purpose to which the plaster 

average it is -^ibou-t equal in bulk to the 

after it has “ set,” or hardened, acco 
lbs. per squaiv inch, 

234 . Bitniniiious cciuniM nnd Conrrete. —A bituminous cement is 
a mixture of a pitchy or lutuminous substance with an earthy 
subBtiince. 

For example, AspJiaUie Mastic is made by mixing Bitvmenj ot 
mineral tar, obtuiued from biti.miuous shale or sandstone, with the 
powder of bituminous liraostone or asplieJt: —a mineral which con¬ 
sists of carbotKite of lime, cont'iiniiig in its pores from 3 to 15 per 
cent, of bitumen. 

Tin* aspluilt may either be broken into small fragments or 
ground to powder. It is then combined with the bitumen by 
heating the latter in an iron boiler, and adding the asphalt by 
degrees, taking care to mix the ingredients well. The proportions 
vary with the composition*' of tlie asphalt, less bitumen being 
required for that asphalt wliieb eontinns much bitumen. The 
average proijortion may be estimated at about 1 part by measure of 
bitumen to 7 or H of asphalt. 

Artificial asphaltic mastic may be made by subsUtuting coal-tar, 
or a solution of jiitch in })itch-oil, for bitumen, and ad^g to it 
finely ground limestoiio till a jiropor consistency is attained. 

A mastic com|K>sed of coal-tar and finely ground fireclay, in 
proportions which have never been exactly determined, but which 
ai’e adjusted by trial until the mixture when cool is just soft 
enough to yield visibly to the pressure of .he nail, and no more, 
has been found exceedingly useful to make tight jointsi in pipes, 
especially tliose traversed by strong acids, which would act upon a 
mastic contaimug limestone. 

A bUumiiwus or aaplicdtic mortar ^ as it may be called, is made by 
adding to the before-mentioned mixture of bitumen and powdered 
asphalt, about a thirty-fifth of its bulk of iMsin oil, and three-fifths 
of its bulk of sand. 

11 measures of this mixture, with 9 of broken stone, make a sort 
of UUminoui coTierete, suited for covering the surfaces of roads, and 
for bitildimr under water. 
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to Bcndelet, isaabouh'TO ] 
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Suction IV.— 0 / Ordinary Fovmdaiiom, 

235 . Ovdinarf VaundatioMs VefliMHi aad fovmdcUion 

of a work of ma^on^ on land consists, in <the first place, of an 
excavation in the ground, and secondly, if required, of d structure 
at the bottom o^that exca'j^ation, suited to form a firm base 
for the masonry. The fouifllations to^ which this section relates 
are those in which either an excavation alone is required, pr 
an excavation partially filled with sand, stones, concrete, or beton. 
Foundation» of a more dilllcuk character, and rt'quiring iifore com-* 
plex works to render them secure, will be treated* of in a later 
ehapter. 

( 3 rdinary foundations ai*e ranged under three classes, viz.:— 

I. Fowndaiiems in Rockf or material whose stability is not 
impaired by saturation with water. 

I r. FoundcUions in firm earthy such as sand, gravel, and hard clay. 

III. Ftmndatiom in aoji eoerth. 

The base of every foundation should be as nearly keb possible per¬ 
pendicular to the direction of the pressure which it is to sustain, 
and of sufficient area to bear that pinssure with safety. The area 
is increased to any required extent by making the lowest courses of 
masonry or brickwork in the building spread out by a aeries of 
steps; by supporling them on a sufficiently broad layer of concrete 
or beton; by making mverted arches uitder openings; and by other 
contrivances The cenire of rmatance of the foundation of a pioce of 
masonry (or point traversed by the resultant of the pressime), 
should not deviate from the ccntie of gravity of its figure beyowl 
certain limits, which will be afterwards specified in particular 
cases. 

236 . Bock Foondationc. —To prepare a rock foundation for being 
built upon, the following are in general ail the operations that are 
requirra;— 

1. To cut away all loose and decayed parts of the rock. 

It. To cut and dress the rock to a plane surface, or to a set of 

S lane surfivsos like those of steps, peiqiendicular, or nearly perpen- 
icular, to the pressure to be sustained. 

III. To fill, if necessary, hollows in rock with beton, or with 
rubble masonry. 

IV. In some cases it is advisable, in order to distribute thb 
pressure, that the rock iffiould be covered with a layer of beton, 
whose thickness, in diffeient examples, ranges from a few inches to 
six feet and upwai'ds. 

tho pressure on a rock foundation should at no 
ppipt exoe^ one-eighth of the pressure which would crush the rock. 
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(See A^de 215, p. 36.) The following are examples of the 
tctual mteosity of the pressure on some existing rock foand> 
afilOD 8 >—- * 


Pressttte in Iba. 
on the on tho 

Square Foot Sqnare Ineh. 


Average of ordinaiy cases, the^rock 
being at least as i strong ajef the 

strongest red bricks,. 

Prcbsui'es at the base of St. Rollox ” 
Chiijmey (450 feet below thetsum- 
mit) 

i>n a layer of strong conci*ete or 

bcton, 0 feet deep,. 

On sandstone below the beton, so 
soft that it crumbles in the 
hand,. 


• ' 

20,000 ... T4O 

0 

6,670 ... 46 

4,000 ... a8 


The last ep^mple shows the pn^ssure which is safely borne in 
practice by one of the weakest substances to which the name of 
rock can be aj)plicd. 

The prosier rule for limiting the deviation of the centre of 
resistance of a rock foundation fiom the centi’e of gravity of its 
figure is, that there should he no tension at <my point of the bam. 

following is the fonnrla for calculating the greatest value of 
the deviation in quostion which is consistent with that limi*' 
tation :—* 

Ijet A denote the area of the base; 

y the distance from the centre of gi*avity of the figure of the base 
to the ^dge furthest from the centre of resistance; 

h the total broadtli of the base in the same direction; 

I the moment of inertia of that figure, computed as for the cross- 
section of a beam I'elatively to a neutral axis traversing the centre 
of gravity at right angles to the direction of the deviation to be 
found. (See Article 162, pp. 252-254, and Article 179, pp. 
294, 295.) 

I the deviation to be found; 
then 

A y = ^ '‘J.> 

o 

in which expression, q has the same meaning as in Article 179, pp. 
294, 295, where a table of its values for various figures is given. 


* See AppUsA MechankSi Article 64, p)i. 76, 77; Article 205, pp. 226, 229* 
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The only assnmptioii involved in this equation is, that the pi'essnra 
on the foundation ka an vnifornUy varying ttrm. 

237 . Vli«MT of Bann Foandatlan*. (il. M.f 199 .)—In earth whoiiJQ 
friction is alone to be relied on for resikance to displac^ent by the 
pressure of a building, the weight of ea:^ displaced by the 
foundation shoiild not bear a less ratio to the weight ofithe build¬ 
ing than that given by the following equations, in each of which 

X represents tho*depth of tlie foundation; 

vj the weight of a cubic foot of the earth j , 

<P its angle of rejwse. 

Casj L Let the weiglit of Iblie building be uniformly distributedT 
over its base, and let be the intensity of the pre^ure produced 
by it Then 

^ ^ /l - sin . 

Po — M + sin <p/ ' ' 


Cash: IL When the weight of the building is so distributed that 
there is an uniformly varying pressure on the foundation, as as¬ 
sumed in, Article 236, let p^ be the greatest, p 2 i'he feast, and p^ the 
mean intensity of that pressure; then the two following concUtions 
must be fulfilled:— 


. /I — sin 
Pi — Vr +" sin (p) ' 


( 2 .) 


w X 

'P2 


1 ; 


(3.) 


Whence are deduced the following restrictions as to the extent 
of variation of the intensity of the pressure on the base, and the 
deviation of its centre of resistance from the centre of gravity of 
its figure. 



+ sin 

.(<•) 

Pi — ' 

J — sui <p/ 

issg k 

. PorzPi 

Po 

.(6.) 


When the figure of the foundation, as is usually the case^ is 
symmetrical about its neutral axis, we have 


and consequently, 
wx 


Po 


=eL±a. 

“■ Q 1 


(1 ~ sin 


2 sin p 
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issq h' ssiqh' r-T^^ * 

Pi‘^P’i 1 + sin* ^ 


Pi t'P2 


.( 7 .) 


The following table giv^es some examples of the values of the 
{hnotions of the angle of repose wliich occur in the preceding 


formulas- 
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15" 

20“ 25“ 

JO” 

A 

35' 

40- 

45" 

1 + sin <p 

1700 

1 — am 

2*039 2*464 

r 

3*000 

3 690 

4*599 

5*826 

1—sin'®, 

1 i- sm ® 1 

0*490 0*406 

0*333 

0*271 

0*217 

0*173 

/I + sin ®\* j. , 

Vl-sin®) 

9*000 

13 <>19 

21*152 

33*94 

/I — sin ®\* , 

b+sinj 

0*240 0*165 

0*111 

0*073 

0*047 

0*0295 

1 + sill* ® i. 

(1 — sill (ty ^ 

2*579 3*535 

5*000 

7*310 

11*076 

17*47 

(1 — sill ®Y- 

0 

OC 

0 

OC 

0*200 

0*137 

0*090 

0*057 

2 will © 

^ ‘ 0^ 0‘486 

1 -f- sm* ® 

0*6i2, 0*717 

o*8oo 

0*863 

0*910 

0*943 


23b. VoufidationM In Firm Fiirth— When a foundation is to he 
made in sucli eai*th as hard clay, clean dry gravel, or clean sharp sand, 
—that is to say, in earth which has consideiuble fiictional stabiliiy, 
and is ;Qot liable to ha^e that stability diminished by becoming 
saturated with water,—^it is i-arely ncpossary to apply the prindples 
of the preceding aa-ticle; because the depth to which the foundation 
must be sunk, iu order that the building may rest on earth below 
the imch of the disintegrating efiects of frost and droughty is almost 
always greater than those piinciples require. In Britain that 
depth should be at least 3 feet for sand and ^ feet for clay. In 
coutiuontal ii^gioiis, whoi'e the dimate has greatei extremes of heat 
and cold, a greater depth is necessaiy. For example, in Germany, it 
appears that the depths of ordinary foundations are from 4 to 5 
feet,<and in Noiih America from 4 to 6 feet. 

Ckre should be taken to divert surface-w^ter, which ms^ tend to 
run into the foundation, by means of catwwater drains, Just as in 
other cuttings (Article 189, p. 334); and, if necessary, drams ought 
also to be made at the bottom of the foundation. 

The greatest intensity of pressure on foundations in fim earth is 
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unRxally from 3,500 to 3,500 lb& per square foot, or from 17 to 
33 lbs, per square anch. (See p. 805.) 

In li:^g the “ sjyread" or additional breadth given to the “ foot-| 
ings” or foundation courses of the masonry or brickwork of ordinary 
walls, the usual nde is to make the breadtl^of the base once-and- 
thA thickfless of the body of the wall m compact gravel, and 
that thickness in sand and stiff clay. 

339. In Found&tion* on Earth care must be taken that the 
depth of the foundation is not less, as compared with the pn‘SHiire of 
the buildings, and the deviation of the centre of resistance dot 
greater, as compared with th& breadth of base, than the limits given 
by thu formulas of Article 337. Those objects are promoted by 
making the breadth of the base of the mdhonry"as gimt as is 
practicable, so as at once to distribute its weight over a large 
surface, and to inci-ease the breadth as compared with the deviation 
of the centre of resistance from the centre of gravity of the base. 

If practicable, the ground should V)e well drained before the 
digging of the foundation is commenced, in order to increase its 
frmness as far as possible. • 

Precisely as in tlie case of an embankment on soft ground 
(Article 204, p. 343), a trench may be dug and filled with a stable 
material, such as saud or concrete, in order to distribute the pres* 
sure, and convey it to a sufficiently low stratum of the softer 
material. To fiud the proper lepth for the trench— 

Let be the greatest intensity of pressure of the intended 
building on its base, in lbs. per square foot. In caleulating tins 
quantity, if the trench is to be filled with sand, the area over whieh 
the weight of the building is distributed should bo taken as simply 
equal to the area of the lowest course of foundation stones. But if 
the trench is to be filled with beton, the weight may be considered 
(as in an example given in p. 378) to be distributed over tlio whole 
area of the layer of beton, 2 >rovided tlie e<lges of that layer do not 
project beyond the edges of tlie foundation stones to a distance 
greater than the depth of the layer of beton. 

Let ip be the weight in lbs. of a cubic foot of the material with 
wliich the trench is to be filled; being about 90 lbs. for sand and 
130 for stibug concrete or beton— 
fo', the weight of a cubic foot of the soft earth; 


1 8Uk 

also let = k'; (for values of ^ and of see p. 380) j 

and the I’equired dept( of the trench = a/; then 
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Thj^AtateiM for filling the trench should be laid and ramtn^ ma 
U yera ol about a foot deep. If concrete is used, the 
ramming may be produced by throwing it down from a scafl^lding 
alhloast ten feet high, " 

If the trench is filled with sand, the building may be founded oU 
the layer of sand as or a natural sand foundation. 

If the trench is filled with concrete, the building is to be built 
on the up 2 )er surface of that layer ai^ soon as it aet, care being' 
taken that the intensity or the pressure on the concrete does not 
anywhere exceed one-eighth part of its resistance to crushing; that 
|s to say, ,about 

53,300 ^ |j,g Qjj square foot, or 

O 
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-Q = 46 lbs. on the square inch, 
o 

In buildings which contain a number of openings, such as arches, 
windows, dooi'wdys, &c., the distnbution of the load on thd 
foundation o^er an increased area may be effected by means of 
inverted arches under tlie openings, provided those arches are very 
accuratidy built. 

The more difficult class of foimdations in soft ground, which 
require the use of timber or iron to make them safe, will be treated 
of in a later chapter. 

When, by trial-pits and borings, it is shovvxi that a aqfi sAratmn 
vmderU^ a firm equation 1 should be applied in order to 
determine whether the depth (os') of the firm stratum u sufficient 
to make the foundation safe. When the firm stratum oonsuts of 
sound rock, the intensity p, of the pressure on the soft stratum due 
to the weight of the building may be computed according to the 
same rule as for a layer of concrete. The results of this method 
will err on the safe side. 


Section V.— Conatrudwm of 

240. CtoiHrmi Principles.—The following piiuciples ure to be 
observed in the building of all classes of stone-masonry. 

I. To build the masoniy, as far as possible, in a series of ooaiBee» 
perpendicular, or as nearly |)erpendionlar as possible, to the direotloB 
of the pressure which they Mvo to bear; and to avoid dfi long 
oon^tioiis joints parallel to that pressure uy "breaking joiiit,** 

IL To use the largest stones for the foundation course. ^ 
XU. To lay aU stofies trhioh oonsist of layers or " beds ^ lu'im 
a manner tbit ^ ptuioipal pressure which hiifo to * 
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Blud^Rot in ft direction perpendlculav, or as nearly Mri>endiciilar as 
possible, to tbo dihjction of the layers. This is ctuled “ laying 
Stone on ito natural bed” and is of primary importance to strength 
ftnd durability, as has been already explained in various Articles. 

rV. To moit^n’the surface of dry and^ porous stones beforo 
bedding them, m order that the mortar may not be dried too &st, 
and reduced tottPo^dcr b^^ the stone absorbing its moisture. 
(Article 229, p. 372.) • u 

V. To fill every paif of qvery joint, and all spaces betw^*on Jhe 
stones, with mortar; taking care at the same time that such spaces 
shall be aaemall as possible. • , * * 

^ 241. rtiaaonry ciamied.—The fa^ of a stope is Lte outer surface 

which is exiiosed to view. Its beds arc the uifaccs ])arallel to the 
layers. Its sides are the surfaces which bound it in a direction 
transverse both to the face and to the beds. The term led is also 
applied to the joints between or parallel to the courses, through 
which the principal pressures act; these joints are also called bed- 
joints; the side-joints, or joints tmusverse both to the beds and the 
face, are often called simply joints. * • 

The classification of masonry for engineering j)urj)oses is based 
almost entirely on the sire and figure of the stones, and on the 
manner in which the joints, whether bed-joints or side-joints, am 
formed and executed, the appe trance of the face being a matter of 
secondary imitortance. 

The principal tools employed in the dressing of stone ai*e, the 
Bcabbling hammer, whose head is pointed at one end like a pick, 
and axe-formed at the other, and various chisels, of which one is 
pointed at the end, and the others flat, and of breadths ranging 
ih>m one to three inches, or thereabouts. 

The scabbling hammer produces a rough approximation to a 
plane surface; the point gives a closer approximation, producing a 
surface covered with a number of small parallel lidgea and farrows; 
the " inch-tool ” and' other flat-ended chisels cut away the ridges 
left by the ^int, producing still greater smoothness. Stone thus 
dressed is said to be droved.” 

There an indefinite number of difierent qualities of masonry, 
ftom ** perpend ashlar,” in which every stone is hewn to a regular 
figure and exactly fitted to the adjoining stones, to common 
rabble, in which the stones are built nearly as they come from the 
quarry, great irregularities of figure alone being rwuced by means 
of the h^mer. # 

For engineering pur^ses, masonry may be classed generally 
tinder four principal l^ds, viz.;—Ashlar — Block-in-oourse— 
Coursed Rabble-*~and Common Rubble—and the combinations 
eC tlmoe four kindsi 

2 0 



3^4 


HATSRIALS a:K3> STBUCTUBES. 


242. Aahl«r niBiionrf, or hewii Mione, consists of blocks out to 
regular figures, generally rectangular, and built *in courses of an 
uniform depth, which is seldom less than a foot. 

In order that the stones may not l)e liabl(< to be broken act'oss, 
no stone of a soft material, such as the weaker %iiids of sandstone 
and granular limestone, should have a length greater than 3 times 
its depth; in harder mateiials, the l<u:^h may be 4 or 5 times the 
depth. The breadth, in soQ^mateTials, may range from times to 
double the depth; in hard materials, it may be 3 times the depth. 

The bed-joints and side-joints are di^ssed to plane suifaces 
(and in some exceptional cases to be afterwards bpecitied to curved 
sui’faces). In ,the cast* of plane j(uuts this ib done hy making an 
acourdiely plane chiwd-draught all round the edges of the surfiice 
to he shaped, and if the stone is lai'ge, some additional transverse 
chisel-draughts in the same plane, and dressing the remainder of 
the suiface by the point down to the plane of the chisel-drauglit, 
which serves as a guide. The accuracy u ith which this is done is 
of sjiecial impoitauce in the case of bed-joints; for if any part of the 
surface projeottf' beyond the plane oJ’ tlie chisel-dmiight, that pro¬ 
jecting jMirt will have to hear an undue share of the piessure, 
which will be concentrated uinm it; and the joint, which will gajw 
at the edges, constituting what is colled an op&i joinif will be 
wanting in stability. On the other hand, if the surface of the bed 
is concave, having been di’essed down below the plane of the chisel- 
draughts, the pressure is coucenirated on the edges of the stone, to 
the risk of splintering them off. Such joints are said to JluelmL 
They are more diilioult of detection after the masoniy has been 
built than oj)en joints, and ai*e often executed by design, in order to 
give a neat appearance to the face of the building; and therefore 
their oocuiTence must be guarded against by careful inspection of 
the progress of the stone-cuttiug. 

When the stone has been dressed so that all the small ridges on 
its surface are in one plane with the chisel-draughts, the pressure 
is distributed with a near approach to uniformity; for the morta? 
serves to transmit it to the furrows between the ridges. 

Great smoothness is not desirable in the joini« of ashlw zaasoniy 
intended ibr strength and stability; for a moderate 'd(^;ree of 
roughness adds at once to the resistanoe to displacement by sliding, 
and to the adhesion of the mortar. 

Kach stone should first be fitted into its place dry, in order that 
any inaccunu^ of fi|;aro may be discovei^d and corrected W the 
st<me-cutter, mfore it is finally laid in mortar, and settled in Its 
bed. No side-joint in any course should be directly above a side- 
joint in the course below; but the stones fdmold overlap or hmik 
joinit to an extent of firom once to once-and-a-hslf the depth of a 
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course. This is called the bond of the masonry: its effect is to make 
each stone be sfippoi'tcd by at least two Htones of the course 
below, and assist in supporiinf; at least two stones of the coiir^e 
al>ore; and its objects are twolbld: Jirst, to distribute the pressure; 
BO that iae(]ualiJies*of load on tlie upper partjbf the structure, or of 
I'csistanoe at the foundation, may be tiunsmittcjd to and spread 
over an inci-easiijj^ area of bed in pnjcoeding downwards or upwards, 
as the case may be; and s^oytdli/, to ne the building together, or 
give it a sort of tenacity, both lengtliwise and fi'om face to baak, 
by means of the friction of the atones where they overlap. 

A stone which lies with itsf greatest length parallel to the face of 
the building is called a sfrdrher. A stone whiclr lies with its 
gtt'atest longtli })eri)eudicular to the face of the buihling is called a 
header. Stretchers tie the building together lengthwise, headers 
crosswise. I'he strongest bond in ashlar masonry is tliat in which 
each course at tli<* face of the laulding contains a header aud a 
stretcher alternately, the outer end of each header I’esting on the 
middle of a sti*etchcr of the courbo below; so that leather more than 
om^third of the area of the face consists of ends ofTmadeiu I'his 
proportion maybe deviated from when circumstances require it; 
but in eveiy ctiso it is advisable that the ends of headers should 
not form less tlian one-iotdrth of the whole area of the face of the 
building. 

QuoinSy or comer-stones, which should be of largo size and 
chosen with special ciue, aie at ouce headers and stretchers; each 
quoin being a header relatively to one of the two faces of the 
building which it connects, and a stretcher relativel)’^ to the t)thor. 

The thickness of imrlar in ihc j(uut.s of well-executed ashlar 
masonry should bo about an eighth of an inch. The mluim of mortar 
required in all is about oue-eightb part of the volume of the stone. 

Ashlar masonry is used in engiiu'ering chiefly for the piers, 
abutments, aivhes, and })arap(>ts of bridges, for hydraulic works to 
be afterwards specified, for facing, quoins, string courses, and 
coping to inferior kinds of masonry, and to biicWork, and in 
general, for works in which gi'eat str'ength aud stability are 
required. 

A roughenr kind of ashlar masonry is built with stones of the 
Buses and figures already mentioned, but scabbled or dressed with 
the hammer. It may be considered as intermediate between ashlar 
and blodc-in-courae. 

It what manner soevei.' the firces of ashlar stones are dressed, or 
€T6n should they be “ quany-faced,” tliere ought to be a chiinl- 
draught round &e edges of the face, forming sharp and straight 
edges with the cArisel-draiight of the l^ds and joints, in order tltot 
ihe stone rpay be aocuratefy set 
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2i3. Bi*ck-in-roanie maiionrf dilfei’s from hammer-di'cssed ashlar 
chiefly in being built of sninller stones. The usual depth of tl»e 
courses is from 7 to' 9 inches. The same rules apply to breaking 
joint, and to the proportions which the Jenj^bs and breadtlis 
of the stones shouhl bear to Iheir de]>ths, as lu ashlar, and as in 
ashlar also, at least one-fourth of the face of the building should 
consist of headers, whose length should be fronv .3 to 6 times the 
depth of a course. v 

Bloek-in course masonry is used for, spa^drils and wing-walls of 
biidges, the facing of retaining walls, and similar puiposes. 

244. In C'onnwd Bubble Bniwnrr ti.u building cojisistr of a series 
of horizontal o )urMes, seldom exceeding <m<* foot in depth, each of 
which is correctly levelled liefore another is built upon it; but the 
side-joints are not necessarily vertical. Onefovrth part at least of 
the face in each course should consist of bond-stones or headeitt; 
each header to be of the entire dejith (if the course, of a breadth 
ranging from 1^ times to double that dejith, and of a length 
extending into the building to from 3 to 5 times that deptli, 
as in ashlar.« Those head(*rs should be «)ughly sijuared with 
the hammer, and their beds hammer dit'ssed to ajiproximate 
planes; and care should he taken not to place the headers of 
successive courses above each other; for that arrangement would 
cause a deficiency of bond in the intermediate parts of the course. 
Between the headers, each cour.se is to be built of smaller stones, of 
wliich there may be one, ti^o, or more, in the dejith of the course. 
These are sometimes roughly squared, so as to have vertical side- 
joints; Bomelimes the stones are taken as they come, so that the 
sid(‘-joints are int'gulur; but no side joint should form an angle 
with a bed-joint al)ar]>er than GO’’. Care should be taken, not only 
that edch rtonc shall rest on its natural bed, but that the sides 
parallel to that natural bed shall lie the largest, so that the stone 
may lie flat, and not be set on edge or on end. Howsoever small 
and irregular the stones may be, care should be taken to make the 
courses break joint. Hollows between the larger stones should 
be carefully filled with smaller stones, completely imbedded in 
mortar. 

Coursed rubble masoniy require.s great care in the inspection of 
its progress, to see that the preceding rules ai'e observed; and 
especially, that the interior of the wall contains neither empty 
hollowly nor spaces filled wholly with mortar or with rubbisn 
urhere pieces of stone ought to be inserted, and that each stone is 
laid flat, and on its natural bed. Care must he taken that the 
headers or bond-stones are really what they profess to be, and not 
thin Stones set on edge at the face of the wall. 

A. ctAtc yard of rubble masonry rcquiresi in order to allow 
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ior waste, about If cubic yard uf etoues, and f cubic yard of 
mortar. 

The resistance of good coursed rubble niasoni'y to crusliiug is 
about four-tenths of that of single blocks of the stone that it is 
built with, • ^ 

Coursed rublde is used for i*etaining wafts and win§-walls that 
require less stt’(yjgth than t]^ose built of block in-course or ashlar, 
for the backing of jjieces of** masonry <hat are fjMsed with ashlar or 
block-in-course, for fence-walls, and for various other purposes. , 

Kubble is often built in “ random coursisf’ that is to say, each 
course ret ts on a plane bo*l, but is not necessarily ,of* the sairfe 
depth or at the same level throughout, so that the bgds occasionally 
rise or fall by steps. 

245. c^mmeii Rubble iiiaBonr} diifei*s from cout'sed rubble in not 
being built in ctmrsea; but in other res])ccts the same rules are to 
be observed. Tlie r<‘sistance of common rubble to crushing is not 
much greater than that of the mortar which it contains; it is 
therefore not to be used where strength is required, unless built 
with strong liydiaulic mortar. Its chief use in efigineering is for 
fence walls. 

246. Asblar nnd Rlork-lu-CourBr barked wJlh Rnbblr*— -In this 
soH of masonry the stones of the ashlar or block-iu-coui^ face 
should have their beds and joints accurately squared and dressed 
with the hammer, or the point, as the case may be (see Articles 
242, 243, j)p. 384 to 386), for a breadtli of from once to twice (or 
on an average, once and a-half) the depth of the coui'so, inwo^ 
from the face; but the backs of these stones may be rough. The 
jiroportion and length of the headers should be the same as in 
ashlar, and the “ tails ’* ol' those headers, or parts which extend 
into the rubble backing, may l>e left rough at the back and sides; 
but their upper and lower beds should be hammer-dressed to the 
geneinl planes of the beds of the course. These tails may taper 
slightly in breadth, but should not taper in depth. 

The rubble backing, built as described in Article 244, p. 386, 
should be carried up at the same time with the face-work, and in 
courses of the same depth, the bed of each course being carefully 
formed to the same plane with that of the ashlar or block-in-course 
&ciug. 

In estimating the labour or cost of building such masoniy as is 
here described, the area of the face, multiplied by the distance 
inwards to which the cfj^ssing of the joints is carried, may be taken 
as ashlar or blook'in-course, as the case may be, and the remainder 
as rubble. 

These combinations of masonry are the most generally useful in 
engineeruig works; and they are especially suitable in a mechanical 
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point of view where the pi’easuro i» coucentmted towards the fiice 
of the building, as in retraining walls. 

For the ahutmenfa of bridges they are not mechamcally suitable, 
because the pressure is cuncontriited towards the back; but if in 
any bridge coursed rubble is strong (‘iiotigh to resist the pressure 
at the back of the abutmcut.s, it may bo used for that purpose, 
and faced with block-in-coui-so, oraslilav, for the sa^e.of apjHiaranoe, 
and of protection from the v eather. 

fJoursed nibble inasoniy is often used in combination with ashlar 
quoins, to which the 1 ‘pmarks iu Article 242, p. 385, are applicable. 

247. Mring Conrtiffi and f'opeN.—A ^stiing course is a course of 
large stones slightly i)i*ojecting beyond the face of a building, and 
dressed and Tniilt like ashlar or block-in-course, as the case may be. 
Setting abide its avchiteotural appearsince, its mechanical use is to 
8U])port some load md distribute it upon the masonry below it. For 
exum]>h‘, whc'ii t\ eoui*sed rubble or bh)ck-m-course wing-wall or 
spandril of a budge Las to snppoit an ashlar paraiiet, a string 
coursf* must be placed on the wall, to give a steady base 
for the pampet, 'And to distiibutc its weight over the smaller stones 
below. 

The Cope of a wall consists of large and heavy stones, slightly 
pix>j<‘eting o\er it at both sides, accniutely bedded on the wall, and 
jointed to each other with hydraulic uun’tar, or with cement. Its 
use is to shelter the mortar in the interior of the wall from the 
weather, and t<.> pi’oteot, by its weight, the bmallor stones below it 
from being knocked off ov picked out. Copt -.stones should be so 
shapeti that water may rapidly run off fi-om then* 

Hough rubble coping forms an exception to the gtuieral rule that 
laminated stones should lie laid with their layers parallel to the 
beds of the courses. In tliis case the st()nt‘s are very often set on 
edge, with their layeis vertical, and perpendicular to the length of 
the wall, so that the eilges of the layers alone are exposed to the 
air, at the top, as well as at the sid(‘s of the coiie. 

Additional stability is given'to a cope by so connecting the cope- 
stones together that it is impossible to lift one of them, without, at 
the same time, lifting the ends of the two n it This is done 
either by means of iron cramps inserted into holes in tne stoneej, 
and fixed thci'e with lead, or better still, by means of dow^ of some 
very hard and strong stone, .such as greenstone or granite. These 
are small prismatic or cylindrical blocks, each of which fits into a 
pair of opposite holes in the contiguous e/ids of a pair of cope- 
stones, where it is fixed with cement or byd^ulio mortar. 

Oast ii*ou and wrought iron dowels are also used, but they 
are inferior in durability to those of hawl stone, thon^ superior 
in strength. Copper dowels are strong and durable, but expensiya. 
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Ommps or doirels may be used* in string courses, or in any part 
of a piece of mosoniy. 

Fence-walls are sometimes copod with sod<}, or with clay-puddle. 
(Article 306, p. 344.) 

243. Feinting » piece of masonry consists in ^craping the mortar 
from the outdb edges of the joints, at thedace of the* building, as 
fwr as the point of the trowel will reach, and filling the groove so 
made with iuH 6 d cement, •or with li^^draulic mortar, to keep out 
moisture. As to mixed cement, see Article 231, p. 374. 

In sea-walls ex])Ose(l to "hard blows from the waves, cement*put 
into the Joints by ordinary, jioiutiiig is apt to jump out in pieces; 
and ft is nest to lay the stones in cisment for two or* thrc'o inches 
inwards from the face of the wall. 

349. Dry Scone Wnllis should be built according to the principles 
already laid down for rubble mohouiy in Ai tides 244, 245, pp. 
386, 387, with tlie single exception that the mortar is to be 
omitted. It is oi’teu advisable to make the cope of a dry stone 
wall wateipTOof, in order that water may not lodge in the joints of 
the wall and force the stones from tlu'ir jihices by«j^ expansion in 
freezing. In such cases the cope may be made of stones set on 
edge, and j<>inl<‘d with mortal*; or c>f bituminous concrete (Article 
234, p. 376), or if great cheapness be desired, of clay ]niddlc. 
(Article 206, p. 344.) 

If a dry stone wall is imeiidod to be permanent, rounded 
boulders should not be used in their .natural condition to build it. 
but should first be bi’okeu into fiat and angular piccea 

Dry stone building is €‘m[>loyed for fence-walls, and sometimes 
for a backing to retaining walls, in order at once to dimmish the 
pressure of earth against them, ami to drain away water by letting 
it escape between the crevices of the stones. 

It is also used in retaining walls of small height, and in facing 
earthen slopes ex|>osed to the action of water (Article 196, p. 
389; and Article 205, p. 344); and in the latter case the beds of 
the oourses are laid perpendicular to the din'ction of the steepest 

250. i:4[ifc«ar of Biono-TioMonry. —The following information as to 
the labour required to execute diiferent kinds of work connected 
with stone-masonry is given chiefly on the authority of Gauthey 


Bubblb Stone, one cubic yard. Day's Work of a Mag 

lioading barrows with stone,. o‘o5 

Wheeling one relay s= about 100 feet on a level, o *045 
(As in earthwoik, each foot of ascent is equi¬ 
valent to mm feat of additional distance.) 

Unloading barrows,. 
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As to mixing mortar, see Article 229, p. 373; and as to the pro- 
portions of mortar and stone, see Articles 242 to 245, pp. 385 to 
887. 

Day’s Wobk of a Man fer Cubic Tarbi. 


Kinds of Building. 


Breakina 

Stone- 

Building. 

Laboaren* 

( c 


Stone. 

Cutting. 

Work. 

Diy .stone,. 


0*64 

—• 

1*00 

050 

Counsed rubble,. 

•A • • * 

0 - 64 ', 

— 

0 90 

090 

Block-in-course,. 

Block-in-course arching,.. 

r 

0*90 

*•5 

0*90 

o‘90 

■ • • « • 

fmra 
to... 

0*90 

2-25 

0*90 

0*90 

Ashlar (soft sandstone), -j 

T*8q 

2*50 

2 50 
6-00 

I ’OO 
2*00^ 

H 

d d 
0 0 


Paring ashlar, per square foot (soft sandstone)— 

Stroked with the point, 0*05; Droved, 0*07 j Polished, 0*10. 
Labour of breaking and stone-cutting for harder stones— 

Hard sandstone soft sandstone X 2; 

Hard limestone, marble, granite = soft sandstone X from 3 to 4. 

Curved facing = flat X fl + — 

° \ ladius in feet/ 

Taking down old masonry, 0*5 day’s work of a man per cubic 
yard. 

251. ofechaiiiBm for nioTjing largo ston<«. —There are various 
ways of laying hold of stones that are too heavy to be moved by 
hand, the most usual being the following:— 

I. By nippers or tongs, the claws of which enter a pair of holes 
in the sides of the stone. Those holes should be situated in a 
horizontal line jiassing thiough or a little above the centre of 
gravity of the stone. 

II. By a single iron plug, very slightly tapered, and driven 
tightly "With the hammer into a vei-tical cylindrical hole in the top 
of the stone, directly above its centre of gi’avity. At the upper 
end of the plug is an eye, to whieh the ehain for lifting the i^ne 
is hooked. After the stone has been laid in iK jdace, a feVr sharp 
taps given sideways with the hammer loosen the plug. This 
method answers best with the hardest stones, such as granite. 

III. By a pair of iron plugs, inserted into two holes in the top 
of the stone, whieh converge towards each other at a right angl^ 
WDg inclined in opposite dlirections at angles of 45° G%e eyes at 
the upper ends of we plugs are attached to li pair of chains, whi<^ 
when the stone hangs by them, are at right angles to their 
respective plug^ and meet each other at a ri^t angle, where they 
are attaclted to the lower end of one main cLiin. The two plug- 







MOVING LARGE STONES—SETTING OUT HASONBT. 

hdles should be in a vertical plane ti'avex'sing the oonti'e of gravity 
of the stone, and'equally distant from it The tension on each of 
the branch chains is 

weight of the stone x-Tgr. 

IV. By the ^Lmns^ a truncated iron wed^e or doveiftil with the 
larger end dovVjl^ards, mad| of three pieces, which can be put into 
or taken out of u similarly Shaped hob) in the top of the stone one 
by one, but not together. .The lewis-hole is made from 2 inches to 
10 inches deej), according to the weight of the stone. 

The m^'st gen(>ra]ly useful machine for lifting and shifting large 
stones in ordinary buildings is the moveable jib-crane. In large 
buildings a travelling crab or winch is used, nianing on a travelling 
platform; that is to say, a framework of timber and iron is erected, 
consisting of two pamllel lines of posts with suilicient diagonal 
bracing, supporting a pah of parallel beams, which exteml along 
the whole length of the intended building, and include its greatest 
breadth between them; each of those longiiudinal beams carries an 
ii-on railj upon the pair of longitudin.al mils so*oarried mn the 
wheels supporting the travelling platform, which sjiaus over the 
whole breadth of tht* building, and is made sufficiently 8ti*ong and 
stiff by tubular iron beams or otherwise; it carries a jiair of 
transverse rails, upon which r ms a four-wlieeled truck, carrying 
tho crab or winding machine, wliich can thus be moved to any 
pHi't of tlie building. The whole ap^*aratus may be worked by a 
steam-engine. 

252. liMtnim«ni« imcd In Bnllding. —In Article 65, ]>. Ill, and 
Article 68, p. 113, it lias b(*en ali*eady exjtlained how the situations 
and levels of those leading [loints upon wliich the situations and 
levels of all other points in a piece of masonry depend, are to bo 
set out by the engineer. 

The princi|)al iustniments used during the progress of the build¬ 
ing are the cord, for setting out long straight lines, such as the edges 
of the bed-joints; the straight-edge, for shorter straight lines and 
for ]>lane Buifaces; the square and the bevel, for right and oblique 
angles; tiie plumb-rule, for vertical or nearly vertical lines; the 
level, for horizontal lines and planes, which may be like an 
inverted X, with a plummet to set the stem vertical, or what is 
better, a spiiit-lcvel. 

When tlie face of a wall is to be vertical, it can be set out, and* 
ito accuracy tested, bj a plumb-rule, l>eiug a flat, straight-edged 
piece of board, with a line marked on it pamllel to one of its 
edgM, which line is set truly vertical by a plummet. 

When the face of the wall is to have “ a aVraigM —^that 

isi to be inclined at an uiiifonu angle to the vertical, the rule to bo 
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used is stall stmight-edged, but the edge is incliued to the plumb- 
line fkt the proper angle of batter. The batter of'a wall is usually 
described by stating +he extent of deviation from the vertical in a 
given height; for example, “one in twelve,” or “one inch in aJRjot.” 

When the vertical section of the face of a whll is to be curved, 
it is said W have a *' curved batter,” and it must' be sot out by 
means of a “ face-mould,”—that is to say, a nayfpw, flat board, 
having ono of its edges of ‘the iuten(k‘d figure of the face of the 
wall, and having a straight lino marked in>on it, which is set truly 
vertical by means of a plummet. Great care should bo lx stowed 6u 
preparing the face-moulds of important pieces of masonry; in some 
cases, which 'will be exemplified farther on, every course of sftones 
ought to he marked on the edge of the mould. 

Large feice-raoulds are .sometimes made of several pieces of tim¬ 
ber framed together. 

When tile beds of the courses are to be plane and level, they can 
be set correctly by the level alui common straight-edge. When 
they are to be planes having a given sIojk', a nile must be em¬ 
ployed having Aryo straight edges inclined to each other at such an 
angle that, wlum one edge is set horizrnifail by the spirit-level, the 
other lias the proper inclination. If the beds of the courses are to 
be peqicudicular to a si might or <*iu-v*cd buttering face, their posi¬ 
tion can be set out aud test<‘d by the square. 

Curv^ed Iw'ds, such a.s are employed for some special purposes, 
require the use of suitably curved “ hed-inoulds** 

In all cases in which economy of time and money haa to be 
studied, the engineer should, as flu* as practicable, avoid curved 
figures in masonry; for not only are they more tedious and expen¬ 
sive to set out and to build than straight and plane figures, but it 
is more difficult to test the accuracy with which they have beon 
executed. A. single glance will detect the smallest appreciable 
inacouiucy in a wall with a straight butter, while the same process 
in the case of a wall with a curved batter would require either a 
long scries of measuremenis, or the application of a cumbrous ftce- 
mould to various parts of the wall; and this becomes a matter of 
serious imiiortance in large structures, where citofs in form may 
affect the sti'ength aud stability. 

2d3. mensuratun of sioKonry. —For engineering purposes, quan¬ 
tities of the rougher kinds of masoiiiy are stated in cubic yard^ 
and of the finer, in cubic feet. 

But there are also special units of measure for masonry, intoh ai 
the following 

A rood of masonry means, when applied to surface, 36 square 
yards, and when applied to volume, 36 square yards of a wall of a 
8i)cciHed thickness such as 2 feet In estimating a building 
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according to this sysiemi the Ru^^crficial measure of the face is 
taken in roods of 36 sqtiare yai*da, in order to estimate the cost of 
the face-vrorkj and then the area in superficir 1 roods of the face of 
each j)orfcion of tiie building is multiplied by the ratio which its 
tliickness bears to 2 feet, so as to compute tW. cubic contents in 
Bcdid roods of square yarcbi in urea and yards thick in order 
to ehtimate tl^f.^ost of the masonry exclusive of the face. This 
method is better suited to areliitectuml ^•liun to engineering purposes. 

• ... * 

Section VI .—Couhfructum of Brhkworh, 

' . * * 

254. farat^rai PrincipieM.—^Plie following ]>riuciples 5,re to be ob« 

sorvod in building with bricks:— 

I. To roject all nusshii])on and unsound bricks. (See Article 
220, p. 360.) 

II. To place the b(‘(ls of the c(mraea pei‘j)endicular, or as nearly 
perpendiculai* as possible, to the direction of the ]>im<ure which 
they have to bear; and to make the bricks in each course break 
joint with those of tlie courses above and below by^vcr-lapping to 
the extent of from one quarter to one half of the length of a brick. 

III. To cleanse the surface of each brick, and to wet it thoroughly 
before laying it, in ord.»r that it may not absorb the moisture of 
the mortar too rapidly. 

lY. To fill every joint thoroughly with mortar, taking care at 
the same time that the tliickness of mortar shall not exceed about 
a garter of an inch. 

In order to prevent the use of too great a thickness of mortar, 
it is usual in specifications to pre.scribe a certain depth which a 
oertain number of courees of brickwork shall not exceed. For 
example, if the bricks are 2 J inches deeji, it may be specified that 
four courses of bricks, when built, shall not measure more than one 
foot in dejith; a condition which implies that tlie avenige thickness 
of mortar in the joints shall be ^ inch. 

V. To use no “bats,” or pieces of bricks, except when absolutely 
necessary, in order to make a “ closure,”—^that is, to finish the end 
or corner of a wall, or tlie side of an opening; and even then, to use 
ilQ piece less than half a brick. 

In stating the length and broadth of masses of brickwork, it is 
usual to employ the length of a brick as an unit of measure. For 
example, if bricks aro used which build to 0 inches in length, ' 

^brick means 4^ inches. 

1 „ II 3 inches. 

14 „ „ 1 foot 14 inch. 

2 „ ,1 1 foot 6 inohea 

And so on. 
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The vdlvme of mortar required for good brickwork is about one- 
JiJVt> of the volume of the briukb. 

255. Bend to Bri kwork.—The bricks used iu a given building 



Fig. 166. ' Fig. 167. 


being of Uniform or nearly uniform s’ze and figure, are to be built 
accordiug to sn uniform system, which is called the bond of the 
brickwork. 

As in asldar masonry, so in biickwork, a Jtmder is a brick whose 
length lies ])orpeiidicular to the face of the wall j o, stretcfier, oub 
whose length lies ]jarallol to the face of the wall As the length 
of a brick is almost exactly double of its breadth, one stretcher 
occupies the siiine area on the ^ice of the ^\all with two headers. 

1. English which i'. considered the sti-ongcst and most 

stable arrangement, consists in laying entire courses of headers and 
of stretchers periodically, as in fig. 166. Sometimes the courses of 
headers and stretch el’s occur alternately; somotimeb there is only one 
course of headei-s for even-y two, three, or four courses of stretchers. 
The stretchers tie the wall togethoi lengthwise, the headers cross¬ 
wise. The proportionate nfimbeis of the courses of headers and 
stretchers should dei>end on the relative imjiortance of transverse 
and longitudinal tc'iiacity. {A. M., 202.) The proiiortiou shown 
in hg. 166, of one coui-se of luMdei*s to two ef stretchers, is that 
which gives equal t(*nacity to the wall lengthwise and crosswise, 
and which thei’efoi’e may be consid(‘rcd the best in ordinary cases. 

In a factory chimne\, the longitmlinal tenacity, which resists 
any force tmiding to split the chimney, is of more importance than 
the transvei-sc tenacity; therc’forc', in these buildings, it is advisable 
to have a greater proportion of stretchers, such as thi-ee or four 
courses of stretchci’b to one course of headers. 

In building brickwork in English Bond, i" is to be^ borne in 
mind that there are twice as many vertical or side-joints in a 
course of headers as there are iu a course of stretchers; and, thera* 
foi-e, that unless gi*eut care is taken in laying the headei'S to make 
these, joints very thin, two headers will occupy a little more length 
than one stretcher, and the correct breaking of the joints, to the 
extent of exactly a quarter of a brick, will be lost This is often 
the case in carelessly built brickwork, in which at intervals vertical 
joints are seen nearly or exactly above each other in sueoessiva 
ooursea 
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H. In Flemish Bond (fig. 167) a headt'r and a stretcher 01*6 laid 
alternately in eeikih course, and so placed tliat the outer end of 
each header lies on the middle of a stretche" in the course below. 
The number of vertical joints iu each coui'sc is the same, so that 
there is no lis^ of*the correct breaking of the Joints by a quaiter of 
a briolc being lost; and the wall presents a Iteater appearance than 
one built in Bon^^ English Bond, however, when cor¬ 

rectly built, is considered*to be strwger and more stable than 
Flemish Bond. 

256. Iron Bond—Pieces of hoop iron are sometimes Taid 
flat in the bed-joints of brickwork, to increase its^ longitudinal 
tenacity. They should break joint with each othej"; and the ends 
of each piece of hoop iron should be bent <lc»v.n at right angles for 
the length of two inches or thereabouts, and inserted into vertical 
joints of the course of bricks on which the hoop iron lies. 

The total sectional area of the hoop iron needs not exceed about 
l-300th of that of the brickwork. 

257. JPoiBiing ji»inui»—(See Article 248, p. 388.) 

258. The FoMBdation c«urM>« of a piece of buiokwork usually 
spread downwards by steps of a quarter of a brick at the face and 
back, until a sufficient breadth is gained to support the weight 

the building, according to the principles ali*eady explained iu 
Section IV. of this Chapter, pp 377 to 381. 

259. Sirina Counea and Copes. ^I'ick string courses ought to 
consist entirely of headers, and so ‘ilso ought cojjes built with 
ordmary bricka Coping for biick walls is sometimes made with 
large bricks moulded expressly for that purpose. Stoue string 
courses and coping are fiequemly used along with brick building, 
especially where strength and stability are required, 

260. In Briekwork with Bione Qnoina special care jnust be 
taken that the layer of mortar in each bed-joint of the brickwork 
is as thin as possible; for as the bed-joints of the brickwork are 
three or four times as numerous as those of the stoue quoins, any 
superfluous thickness of the former will cause the brickwork to 
settle more than the stone quoins, the effect of which will be to dis* 
figure, crack, and perhaps destroy the building. 

261. ^ i««boarnrBrickworib—^The following data are given on the 
authority of Gaulhey 


Day’s Wokk of a Mas psr Cubic Tarbw^ 
• Bricklayer. 

Orffinary Bricklaying,.o*6 

Brick itching,.O'p 

Itk the case of arching, the labour of erecting scaffolding includea 


Labourer. 

©•6 

©•9 


Erecting 

Scafiolding. 

o*a 

variona 
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that of putting up “ centres,” or timber frames for the arches to 
rest on while in progress. These stnictures will be considered 
fiuther on. « 

262. iflenMinitioii of Brickwork. —Fur engineering purposes in 
Britain, quantities of brickwork are usually computod and stated 
in cubic ya«.*ds; but t^re are also sjiecial modes of stating them, 
such as the following:— 

Each piece of brickwork its thickness statefl in bricks aud 
half bricks; the area of its face is calculated; from that area* is 
computed the ai'ea of a wall of the standard thickness of 
and a-halfi and of the same cubic couterits, and the reduwd area so 
obtaiiied is s6it^d in rods of 30 J squai’o yards, and in square yarda 

A rod of brickworlt, of a brick and a-half thick, if each brick be 
9 inches long, is equal to 11.4 cubic yards very nearly. 


Section VJI.— Of Buttretihes and Hetaining Walls, 

2G3. The siubllilf of Blockv of ]IIa»oiii*y nnd Brickwork In Ctcucral 

211) dQp.mds on the conditions already stated in Article 
139, p. 220—viz., that of stahiUftf of jwsition, which rcqiiii-es that 
the structure shall not gi\e vay by ovej-tiirning, and tliat of siOr 
hUity of fridion, wliich requires that it sliall not give way by the 
sliding of one course Ti]>on another; ajid those two conditions ought 
to be fulfilled ai tlie hed-joint of m(di> course. 

The following arc the most convenient ways of expressing these 
conditions by means of formulce suitable for calculation:— 

I. Stability of Position is insured when the moment of the force 
tending to overturn the mass above a given bod-joint does not ex¬ 
ceed the moment of stability of the mass of masonry above that 
bod-joint. 

To express the rmment of stability at a given bed-jmnt symboli¬ 
cally, it is necessary, m the first place, to determine the greatest 
distance to which the centre of presswre*'' ot **of resistaum** at 
that bcd-joiiit may deviate from the middle of the bod, without 
endangering the stability of the structure. 

Let q denote the greatest safe ratio of the dev j.^Jion to the thick¬ 
ness of the masonry at the given bed-jomt. 

I In Jlying ImUresses^ and pkrs and (dnUrmtUs of arches and of 
frames, it is in general advisable to limit g according to the rule 
already given for nick foundations. Article 236, p. 378—via., thal 
there efdll he no tension at anvy point of the the pressure being 
supposed to he an uniformly vaiying stresa For various vidues^ 
q. see Article 179, pp. 294, 293. The value of most common oooiu^ 

1 

fence is that for solid rectangular structures—^via, f 
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III rekming waMs for sustaining the pressure of earth or of 
water, the following are average values of q deduced from the 
imepsions of aotiml retaining walls:— 

According to tlie practice of British engineers, q= *375 nearly. 

According to the practice of Fi-ench engineUrfil, q = from *3 to '25. 

The followiiil; is a method of detcjnnining^he gi-catest value of q 
for a I'ectangular structure, consistent with safety from crushing of 
the material, 1bSised'*(in thef suppositi9n tliat the intensity of the j 
pr^ure diminishes at ap^pniforrn rate fi’om the compressed edge 
of the hed-joint inwards,"that the moitar e'-erts no apprecillble 
tension, and'that consequently the distance of the. centre of 
resistance from the compressed edge is one-third of flie thickness 
throughout wliich the ])reHsure is distributed.'^ (See pj*. 777 & 730.) 


Let 11 be the total pr<*Hisure .it tho given bed-joint; 

< thiTthickaeas } masonry at that joint, in feet; 

f the grcatc.st safe pn*8sure in Iba on the squarii foot (boing 
about one-eighth of the crushing jireasure^; then 

/' — 2K - — and therelbre, 


1 _ 2 B 
^“2 :\fbt 


( 1 ) 


The value of q having been fixed, let 

r t denote the distance fi*oin the middle point of the bed to the 
point where the bed is cut by a vertical line let fall from the centre 
tf gravity of the mass of masonry above it; 

W, the weight of that mass; and 

j, the inclination to the horizon of a line in the plane of tlie bod, 
connecting the limiting position of the centre of resistance with the 
point directly below the centre of gravity before mentioned. 

Then the moment of stability is, 


M = W {q :±zr)t cosy;...(2.) 

the sign I ^ | being used according as the centre of resistance; 

and ihe^ vei^cal line through the omitre of giuvity, lie' towanhi 

{ I of the middle of the diameta. 

The following modhScation of this expression is convenient in 
eompsiring structures of similar figures and different dimensiong ' 
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Lot h denote the height of the btruclure above the middle of the 
given hed'joint, h Iho breadth of that bed i n a direction perpendi¬ 
cular or conjugate to the thickness and w the weight of an unit 
of volume of the material. Then 

"W = u'whht, ..(3.) 

where » is a numerical Jantor dejjending on the figure of the 

etructuiv, and on the angles whieli fibe dirnensions, h, 6, U make 

with each otherj that is, thj'angles of obliquity of tlie co-ordinates 

to %/bich the figure of the striictui*e is lefcned. Introducing this 

vplue of the weight of the structure into the formula 2, we fiml the 

following vaKie for the moment of stability;— 
c , 

M n {q =±= r) co^j ‘W'hb ^ .(4.) 

This quantity is divided by i)oints into three factors, vis!.:— 

(1.) n {q z±z r) oo&j, a numeriofd factor^ depending on the Jigwre 
of the structure, the obliquities of its co-ordinates, and the direction 
in which the applied foi’ce toi'ds to <»verturn it. 

(2.) w, the heaviness of the material. 

(3.) h h l\ a geometrical factor, depending on the dimensions of 
the structure. 

Now the first factor is the same in all structures having figures 
of the same class, with co-ordinates of equal obliquity, and exposed 
to similarly applied external forces; that is to say, to all structures 
whose figures, together with the lines of action of the applied 
forces, are parallel projections of each othery with co-ordinates of equal 
obliquity. (See Articles 101, 140, pp. 160, 220.) Hence for any 
set of structures which fulfil that condition, the moments <n 
stability are proportional to 

The heaviness of the mateiial; 

The height ; 

The bi’eadth; 

The square of the thickness; that is, of the dimension of the 
base which is parallel to the vertical plane of the applied force. 

The following is the general expression for the moment, 
relatively to the limiting position of the ceni t e of resistance, of an 
externally applied force, tending to overturn the mass of masoniy 
above the given bed-joint. 


Let P denote the magnitude of that force; 

^ the angle which its direction makes with the horizon in a 
direction contrary to that of the slopey of the bed; 

the rertioal height, and / of application 

yl the horizontal &tanoe | 

then the perpendicular distance of F from the centre of resistance is 





STABOmr OF A BUTCBm 


I 


fl/oos required moment is given by tbe follow- 

lyig formula, which also expresses the condition, that that moment 
shall not exceed the moment of stability of the masonry- 

•P {of cos i — j/ sin fi) ^ M .(6.) 

• 0 0 
n. StabUitv of Fridion is insured when the resultant pressure 
makes with a nbfmal or lir^ perjumdij^ular to the bed, an. angle not 
exoect^’ng the angle of repose of the nu.terials. 

Let 9 denote that aogle. (See Article 110, ]). 172.) • 

The angle made by the resultant pressure with tlie vertical is , 


are • tan' 


P 0 (»f> ^ , 

W + P sin 


and the condition of stability of friction is given by the equation, 

P cos 0 


arc • tan 


W + P sin $ ^ 


<P. 


(ii.) 


This condition can always be fulfilled by properly adjusting the 
declivity of the bed-joint, j. 

264. iSlnbllllr «f a V»lrilral-rarrd ButtrvNM ivltk flarizoatal Beds. 

{A. M.y 213.)—Lot fig. 168 repii •jeiit a vertical section of a bntti'ess, 
with a v(‘rtical face 0 B, against which a strut, rib, or piece of 
framework abuts at C, exerting a give»i force P in a given direction 
C A. In order thtit the buttress may bo stable, it must fulfil the 
conditions of stability at each of its horizontal bod-joints. Let 
I) E be one of thosi' joints. 

Should several pressuivs abut against the buttress, 
the force P acting in the line 0 A may be held to 
represent the resultant of all the forces wliich are 
applied above the particular joint D E under oon- 
sideratioa 

Let G be the centre of gravity of that part of the 
buttress which is above the joint D E, and let W 
denote the weight of the same part. Through G 
draw the vertical line A G B, cutting the direction 
of thejatei-al thnist in A, and the joint D E in B; 
make A W = W, A P = P; complete the parallelo¬ 
gram A P R W; then A R will represent the result¬ 
ant of all the forces which act on the part of the buttress above 
the joint 1) E, to which the resultant of tbe resistance at that 
joint must be equal and directly opposed. A E being produced, 
cuts B E in P, the centre of resistance of that joint, which must 
ijiot &11 beyond a oertaiD prescribed limit, tbat tbe condition of 



Fig. 168. 
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Rtability of petition may be fulfilled lu order that tbe condition 
of Htability of friction may be fulfilled, the angle A F B must not 
be less than the conifilement of the angle of re])ose. 

In expressing this algebraically, it is to be obherved that 

OD*y; D F==y';y = 0; 

and consequently that equat^ion o of tl^ preceding Article, p. 399, 
becomes, 

P (sc' cos ^ y' sin ^ » (9 r) w 4 6 .( 1 .) 

and equation 6 , 

tan .( 2 .) 


‘ P cos i 
n w h b t + i* Bin f 


By means of these lun^lamental equations the following pioblema 
are solved.— 

I. The relation between the weight and the dimensions of the 
part of the buttress under consideration being gi\<‘n (in other 
wolds, the facl^r n being given), it is requiied to find the least 
thickness t at the joint B £ consistent with stability of position. 

In equation 1 , make y' ^ ~ 

then 

n{q + r)w?ib^ i P (a' oos ^ - ( 9 ^ + 2 ^ ^ ^0 

To simplify the foim of this quadratic equation, make, 

(,4;)p»h 


Sin 


= A,: 


n (9 4 r) w A 6 


= B; 


P a*' cos 6 
n(q + r)whb 

tbmi it becomes 

<2=.A-2B<, 

the solution of which is 

«= ^(A + B*)-B. 

11. To fi.nd the least weight of material above the point Of con< 
sistent with stability of Motion. 

The greatest obliquity of pressure ocouis at that joint which is 
immediately below the point of abutment, 0. Let Aq denote the 
height of matexial above that joint, the breadth, and ^ the 
required thickness; thmi, 


n«« *» », P (^^ - rin 4 ).(4.) 
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III. Partimlar, Case — U&^ngyilaT Buttress. (.1, ilf., 214.)— 
In a rectangular buttrey*, the breadth b and thicknens t are con¬ 
stant ; and if Aq be biken to denote tlje height of the top of the 
butti-ess above the point 0, * 

• A - /do ^ a; , • • 


will be its hoiglit above a gi^n joint. ^Also, because the centre of 
gravity of the poiiijon abo\ e any bed-] »int is vertically above the 
centre of the joint, r =0; and because • 


. yf -mhht, 

w- 1 . ’ 

These values being substituted in equation 3, give the follow¬ 
ing results, in which i. denotes the depth of the Uise of the wall 
below C. 


A-- 


1* 0 * cos i 


11 = 




Sin fi 


q uj {h^ + a) b* 2q w (/<q 4- i) b 


(.5.) 


As the depth jc increase's without limit, the thickness rcquiied 
foi* tlie wall apjuoauhes the following limit — 


■' VCz') .(«) 

which depends on tlie hoiizoiital component of the upjilicd foico 
alone. 

Supposing this value to be adojjted foi the thickness of the but¬ 
tress, in order that it may lx* stable, how dee]> soever the base may 
be below the jxiint 0, then to insiiie stability of friction, the 
height of the top aliove C must ha^e the following \alue :—^ 

C08(|+ /(_^) .( 7 ) 

“ sin coH 0 ran (p \w b cos 0 / ' ^ 

Instead of the rectangular mass b t, thei'e may be substituted 
a piimade of the same weight, and of any figure. 

265. (Viability «f Beialatng me Reveiemeat Walla m CleaeraL {A.M.f 
217.)—Figs 160 and 170 represent vertical sections of retaining 
waUs against wliich banks of earth abut. In each figure a vertical 
layer of the masonry and of the earth is supposed to be considered, 
whose length is unity. JO £ is the base of the layer of masonry, F 
the centre of resistance of that base, B a point vertically below G, the 
centre of gravify of the weight which rests on that base, AW a 
line representing that weight, A~P a line representing the thrust 
of the earth; the diagonal of the parallelogium APRW, is a 
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line ropreseniiog the resultant pressure at the base and outdng 
that b^e in the centre of resistance F* 




lio' 1G9 Fig 170, 

In each figiftV, D O is a viMtieal phne tmversing the inner edge 
D of tlie base of the wall, and t uttiiig the ])lane of the suiface of 
the bank in O. In iig 109, the whole o/* the wall lies in front of 
that voiUcal plane, so that tht weight, leprcseuted hy AW (or by 
W simply), wbioh lests on the base T) K, eonsists of the weight of 
the masonry together loifh the weight of the mobss of earth, f any 
{repit'sented hy () L M), winch is vertically above t/ioi ho/se; and G is 
the common centre ol giavity of the comjioimd mass of masonry 
and earth, winch is situated in fiont of the plane OD. 

In fig 170, on tin otho hind, a part of the masonry, represented 
by D L O, lies he^iind the plane O D If the ])nsm 1) L 0 consisted 
of earth, its weight would Im‘ snpt)oi ted by the earth beneath it; 
therefore the earth beneath that prism exerts a pressure vertically 
upwards sufficient to sustain the weight of a prism of earth of a 
volume equal to that of the m ism of masonry; therefore the weight 
represented by A W (or by W simply), which rests on the base D IE, 
consists of the weight of the masoni^ in t u veidiical layer of the 
wall, less the weight of earth which would fill J> L O; and G is the 
common centre of gravity of the masonry EDO whidh lies before 
the ^ilane OD, and of the prism DLO, considered as having a 
heaviness equal to the excess of the heaviness of moaowy cdxm that 
ifeasiA 

It has already been shown in Article 1&8, Division IT., p. 328 
that the pressure of the earth against the vertical plane 0 D (whicli 
faressure is parallel to the sur&M of the bank, and represented by 
A P or by T simply), is equal to the weight of the prism of earn 
0 DK, in which D K, parallel to the surface of the banku it eqael 
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to the vertical depth O D multiplied by the lutio of the conjugate 
preasures at a po&t, 

p cos t — J (cos* cos* 
j# "" cos ^ + ij (cob* 9 — cos* ^ 

which ratio depends on the 8loi>e 9 bf the bank, and angle of 
repose ^ j and thtA the re&ull^nt of that pressure traverses C, at the 
height ^ 

C])=-,^ = ® 

. ' 3 J • 

? • 

above D. ’ For the sake of brevity (u?' being 'Xc wefght of unity of 
volume of iJie earth), let 

w ct>b 6 - ; 

p 

then equation 18 of Aiticle 183, p. 324, becomes 


10 ^ £ 
2 


,.2 


.( 1 .) 


This force has to lie mwltiplitd, as in AriitU* 203, by the |)eiq)en- 
diculai' distiiiicc of F fi*om 0 P, .j give the moment of the couple 
which tends to overturn the Wrill. Let t be the thickness D E, 
andy the angle of inclination of D E *0 tho horizon ; then the arm 
of the couple in question is 

ajcostf / l\ , . ^ 

3 “ V ^j<*Hiu(tf+y); 

which being multiplied by the force P, and equated to the.moment 
of stability of the weight which rests on the base D E, gives the 
following condition of stability of position:— 


W(5'=±=^/'cosy = 


tc, COH 9 




Now sujipose (as in Article 263, p. 398) that W bears a dehnite 
ratio n to the weight w a: ^ * cosy of a rectangle of masonry whose 
height is Wj) » and its breadth the horizonted distance of 
fix>m 0 B, j cosy; then tho first side of equation 2 , being tibe 
moment of stability, becomes as follows:— 

n (q db q')wx^ cos*/ 

’ Divide both sides of the equation 1^ » 

H (g =te j') «> SJ* cos*/ 




( HATUaiALS AKD firTRUOTUllESL 


and for brevity’s sake, let 


* cos t 

6 n {q c±z q ') v) cos® / ** ^ 


V\ (<7 + 3 ) «'» (<» + /) 


4 n r/) J 


. -- 6 ; 


then 


and consequently 


.(»•) 


^ = J'a + h^-h 


The inclination, of the resultaut A R to the \ ertlcnl is given by the 
equation 

. tir A r. fos $ 

,, tan^WAR = ,,, ^ . .(.».) 

When the base D Eis horizontal, this should not exceed the tangent 
of the angle of ie])osc Wln'ii that base is inclinerl at the angle j, 
the condition of frictional btabilily is tJjus expressed:— 


WAR 


(ff licing the angle of rcjiose of the fountlatiou of the wall. 

The object of giving the base of tlw' wall an inclined position la 
to diminish the obliquity of ih<> ]>iessiirc on it, and so to enable the 
condition of frictional stability t<» b« fulfilled. 

As to the values of q in praetiee, see Artule 2(>3, pp. 390, 397. 
2GG. Hmbillly of Upright Brriangnlar Rrtatining Wnll*. (A, Jif,f 
218.)—In a vertical ivotHiigular wall, » - 1, 2 ^= 0,y=:0; so that, in 
equations 3 and 4 of Article 205, 

W, cos . j i * /IV 

(i^! *'““’1 V? + 2/®'"^. 

Caje I* When the surface of the bank is horizontal, so that ^sasO| 
then 

, l-sin P j % 

* 1 + HID ' 

and the proiiortion of the thickness of the wall to its height ii 
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* _ /T _ A / i I 

- V l6?w(l+8m»)) 

= 6^„-. 


Equauon 5 of Article 205 becomes • 


tan 


W A R = 


po 

W‘~ '2 w t 


WyX 


“ -fH ton*' 

‘ * V ( 2 m; (1 -t sm J 
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If the matoridl on which the wall rests is tlie same 'W'ith that 
of the bank, we may assnnie in which case, by squaring 

equation 3, and attending to the fact that 


2 sin^ ^ _ / sin ^ V 1 - sin ^ 

.m f = ^2 ^ “ \1 — sin’ 1 +^|i 

we obtain the equation 



Assuming that the sjx'eitic gra\iiy of the eaith is four-fifths of 
that of the masonry, or w - w ~ 5 — 4, we find that this equation is •> 
fulfilled for the ordinary value of g, 3 — 8, so long as 9 exceeds 24®. 
Should equation 4 not be fulfilled for ry —3 —8, a buialler value of 
q must be determined by the following equation:— 



and introduced into equation 2 to find the ratio t—x. 

Case IL When the smrface of the bank slopes at the angle of 
repose f, then s. w' cos and 


w' COs2 0 

6 q w * 


b=r 



It/ COS f sin f 


i q u) 


•(«> 


which values, being introduced into equation 4 of Article 260, 
p« 404, give the ratio t—x. 

267. Slabllltr •f JBatterlMgiJBCwl BeialnlSiB Wall** {A, 

S19.)—In fig. 171, let E Q represent the vertical face of a reot* 
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angular wall, auited to sustain the thrust of a given hank, and let 
F be the centre of resistance of the base* Make 



Q N !s 3 E.F 5= 3 Q*" S') centre of 

gravity g of the triangular pHsm of masonry 
E Q will he vertic^ly above the c^mtre of 
rc'sibtance F; th(*refor<\if that prism bo removed, 
so us to le^fice the cibss-soction of the wall to a 
traj)Czoi(l with a battering feco E N, the position of 
the eentre of resistance^ F will not be altered, and 
the waill wil] still fulfil'the condition of stability of 


Fig. 171, 


M. ' ' 

a rectangular wall, 
the summit is 


The thickness of the wall at 


(a?-*)*. 

The tangent of W A E (the inclination of the resultant 

1 3 o 

pressure to the'vertical) is mtre.jsed in the ratio - + '^ : 1; so that 

it may in some cases be necessaiy to make the base sIoimj back¬ 
wards, as in fig. 170. 

268. ftiaMlIty of JBatlering Walls of tJiiiforai Thlcknewh (A. M,y 

220.)—When a wall for sup¬ 
porting a Iwnzontdlrtopp&i bank 
is of uniform thickness, and has 
a slo}>ing or curved face, as in 
figs. 172 and 173, its moment 
of stability may be determined 
with a degree of accuracy si^- 
eicnt for practical purpom^in 
the following manner:— 

Let E Q in each figure repre¬ 
sent the vertical &ce of a rect¬ 
angular wall of the same hei|^t 
X and tl.u'Lness i with the pro¬ 
posed wall, and let g be the centre of gmvjty of that rectangular 
wall. Then 

will be its moment of stability per unit of lengtlu 
Divide fhe area E Q N included between the vextioal fitoe E Q 
and the fiscc of the proposed wall, E K, by the height ds. 'Dien 

EQN 



rt 


n \ 
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will be the distance of the centre of gravity G of the sloping or 
curved wall froifi that of the rectangular wall j and the change of 
figure will inci-ease the stability in the ratio g + g'; 9 ; that is to 
sayi the moment of stability will now'be 


• W (g - 1 - g') ^ - (g ... 


If E N is a s&iglit tin<.1[fig. 172), 

d) 

If K is a parabolic aie, 

g t o , 

.(4.) 


a formula which is also sensibly con'ect when E N is an arc of a 
circle. 

Walls with a “c*ui*\td batter” are usually built as shown in fig. 
174) with the bed-joints pci']>eudicular to tbe Asce of the wall. 
This diminishes the obliquity of the piessiire on the base. 

269. conmerfori* (il. 222) are ])rujections from the inner 

face of a retaining wafl. A wall and its counteiforts, if the bond 
of the masonry is well preserved by means of long bond-stones 
connecting the couutei-forts wim the wall, are equivalent to a wall 
having successive divisions of its length dtemately of gimter and 
of less thioknesa The moment of stability of such a wall, per‘ 



Fig. 174. Fig Mb. 

nmt of length, whmi the wall is well bonded, may be founds 
with sufficient accuracy for practical purposes, by adming together 
the moments of stabUily of one of the parts between Wo coun¬ 
terforts, and of one of the parts whose thickness is augmented 
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by the addition of a counterfort, and diAdding the sum by the joint 
length of those two jtarts. 

For example, let fig. ITfi represent a iwrtion of the or hori¬ 
zontal section, of a vertieitl rectangular retaining wall whose 
heiglit is/i, with a row of r<'c<angular counteribrte of the same 
height withMlie wall. < F E be the thickness of a part 

of the wall between two couiiterfoi-ts^ and 6-^0 its length; 
l«rf T = A B be tiu' thiekneyfof a eounteribrted part of the wall, 
iuelfiding the counterfort, and c - B 0 itfc length. 

The moT^ient of stability of tbe ^il^t part is 

( ^ 

„ q to h h t -; 

and that of tin* second }Mrl, 

q w h c T^. 


Adding together those inonM'nts, and dividing their sum by the 
total length 6 i- r A E, the mean monient of stability per unit of 
length is found to be 

^ c'\ 

^ />4C 



This is the same with the imaneut of stabilit} |>er unit ot length 
of a wall of the nnifoim thickness, 


V 


/ i + . 
I i + 


'r*- 


.( 2 .) 


which may be called the eqiiionipuf vnijorm miU. 

The quantity ot musoiny in the eounteriorted wall is to the 
quantity jn the equivah^nt uniform wall in the ratio 

6 # + c T : (/> 4 <•) /j, 

which is always hss than unity, so that there is a saving of 
masonry (though in general but a small one) by the use of counter- 
foi-ts. 

270. Aarcharged Belainlag Wall. —^Thls term IS applied to a wail 
for supporting a bank of earth wbieb rises ti „)i the top of'idie wall 
^ at the nutund slope for a certain ludght, called the Imghi qfUta 
8vr(haa'tje, lK‘yond which it is horizontal 'fhe thrust of such a 
bank is intermediate in amount ami in ilirection between that of 
a honzontal-tupped Iwiiik and that of a bank with an indefinitely 
long natural slope. * 

The following fonuula serves to compute approximately the 
thickness of an upright rectangular retaining wau for supporting 
such a bank * — 
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am oefore, df^uote the height of the wall, 

(f the height of the surcharge, 

t the thickness required to sustain horizontal hank, as 
computed by equation 2 oftAi*ticle 2GG, p. 405, 
t' the thickness requii*ed to sustain a bank with an inde- 
finifhly long natin*al slope, ji|^s con|j|)u4pd by equations 6 of 
2(>(), j). 405, and 4 of Ai-ticle 265, p. 404, 
t" the thickness required for the surcharged wall, then 




a'i + 2 


r 

c 


. neiirJv, 

f «/ 



^ V V p 

When the foot of the .slope of the bank r<*sts on hbe top of the 
wall, nearly above the centie of resistance df the base, the follow¬ 
ing formula nia} be used:— 





-i-(a;4 2c),.. 



271. iionwtrnctipn of Kefniuing WbIIm.— The foundation courses of 
retaining walls have their width inci'eased beyoii^ the thickness of 
the wall by a scries of ste])s m front, as shown in figs. 171 and 174. 
The objects of lliis ar<^, at once to distribute the pressure over u 
greater area than tliat*i(>t any bed-joint in tJic body of the wall, and 
to diGTuse that pifssure inoie equally, by bringing the contie of 
resistance nearer to the middle <4‘ the base than it is in the body of 
the wall, accouliug to the principle^ ali-eady explained in Section 
TV, of tills Clmpter, pages 377 to 382. ^ 

Tlie body of the wall may be eitlier entirely of brick, or of ashlar 
backed with brick or with rubble, or of block-in-course backed with 
nibble, or ol coursed iiibbJt*, built witli mortar or built dry. As 
the pressui'C at each bt‘d-joiiit is <*oncentrated towards the face of 
the wall, those combinations of masonry in which tlie laiger and 
more regular stones form the laci*, and Bustaiii the greatei* paii; of 
the pressure, and aie liacked witli an inferior kind of masonry, 
whose use is chiefly to give stability ]>y its weight, are well suited 
for retaining walls (Rt*e Article 246, p. 387), s^iecial care being taken 
that tin* back and face art* well tied together by long headei’s, and 
that the beds of the facing stoin's extend into tlie wall to a distance 
of about as far inwards frtiiii the centixs of pi*essuro at the base ol^ 
the wall as that centre of pit'ssure lies inwards from the faca 

Along the base and in front of a i-etainiug wall there should run a 
drain, like that at th^foot of the slope of a cutting. (See Article 195, 
p. 335.) In order to let water esciipe from behind the wall, it has 
small upright oblong openings tliioiigh it, called ** weeping-holes,” 
which are usually two or three inches broad, and of the depth of a 
course of masonry, and are distributed at regular distances, an 
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-ordinary proportion being one weeping-liole to every 4 square 
yards of face of waU. 

The back of a retaining wall should be rough, in order to resist 
any tendency of the earth to slide upon it. This object is promoted 
by building the back iu steps, tis exemplified in fig. 1C9. 

In retaining walls of gieat size, both back and face may he built 
of block-iii-eourso, oi’ tin* face of ashlar and the bi|pk ,of block-in- 
couiee, the “heari” of the waP being oflourst'd nibble, or of lieton 
01 * stieiig eonciete laid in i-Cgular courses of tbe suine dej)th with 
those of the fac<‘ aiul hack. 

When the matei'ial at the back of the wall is clean sand or 
gravel, so that water <‘an pass through it readily, and eScupe b;]^ the 
weeping-holes, it is only necessary to vam it in layei-s, as already 
dt^acribed in ArlicloB 108 and 200, pj). 311, 342. But if the material 
is rotentiv<* of water, like clay, a vertical layer of stones or coarse 
gravel, at least a foot thick, or a diy ston<* rubble wall, must be 
placed at the back of the retaining wall, lH*tw(‘(‘n the earth and the 
masonry, to act as a drain. 

A catch water/h-jiiii behind a ndaining wall is often useful. It 
may either have an indepemhail outfall, or may discharge its water 
through pipes inio the drain iu front of the base of tht‘ wall. 

When the material at the back of tbe wall is of a loamy descrip¬ 
tion, and liable to be ivduccd to quicksand or mud by saturation 
with watiT, and theiv aix* no means of preventing such saturation 
by eiliciont drainage, one way of making provision to resist the 
.additional pw'ssure whi(‘h may arise fi\)m such satmution is to cal¬ 
culate the requisite thickness of wall, as if the esirth were a fluid, 
making ^ = 0 in the ibrmulH). 

Another way of providing against such a contingoiicy is to con¬ 
struct, sloping against the back of tbe wall, a bank of shivers of 
stone or of coaree gmvel, whohC angle of repose is not aflbeted by 
the presence nf water, and then to fill iji the softer luateiial. The 
pressure against the wall iu this case will not at any time greatly 
exceed that of a l)iit}k of the firm material employed, sloping at its 
own angle of repose. 

The subject of relieving retaining walls from pressure by the aid 
of arches, and that of securing their founds i Ions by special con- 
(trivanoes in swampy greund, will be considered further on. 

The cope of a retaining wall should consist of large flat stones 
laid as h^cis. 

272. Siand Tie* for BeiaiHing Wolto. —KeUini ng walls having 
to bear a great preasuio, wliile they rest on a yielding foundation, 
may have their stability incrcaseil by being tied or anchored by 
iron rods to vertical or nearly vertical plates of iron imbedded in 
a firm sti-atum of caith at a distance beliind the wall sufficient 
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to prereut its being disturbed by tbe operations of excaTation, 
building, and embanking, connected with the erecdon of the 
wall 

The holding pqwer, per foot of breadth, of a rectangiilai* vertical 
anchoring plaie, the depths of whose upper and lower edges below 
the suifuoo are respectively a"| ami* .rg, %ia;f bo approximately 
calculated fi'am4he followiug Ibriimla:—- 

Let «/ be the weight of a cubic foot of the earth; 

p' its angle of /oj)oso; • 

II, the holding ])Ower per foot of breadth; then^ 


ll=-*a' 


2 eos^ 0 * 



(!•) 


The depth of the centre of prosMu’O of tbe ))late below the sur¬ 
face of the giDuud is given by the ibllowiug expivssioii:— 




2 

a 



» 



and to that centre the tie-rod sbouhl l^e sdtacht'd. 

If the retaining w<fill de})eiids on the tic-nxls alone for its 
security against sliding forward, they should be fastened to plates 
on the face of the wall in the line of the i<*snJtant pi'essurc of the 
earth behind the wall, lliat i*., at one-third of tbe height of the 
wall above its basis Lul if the resistance to sliding forward is to 
be distributed between tlie foundation and the tie-rods, they aro to* 
be placed at a higher level; for cxainplo, if half the horizontal 
tlirust is to be borne by the foundaliou, and half by tbe tie-rods, 
the latter should bo fixe<l to tbe wall at two-thirds of its height 
above the base. 

273. SMrnis for Retaining WhI1«.— Th(' base of a I'etaining wall 
may be prevented from sliding forward by a series of horiasontal 
struts of masonry or brickwork, abutting against rectangular 
masses whose resistance to displacement depc^nds on the same 
principles with the holding power of anchoring plates, stated in 
the lasv article. 

When a cutting in soft gi-ouud has a i-etaining wall at each side 
of it^ the foundations of the walls may be kept asunder, and thu# 
prevented from sliding forward, by meaii.s of a series of inverted 
arches extending between them, acroas and below the base of tl^o 
outiing, so as to act fis transverse struts. 

The upper parts of such walls may also be held asunder by 
slightly arched ribs of cast iron or of brick. These ribs abut 
Against the walls at about two-thirds their height above their 
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274. Beiieviiis Arrhfw.^—A row of arelieb having their axos and 
the faces of their piers at right angles to the face of a l;>ank of 

‘ earth are Cidled “ relieving archea” There 
nia;y Oe eitlier one or sevpi’al tiers of them, 
and ihr'ir front ends may Iv* closed by a 
®v(‘rtiPal wall, which thus ]>resents the a|>- 
pe.uanee of a riHtaming ail,•^although the 
leugyf of tlic archways is such os to pre- 
\(nt tlu* eaith from abutting against it. 
h’lg. 17o repiesonts a voitical transverse 
section of such'a w'all, with twctierji of 
lelieNiiig an lies ladiiud it. To compute 
till' length of a relie\ing arch from its 
ele.ii lieight, or its clear height from its 
length, the following a]>i>ioximato loiinuhe may be usi>d, in which 

or denoti'S the di]>th of the eiowii of an aieh below the surface, 

A, its deal heiglit, 

I, its length, uo 1 

the angle of lepose ol tin* caitii. 

£ cotau 0 ^ ■^ /1 .so') > * .. (b 

\ ^A T -*JS« ^ J / 

7* - / • tan t ...(2.) 

*" To determine the conditnuis of stability ot such a structure as a 
whole, the liori/ontal piessurt against the ■vertical ))lane O D may 
be determined, and coni])Oiiiided -with the weight of the combined 
lUAHs of masonry and eaitb () A E I) in front of that plane, to 
find the resultant juossme on the ha'.e. 

In soft gi’ound the base.s of the piers of the lowest tier of 
relieving audics should be connet*t<‘d by mtwns of inverted arches, 

so as to distribute the pres- 
sure over the whole area 
covered by the structure. 

Bnitreaard HwrlMM- 
till Arehett*—Fig. 17G re- 
l-'ig t 76 . pres(‘utsaplan,orhoria)ntal 

section, of part of a row of 
buttresses, connected by horizontally arched walls. 

To find the thickness, T = D £, r(H][uircd*for such buttrmses, 
let 

B denote A B, the breadth of the mass of earth which one 
buttress has to sustain; 

A the breadth of the buttraw: 




tig. 176 
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( tho thiokneas which would bo reqnirod lor aii uniform wdl, 
’ tt) sustain the same bank of earth, computed as in Article 266, 
equation 2, p, 40/>; then 

T 6 = ,(1.) 

In soft groumt the bas«**oJ the buptivyses may be connected by 
means of inverted arches, to distribute the pressure i and their 
tojwi may, if necessary, l)c* conn<*eted by iiieaiia ot arches, in order 
to support a jdatform, or a jjurcharged bank of earth Jn the biait- 
meut onell case, t is to be computed as in Article 2'i^O* ]). 401). 


Section VJTL— Of Stom and Jirick Arrlies. 

276. <ir«‘neral Nlrnc'iurr «l'Arclii'iB of Htoat*. (d. d/., 223.)—An 
arch of masoniy consists of a sector of a ring, composed of couiw’s of 
wedge-formed stones, called arch-.stmie« or mussoiri^ pressing against 
each othtT at surfaces called hed-joirds, which aiv, oi-^ught to be, j)er- 
pondicular, or nearly perjK'udieular, to the so/fif, or internal concave 
surface of the arch. Tlic sf>(Ht is also called, in niathematical lan¬ 
guage, the iidradm. Tlft‘ word exfradon is a])])li(*d Hoiuctiines to the 
upper surface of the ring of UTvh-stones; sometimes to tliat of the 
solid masonry or haching above tljem; sonietinu's it> that of the entire 
mixss of permanent loading mat* rial. (See jilso p. 203.) The outer 
or convex surface of tin* ring fd arch-stones, which may bo either a • 
curved surface or a series of steps, Busfeiius the a ertieal ])vessiiro of 
that part of the load which arises from tlie weight of materials 
other than the arch-Bton(*s theuiKclves; and that ouler surface also 
exerts in many cases a horhwntal or incline<l tlirust agrinst the 
spemdrUs and abid7netd8. The abutments siisUiin also the thrust 
of the lowest voussoirs, vertical or inclined, as the case may be. 
The course of stoues fi’om which an arch springs is called the 
springing~c(mr8e or skeui-hticJty the latt(*r tei'm being used hen its 
upper and lower beds are oldiqiie to each otlier. Hoiuetimes an 
ai'oh sprmgs at once fi'om the ground, so tliat its abutments are its 
foundations. 

A wall standing on an arch, in the plane of the ardi-ring, is • 
called a spandrU wall. The arch of a bridge requires a pair of 
eoderwA epavdrU wcdlsy one over each foux of the arch; the space 
between them is filled up to a certain level with solid masoniy, and 
above that level it is sometimes filled with earth or nihbish, a^d 
sometimes occupied by a series of intemml spa/ndril wodU parallel to 
the external siiandril walls, and having vacant spaces between 
them—a mode of construction fitvourable both to stability and to 
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lightness. Tn order to form a continuous platform lor'filM road* 
waj, the spaces between the internal spandril walls are j^iw|timea 
covered with flags ofosome strong stone (snch as slate), 4 ft 4 V>!line- 
times arched over with sra411 femnsverse arches. The j^xterpal 
spandril walls are the abutments of those arches, m^'have 
stabiliiy sufllcicnt to siMtain*their tlirust: when the span^ltS are 
filled with earth or rubbish, tlie exb*n>|] spandrikwjiZlH have 
stability snflScient to withs(ait(Utlio pro&Sure of the filling matedal 

^7. mranoniT ofArchrs—feadiina.—TJie d^scHj)tion of masouiy 
used for arches is either ashlar or block-in-courso; the beds being 
perpendicuhsi; or nearly pc'rjfendicular to the direction of t?ie tHlUst 
through the ar(Ji-ring,^and the side-joints perpendicular to the tteds 
and to the soffit. In eommou, or bq'iiare arches, in which the jftdl 
of the archway is perpendicular to each face of the arch, the %i- 
joints are plane j in oblique, or slew arches, they are curf^d 
surfiices, shaped according to principle's which will be explained in 
a lat(*r article. 

'J’lie pi ineijilosjaccording to v\liirh the masonry of arches is to^be 
built arc in otljM* respects the sainc with those alivudv exjdaiued in 
Aitiele.s *112 awl 2111, p]). 384 to 380. fcSpeeial caie is to bo tak(,n 
to cut and lay the beds of the stones accuratel'y, and to make thj 
hed-joints thin and close, in order that tKe arch may be strailVIlQ 
as little as fKissihle by settlingi To insure this, some engineers have 
caused arclies to be built dry,or liquid mortarafter¬ 
wards lun into tlie joints; but tlie advantage of this,method is 
doubtful. Otbei-s have plaml sheets of lead in the hed-joints, t<i 
distribute the pressun' between tbo stones. 

The backing of an aich consists of bloek-in-course, coursed 
rubble, or random nibble, and sometimes of concrete. When the 
backs ofi the arch-stones are cut into steps, the backing is built ir 
courses of the same d<‘pth with those ste])s, and thus landed witl 
them. Sometimes the backing is built in radiating conrsos, whose 
beds are prolongations of the bed-joints of tlie ainh-stonea ]$oi1: 
these methods are favourable to stivngth and stability. 

The height to which the solid backing should be built if 
regulated by principles which will be ex]iic» ued in su)isequeni 
ai'ticles. 

The upper surface of the backing, and of that part of the arch, i 
any, near the crown, which is without backing, is coated witha layei 
of waterproof material, such as clay puddle (Ariicle 206, p. ^344) 
mixed cement (Article 231, p. 374), or«bituminous oonerett 
(Article 234, p. 376); the last being the best. Any rain-watei 
which penetrates the sfcructui'e above the arch flows to the valleyi 
or lowest parts of this coating, whence it is carried away b/ tuba 
or other convenient outlets. 
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276. Brick ArckM may be built oitlior of gauged or wodgu- 
> formed bricks, Iboulded or rubbe^ ho a.s to suit to tlu' ludius of uie 
soffit, or of bricks of the common shape. 4ii the lonner casts the 
methods of bonding the bricks are the same with those em])loyed 
in walls (Article*2o5, p. 394); iu the latter, the bricks are accom¬ 
modated to tfie tsurvctl figure of the arch liy making the bed-joints 
thinner towiirdi; the intrii^loH than tow.irds thtj extejwlos, or, if the 
curvatui’e is sharj), by dj4\uug tlj^i^jneces of slate into tlie outer 
edges of those joints j and diflerent nibthods an* Iblhnvtd for bond¬ 
ing them. The most common win is f • build the areli in con¬ 
centric ipngs, each Imlf-a-brit k tliuk: this is, in hyctj to lay tlie 
bricks all stretchers, and to dejM'ud u]K>n the iteniicity of the 
mortar or cement for the coTineotion of tne s(*veral rings. It is 
deficient in strength, unless the bricks are laid in cement at least 
as tenacious as theinselvt's. AiJoth(*r wa> is to introduce eoui’scs 
of headers at intervals, so a*^ to coiineti pairs of half-brick rings 
together. This may bo <hme eilluT by tliickt'iiing the joints of tlio 
outer of a jiair of hall-brick rings with jiicces of ^ate, so that there 
shall b(‘ the sinnc number of courses of strct»*hwH in each ring 
between two coui’h<*h of heatler*<; or by placing tho couraes of 
headers at such d{.stances ajiart tliat between each ])air of them 
there shall be one coui^ie of strotchei> nioiv in the outer than m tJie 
inner ring. Tho forinei in ihod is the I)e.sl Miit«*d to arches of long 
radius, the latter to tliost* of short radiu.M. 

^ Hoop-irAu bond (Ariicle 201), ] 39/)), laid nmad the a/r<d\n 

between half-brick rings, as well us longitudinally and mdially, is 
▼cry useful for strengtliening bri< k arches. The bands of hoo|>- 
iroii which traverse the arch lufliully may b* bent, and pi’olonged 
in the bed-joints of the backing and spandrils. 13y tho aid of 
hoop-iron bond Sir Marc-Ihainbard Brunei built a half-arch of 
bricks laid in strong cement, which stood piojocting from its 
abutment like a bracket, to the di.st>uice of GO feet, until it was 
destroyed by its foundation being undermined. 

279. iTitr of f’entres.—A centre is a temj)oi*aiy Htructnrc of timber 
or iron (but most commonly of timber), by which the voussoirs of 
an utch are supported until the ai*ch is completed, and capable of 
supporting itself. The principh‘s of the strength, stability, and 
construction of centres will l)e explained under the head of 
Cabpentrt. ^ 

A centre consists of parallel frames or ribs about 5 or 6 feet apart, 
curved on the outside^to a figure parallel to that of the soffit of the 
arch, and supporting a series of transverse planks called laggings, 
upon which tlie archstones directly rest. 

The oldest and most common kind of centro is one which can be 
lowered or “ struck ** all in one piece, by driving out wedges from 

2 B 
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below it, BO as to remove tlio suppoi-t li'om below e\ cry part of the 
arch at once. An improved kind whs lirht introdifred by Hairtley, 
in which each lagging is 8n|»]>oried njion the ribs by wedges or 
screws of its own, so that ila? support can be removed from the 
arch-stones course by course, and rejilaet'd in the event of the 
settlement pibving too rijud.. ‘ , 

The ceiitre of an arch should not be^struck until tjie solid part 
of the backing has been built,*‘apd the i[n<>)rtar has had time to set; 
and when an arch forms dho of a series of arcbi'S, with piers 
between them, no centre should be struck so as to leave a pier 
with an arch (^butting against one side t f it only, unless the pier is 
what is tcrmedi. an “ abutment-pierthat is, a pier whiohf has 
sufficient stability to act as an abutment. 

280. lAne of PreMures in an Arch—Condition of Atabilitr* (-d. M.f 
224.)—If a straight line be dmwn through each bed-joint of the 
aroh-ring, ropreseuting the position and direction of the rosulta-nt of 
the pressure at that joint, the straight lines so drawn form a poly¬ 
gon, and each of the angles of that polygon is situated in the line of 
action of the res’:/tant external ^bree acting on the arch-stone which 
lies lietween the pair of joints to which the contiguous sides of the 
polygon correspond; so that the ])olygon is similar to a polygonal 
frame, loaded at its angles with the forces which act on the arch- 
stones (their own weight included). A curve inscribed in that 
polygon, so as to touch all its sides, is tlie line of presmree of the 
arch. The smaller and the more nuniorouH the arch-.stoues into 
jwhich the arch-ring is subdivided, the moie neaily does the poly¬ 
gon coincide witli the curve; and the curve or line of pressures 
represents an ideal linear orc/i, winch would lie balanced under 
the eontmiiouBly-distribuied forces which act on the real arcli under 
considoralion. Fi-om the near approach of this lini'ar arch to the 
polygon whose sides iittviTbc the centres of ix'sisiaiice of the bed- 
joints, the points wliere the linear arch cuts those joints may be 
taken without sensible error for the centres of resistiiuee. 

Now in order that the stability of the arch may be seouro, it is 
necessary that no joint should timd to open cither at its outer or at 
its inner edge; and in order that this may be the case, the centre 
of resistance of each joint should not deviate li u\ the centre of the 
•joint by more than one-sixth of the depth of the joint; that is to 
say, the centre of resistance should lie within the middle third ofl 
the depth of the pint; whence follows this 

Theorem. The eto^ility of am. arch is aecmey if a linear arch, 
haianc/ed under the forces wlUch acA on the real ardt, can be drawn 
laUhin the middle third of tiw deptit, of the areh-ring. It is through 
this theorem that the principles of the stability of ideal Unear 
aj^es or ribs, already ezplaiued in Arricle 132, p. 202, and the 
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previous artioles refen-ed t(» in that 8113010, and also in Articles 133 
to 139, pp. 203 to 218, become applicable to r('al arches of masotn^ 
and brickwork. (See Addenda, p. 790.) • 

It may be hela that in most pifictical examjdes the ttmacity 
of fivsh moij^r is not auiiicientlj great be taken into account in 
detemining the stability of masonryi^ nhfk hence, wlJere cement is 
not used, aU hwkoiital o^ obh(|ne conjugate fore(‘S wliich inaiiitaiu 
the equilibrium of the ftveh-nng, iftnsi he pn^Hsures, acting on the 
arch from without ipwavds The liHr'ar arch, thpi*eforp, is ]ipait(‘d 
in such cases to those forms which are balanced nndei* presmres 
Jrom iMfiJiout (dome; that is to wiy, that the iytrtisity of'the 
horissontal or conjugate pressure, denoted^ by Artich* 138, 

equation 4, p. 214, must wd ad any point he negative 

Tt is true that arches have stood, and still stand, in which the 
centres of resistance of joints fall beyond the middle third of the 
depth of the arch-nng; but the stability of such arches is either now 
precarious, or must have been precarious while the mortar was fit*sh. 

When tenacity to I’csist hoiirontal or oblique^teiision given to 
the spandrils of an arch, and to the joints betwwen them and the 
arch-stones, by means of «.eiueiit, hoop-iron bond, ii-on cramps, or 
otherwise, the conjugate tension denoted bymust not at any 
point exceed a safe* projioi-tion of that tenacity; that is to say, 
about one-eighth By this means stability may be givi'u to aiThes 
of seemingly anomalous figures; but such structures aicsafeon a 
suiall scale only. 

281. Kelattau beivtcrn liiiirar Rib anil IniradoH ol Rpiil Artb.— » 

There are numenm^. cases in wdiich the form of a liiicar rib, suited 
to sustain a given load, may at onct* >>e adopted for the intrados of 
ri real arch for sustaining the same loud, with sufficient exactness 
for practical purposes. The following is 
the test whether this method is apjdi- 
cable in any given case. Let A C B in fig. 

177 be one half of the ideal rib which it 
is proposed to adopt as the iiitrn.jlos of 
a real arch. Draw A a normal to the rib 
at the crown, so as to rejiresent a length 
not exceeding two-thirds of the intended 
depth of the keystone, and conceive a 
couple applied to the keystone, consisting of tension at A equal 
and opposite to the thinist along the rib there, and of an equal 
thrust at a. Draw^ normal B & at the springing, and make 

B h thrust along ribjit A 

A a * thrust along rib at B* 

‘and conceive a couple of equal moment to the fint, ooneisting of 
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tension at B and thrust at h, to be apjiliod at the springing. The 
pair of couples thus intn)daced, being equal and opjwsite, do not 
alter the equilibrium, their only eifeot being to ti’ansfer the line f 
pi'esaures from the intrados or Weal rib A C B to a line a c 6, whose 
perpendicular distance 0 c from the intrados a.v any point* is 
inversely as thn thrust along the rib at that point. J’hen if a a b 
lies within the middle third of ih(‘ ai'ch-riug, tho id,eal, rib A C B 
is of a suitable fonn tor the intfados. » 

Thq process may, if rt‘<juircJ, bt* commenced by making B b not 
less than one-third of the depth of tho arch at the springing, that 
depth having iirst been lixed with due r^'gard to the coiidi^ions of 
resistance to crushing, which will he consichued further on. ** 
282. IJMt* of Kquilibraied or Transforincrd Catenary Arrhea*— 
transformed catenary has already been fully des<*i'ibe<l in Article 
131, pp. 200 to 202. When used for the intrados of an arch, it is 
commonly called the “cur\e of equilibrium.” It is suited for the 
support of any ItMcl whose pri'ssuiv is wholly \ertical, and whose 
extrados is either ii horizontal jd.iiie eoiuciding with the directrix 
O X of the trsiusKwnwd eateuaiy (iig. lid), or another tninsformed 
catenary having the same direetrix. 

When the method of Article 281 is applied to an intrados of 
this figui’c, the residting curvi*, a c b of iig. 1?7, is simply tlie same 
curve shifted vei-tically upwards tlirougli the height A a. 

In making u.se of the tjansfoimied catenary in ]>ractice, there ai*e 
usually given, the directrix, tho crown of the ai*ch, and the points 
foom which it is to .s})ring. Fi'om these da+a the nwdtdwt in is to 
be computed by means of equation 4 of Article 131, p. 202^ and 
then the vertical oidinale t/ from the directrix at any given hori- 
7 .ontal disiaiiee x from the crown of the arch is given by the 
formula,—, 

. 

in whicli is the de]»th of tin* cuire of the arcJi below the 
directrix. (Hee table. Article 208, p. 436.) 

In applying tho formulse (3) of AHicle 1."’ i). 202, to Hiiij^aroh, 
tknist is to be read instead of teftisUm; and the symbol to is to be 
ifnderstood to stand for iJie had per equeurefoot of ths vertical wreak 
bahjoeen tlte indradoa and the directrix. 

For exam]>le, let B denoti‘ the breadth of the arch, or length of 
ilie archway, in feet; let tOj be the weight a cubic foot of the 
masonry; let the extmdos be a transformed catenary, each of whose 
ordinates, measured from the directrix, is equal to the correspond¬ 
ing ordinate of the intrados multiplied by a fraction n; and let 
a fraction k be tlie intio of the volume of solid building to the 
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whole volume} the remainder 1 - A; coiisiHtiug of s]mudriI-void& 
Then, • 

io = nk Wj...(2.) 


In order that the arch may bo equilibftitod under ita own weight 
and that of the solid l>acking alonf, tia ^voll as wnon the whole 
stiTicturo is fii^shed, the* figure of^the upper surface of the solid 
backing ahould itsfif either be -a transformed t‘atenary, or ap¬ 
proximate to that curve, • 

283. Uae of the livdroMaili* Arrh.— Tlio mathematical and 
me/^hanical j)i’ 0 ]>erties of %his airh, considered as a^liiKuar rib, have 
been explained in Article ISO, pp. 208 to ^’2. ^ 

Inasmuch as the thrust through thu arch is iiniforai, the ap¬ 
plication of the method of Ai’tiele 281 to it produces siinjdy a curve 
parallel to it j so that if it be ust'd for tlio iutiudos of an ai’ch-ring of 
uniform tlnckness, and the eentn" of resistance at the keystone be at 
the middle of the thiokiie.ss, tin* line of pressures will be at the middle 
of the thickness of the arch-ring throughout, «• ap]rt'oximately so. 
The word “approximately” is used, because the tl?hist ahmg the real 
arch is not exactly uniform, like that in the ideal rib; for at the 
s]>ringing it is greate]|; than at the crown, by an amount equal to the 
weight of the prism of masonry wliicli staials vertically above the 
Bjiringing-course; but tlai* \liffi.‘ren(*e is pnieiieally unim})ortant. 

The application of tlie hydrostatic an'h to piuctico is founded on 
the fact, that CACi'y arch, after hav^ing been built, subsides at the 
crown, and spreads, or t<‘nd8 to sjircad, at the haunches, whidli 
therefore jircss horizontally against the filling of the s]iandrils; 
from which it is inferrc'd as ]>robable, that if an arch be built of a 
figure suited to equilibrium under fluid ])ressui*e—that is, pressure 
of equal intfmsiiy in all directions—it will spread horizontally, and 
compress the masoni’y of the spandrils, until the horizontal pressure 
at each point becomes of equal intensity to tlje vertical pressure, and 
therefore suflicieut to keep the arch in cqnilibiio. 

In addition to the meiliods already explained in Article 136 for 
drawing the figui'C of the arch, the following method may bo given 
for describing an approxiinaticm to it abont five centres. It is very 
simple, and has been found by trial to answer well. 

In fig. 178, let F B be the half-span and F A the rise of thfe 
proposed arch. Make A 0 = and B D - ^the radii of curvature 
at the crown and springing, as calculated by the formulae (11 
and 12) of Articla 130, p, 211.* Then C will be ouo of tha 


* The fonnohe for oomputiog those radii may be put in the folltmiiig form,* let 
« be the rise; the half-span— 
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oentreB, and I) another. About D, Mvith the i-adius D E = F A 

— B D, describe a cii'cular arc, and about 0 
witir the rgdius C E = 0 F, describe another 
circular aix?; let E he the jH)iut of intersection 
of tht»ae arcs; this will be a third centre; and 
two ihoi’c (‘entres will be similarly situated to D 
and E withjvspecl to'fhe other hall-arch. 

Then al^put?” C with the radius C A, draw tlie 
cinnlar arc A Gr till it cuts 0 E produced in G; 
about E, with the ra^ixis E G = F A, draw the 
circular arc G H till it cuts K D ]>roduc^d in II; 
abou* J), with the ladius D B, dmv'thc circular 
arc H B. This completes one half-arch, and the 
other is diuwn in the same manner. 

The cur\e thus desciilx'd falls a little beyond 
the true hydrostatic arch at G, and a little 
within it at H. 

To tlu iji' atest ])ossiblo securit y to a hydiDstatic arch, 

especially if the s]»an is coiujMired with the rise, the hacking 
ought to be built of solid rubble masonry iij) to the level of the 
ci*owu of the extrados, bcfoie tlu ceiitie is stwick. 

Many semi-ell if ilii* arches may he tieated as ajiproximate hydro¬ 
static arches. In fact, many of the aiclics called semi-elliptic aji- 
pixixinjate more nearly to the figiiix' of the hydrostatic aicli than to 
that of the tine seTni-clli])s<‘. 1 he tnie somi-ellip'd* of a given span 
rfnd rise diffei’s fn>ni the liyilrostatie arch, by being of somewhat 
sharper curvature at the crovin and springing, and somewhat flatter 
curvature at the liiiuiiches, and by cm losing a somewhat less area. 

284. irnr of thv fiirontatir Arth. —The derivation of the figure of 
tliis arch, by transformation from that of the hydiostatic arch, and 
most of its projiedies, have been explained in Article 137, pp. 212, 
213. The following prohh'm only reiuaiiis to be solved. Given in 
a geostatic arcli, the rise a, the halt-span s, and the de[>th of load at 
the crown ar^; it is required to find the proiiortion c, which the 
half-span and other honvoutal dimensions bear to the correspond¬ 
ing dimensions of a hydrostatic arch whose vertical dimensions are 
the same:— 

+ 

‘ = “ V = ' 30»>***™ 


0 = - nearly. 
til 


.( 1 .) 


This method may be applied to those senii-ifliptic a/rcJtas which 
are not approximate hydrostatic archea 
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S85. Stalilliljr •f anr propxMied JLrcli. (il. A/., 225.)—The first 
step towards deteiiainiug whether a proposed arch will be stable, is 
to asgume a linear arch parallel to the intraflos or soffit of the pro- 
jx)sed arch, and ]oaded vertically witli tlie same weight, distributed 
in the sam6% manner. The size of ibL^ assumed linear arch is a 
matter of indifference, jirovidcd each pbitft in it is considered as 
subjected t<r thJ same Ibroes which at the cm'respondmg joint in 
the real arch; that is, ^te joint sd which the vndbmtimi of the real 
a/rch to the horbson is the same with of the asmnied a/rch^at t?ie 
given jmnt. 

^e assumed linear arcli is next to he trojiUd acefn'ding to'tlie 
mo^nd of Article 158, pp. 213 to 216; by efjjuation 4 of that 
Article, p. 214, is to be detcrniincd, either a general cxpn'SRion, or 
a series of values, of the iiitcuisity of the conjugate pressure, 
horizontal or oblique, as the case may be, required to keep the arch 
ill equilibrio under the given vertical load. If that jiressure is 
nowhere negative, a curve similar to Hit* assumed aiiii, drawn 
through the middle of tlie airh-ring, will be either exactly or very 
nearly the line of pri'ssuri's of the ]>ro[>oHed arch will I'cpresent, 
either exactly oi- very nearly, the intiMisity of tlie latciiil pn^ssure 
which the real arch, .tending to s])rcad outwards under its load, 
will exert ut each point agiunsl its spandril and abutments; and 
the thrust along the linear aicli at <‘aeli jioiiit will be the thrust of 
the I'cal arch at the corro-p^mding joint. 

Oil the otlier h.ind, if 1ms some negative values for the assumed 
linear arch, there must l>e a pair of points in that arch whci'e thsA 
quantity changes from jiositiveto negative, and is equal to nothing. 
The angle of inclination at that ])oint, called the angle ofrupt/urey 
is to be determined by solving Jh-oblem IV. of Article 138, pp. 
215, 210. The corresjumding joints in the real arch art* called the 
joints of rvpVare; and it is IkjIow those joints that conjugate pres¬ 
sure from without is required to sustain the areh, and iliat con¬ 
sequently the backing must be built with squared side joints. 

In fig. 179, let BOA rejiresent 

one-half of a symmetrical arch, __ 

K L 1^ E an abutment, and C the ^ ^ 

joint of rupture, found by the 

method already desciibed. The / / • 

point of rupture, which is the Ca 

centre of resistance of the joint of • 

rupture, is somewhere within the 

middle third of the depth of that ^ 

joint; and from that point down ® j 79 

to the springing joint B, the line 

*of pressures is a curve similar to the assumed linear arch, o&d 
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parallel to the intrudos, l>emg kept in cquilibrio by tie lateral preii- 
mire between the arch and its spandril and abutment. 

From the joint of rfipture 0 to the crown A, the figure of the 
true line of pi’essures is dc'termined by the condition, that .it shall 
bo a linear arch balanced under vertiad forces only; that is to say, 
the horirontal com}>oiu'fit of«^ tlie tlmist along it at each point is 
a constant quantity, and e(jnal^to the boiizontiil component of the 
thrust along the arch at the joint of rupture. 

Tlkit horizontal thrust, denoted by Up, .is found in solving 
Problem IV'., Article ].‘i8, p, 315, and is the horiwmtal thrust of 
the entire arrh. ' »■ , 

[If the ai'cli i^ distor,<’od, vonjugafe thrust is to be road instead of 
“horizontal thrust” wherever that ]»hrasc occurs.] 

The only point in the line of }>ressures a^ve the joints of 
rupture whicli iv is iinportuiit to determine, is that which is at 
the ci-own of the arch, A , and it is found in the following man- 
ner:— 

Pind the centre of giuviiy of the load between the joint of 
rupture C and flic eroN\n A; and draw through that centre of 
gravity a vortical line. 

Then if it be possible, from one jKiiiit, suclj as M, in tliat vertical 
line, to draw a pair of linos, one ])arallel to a tangent to the soffit 
at the joint of nqitiire, and the other parallel to a tangent to the 
stjffit at the crown, sf) Hint ihc former of those lines shall cut the 
joint of injdujv, and the latUr the keystone, in a pair of points 
which are both within the middle third < f the depth of the arch- 
I’Lug, the stability oi the arch will b*‘ secure j and if the first point 
be the jK)int of m])fun‘, flic second will be flu* centre of resistance 
at the crown of the aroli, and the crf)\vn of the true line of ]»re8- 
buim 

When the paii’ of points r‘latcd to each other as above do not 
fall at opposite’ limits of the middle third of the arch-ring, their 
exact positions arc to a small extent uncertain; but that un¬ 
certainty is of IK' eoiscqueiice in practice. Their most pro¬ 
bable positions are cqui-distant from the middle line of the 
arch-ring. » 

Should the pair of points fall beyond tl> middle thii’d of the 
♦arch-ring, the depth of the arch-stones must be increased. 

280. Circular Arfsh, not leu* than n llnadrani. —In applying the 
principles of the preceding ai'ticle to an arch whoso intrados is an 
arc of a circle, it is necessary to modify the equations 9 and 11 of 
Article 138, Example IV., p. 217, in order to take into susoovliA 
the weight of a given portion of the ring of arch-stones, as dis¬ 
tinguished from that of the material which rosts upon it. The 
results arc as follows:— 
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In a oii'cular-arcti with a horizontal platform abovo it, let 
r denote the radius of the intrados; , 
r' that of the extrados of the art^'ing, which is supposed uni¬ 
formly thick; 

c the deptl^f loading material above the ciwu ofabhe arch; 
w thife weight of a cubic foot of the hrch-^oiies; 
w the 7nmn weigM of ^*cubic iootiof the siiperstinicture, includ¬ 
ing voids (= I u> nearly); * ^ 

Then the solution*of tho following equation gives an^le 0 / 
rupfyerei^; , 

1 in ' \ wj 2 £.111^ /q J 


^ ^ ^ ^0-^^ ’0 sill ^0 

^ U) 2 sin^ /q ' 


G-) 


which having been solved, the following equatjpn gives the /tori* 
tontal tli^'vstfor each unit of breadth of the arch :—^ 

+ ,«(, _,^)'o .(2.) 

• ^ 

Equation 1 is here given in the form best suited for practicaT 
use, being that of a quadratic etputiiou between i*', 1 *, and c, with 
co-efiicients depending on th(‘ angle # 0 , and on tlie conqjarative 
heaviness of tho arch and of tho supoi'structurc. Tlie value of 

ft • * w/ 

can be calculated from a given set of \ dines of r', r, c, and -, by a 

series of trials only; but if a value of bo ussiiiaed, th(‘n any one 
of those four quantiti(‘s can bo conqnited exactly by solving the 
quadratic equation, 

Pbobleil —The radim of tha intrados r, and the height c of the 
horitonBal platfoi'm cdtom ihe crown of the arcti being given, to jvnd 
the outer radius r' of die arch^ring cmrespmidhig to mi assumed migle 
<lf rupture iQ. In this case r is tho unknown quantity; and if* 
equation 1denoted for brevity’s sake by 

•Ar«+”^cr'-Bv2 = 0, 
w 


■ v (a’" ^ i «H‘AV ■ 2 w A. 


ite solution is 
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Materials anb strxjctukes.. 


1 u mo»t of the examples of circular arches whieh ocoiu* in prao* 
tice, the angle of rupture lies between 45® and 55®; bo that if the 
squared backing is ^rried ]iip to that part of the arch whidi is 
inclined at an angle of 45® to the liorlzon, its height will- be suffi¬ 
cient, at leai^t. 

Tt further apixsars, by trial, tJiat tJie follow iijg approxinihtt^ rule 
seldom errs by so much as qne-twcntiefh part iif gitiiig the hori¬ 
zontal thrust of the arch. ^ 

Wfi Iiorizoiital thrunt is •imwly eqvif'l the weight swpport&l 
betioeen the evown and part of tlw soffit wiwse inHinpfion is 45^; 
or in symbols, ^ . * , 

11 0 nearly - to' / (■0G14 + '7071 c) + *3{)27 w (t^ —y2y,..(4.) 

Thus, in fig. 180, let A 0 B re])rcbcut one-half of a circulai! 
arch, O being the centn* of the intmdos and O A its ladius, =r; 

let O r - r', r U - c; U Y being the 
horizontal platform. Draw O C F, mak» 
mg ^he angle A 0(1- 45® with the verti¬ 
cal; then tJjo liori/ontal thrust of the arch 
will be nearly eqiml to tho weight of the 
mass A F V IJ, which lies between the 
joint 0 F and the crown. The point F 
is that up to wliose level it is advisable to 
Imilu the harking solid, or, at all events, 
to Iwmd and joint it in such a manner that 
it shall 1m* callable of transmitting a hori- 
/ont.il thrust. Dmw F T horizons; then 

287 Akabiiitr of nn Unioodcfi Ar< h-Riuj(, —B<*fore the ccntro of 
an arch is stimck, the spandril walls (or spandril filling, as the case 
may be) should be built to such a height that the part of the arch¬ 
ring near tlu* crcwn, which is left for the time unloaded, shall 
fulfil the condition of stability whi<*li coiusists in having the line of 
pressures within the middle third of its thickness, when under its 
own weight aloiw*. The exact investigation of this qnoution is 
very complex, and it is unnecessary to give j here in detail. An 
• apia'oximation sufficiently accurate for practical pur})ose8 is as 
follows:— 

Make tite dejdh of the lotoest point of the exfrados qf tfie utdoaded 
wre bdow iis highest p.nnt a mean proportimwA heiwem the tfdeknes* 
qf the (MTch mid the radius of the irdrados. 

That is to say, in fig. 180 (hist Article) make 
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then the horizontal line Q R S will show the level u]) to which the 
BfMndi'il walls or spandril filling are to bo built befoi’e the centre is 
struck. , * 

288. CIrciilar Awh lew than a <|aadrant. —In this casc the rule 

of the precedifi^ article is to be applied exactly as in t 1 )p case of an 
aroh not less than a qnadi^mt; but ift coiil^uting the horizontal 
thrust, it is sTifiiifent to the w^ght of a half-arch with its 
load, and multiply by the co-tangent of the inclination of the 
intrados to the horizon»at the springing. • 

289. Tie-Walia. in the holhiw .spandiils of arclu'S, are transverse 
walls a-t right angles to the s]jaudril walls, 'flu* ^disSiiice from 
centre to cents** of the tie-walls may be fixan throe to five times 
the distance from centre to centre of the .‘«}>audril walls. 

290. Depth of Kryotone.—To deieiiiuiie wiili ]>reeirion ihe 

depth required for the key.stone of ,in afeh by diiect deduction 
from the i»rincii)lea of stability and strength, would be an almost 
impracticable problem from its complexity. That depth is always 
many times greater than the d< pth nec('ssny t<>ir('sist the dii^eet 
crushing action of the thrust I’lie proporti(m in wich it is so in 
some of the best existing exam]>les has been calculatc‘d, and found 
to range from 3 to 70. ,The smalhu* of these* factors may be held 
to eiT on the side of boldness, and tlie on the side of cjuition; 

good medium values are tho*^* ranging from 20 to 40. The best 
course in piactice is to iissunu* a do])lh for the ke)stone according 
to an emjiirieal rule, founded on <fiiuensions of good existing 
example's of bridge's. 

The following is such a rule:— 

For the depth of the Jket/aUme, take a mean proportwnal between the 
rcuHus of cvi'vature of tJte ndradoe ai Ois arowtiy and a constant, 
udwse vedues are, 

for a single arch,. ‘12 fe>e>t; 

. for an arch forming one of a scj ies. '17 „ 

That is to say, in symbols, 

Deptlf of keystone for a single arch, 

in feet 5 = ^ (*12 X radius at crown).(1.) 

Depth of keystone for an arcli of a series, 

, in feet = (T7 X radius at crown). 

The following are examples:— 


(2-) 
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Sjngle Auciies. 

# 

I 

Bridge over fcho Severn, at Glouces¬ 
ter (l)y ,Telford); cllij)tic urch; 

BIwiD IrOO feet, risi^IJS ft-^'l, . 

Biidgc at Turiu, over tbtj Dora 
RiparJa (by Mohca); a^’clj'seg- 
oneutal; s]>aji 147'6 leel, rise 

18 feet,. 

Groaveiiof BnMge, over tlw* Dee, 
at Cliesbr (by *1Tartley and 
I larrisou); segmental arcb, B})an 
200 feet; rise 42 feet, , 
Ordinary bjidge over a tiouble line 
of railw.iy; e]li])tic arch; span 
30 feet; vise 7 f(‘et 0 inches,. 

0 

Akoiiks in Sijmkr. 

Bridge o\er tlie Tliauns, near 
Maidenbea<l (l)y I K. Brnin'l); 
areh (of briik in eement) neaily 
elb])tie, s]Mii 128 feet, rise 

2i-2.% . . 

London Biidge (by Sir John Jleii- 
nie); <'lli|)tie aieb; span 132 

Ic’et, . . . 

Bridge of Neuilly (by IVisonet), 
basket-handle areb, s]»an 39 
metres s= 128 fe('t neaily, rw 
9-70 ineties = 32 feel nearly. 
Budge of St IM.ixenee (l>y Per 
roiict); segni(‘ntal areb; i-jian 
about 7i>‘7 feet; risi* about G‘4 

feet, . 

Waterloo Bridge (by Rennie); 
elliptic areb; span 120 feet; rise 

32 feet,. 

Balloehniyio Bridge, over the Ayr, 
(by Miller); soimcircular aicli; 
span 181 feet; lise 90’J feet, ... 
Doan Bridge, near E<linburgb; s(*g- 
mental areb; span 90 feet; rise 
30 feet,. 


Raihus AI' 
Ckown. 
Feet. 

Dk^ or Keybtosb. 
Calculated Adtniil 

Feet. Feet 

1607 

m 

f 

i *39 

4-5 

« ¥ 

160 

f 

4*38 

49 

140 

41 

4-0 

30 

vg 

1*83 to 


f 


169 

5*3<S 

5-25 

162 

525 

5*00 

i 5 g 

S ’30 

513 

119 

4-49 

«479 

112-5 

4*37 

5*00 

ft 

905 

3-92 

4*5 

4875 

2-88 

3*00 
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It is evident the law approximately followed by the 

examples in the, preceding table, that the depth required fur the 
arch-ring is regulated chiefly by the necessity fer providing against 
deviations pf .the line of pressures, produced by temporary {4rtial 
loads; find beoam>e such loads on a large aivh are less as comjiared 
witib the freight of the arch itself than cin a small arch^ the depth 
of the arcli-sionos incrcaseii mpre slowly than the general dimensions 
of the arch—viz., proj)ortioiflilly to tlq'^uai ‘0 loot of the ladius at 
the crown. , , • , 

The pre^a^Uy oi‘ such a rule Isuug found to answer in practice 
might liavcbi^en inferred fnlm equation a of Ai-ti<*te 180, p.« 
307, by assuming tliat, owing to the plusi ,city of thf mortar, the 
dead load of the arcli, tliere (l(Mjoted by produces no bending 
action ^which is equivalent to omitting the term in il); and then 
determuiing the dejith h of the areheil rb.so that the tension p\ 
shall be = 0, the arch being considered as sensibly flexible h^umn 
Me joints of rupture oidy. Tins last condition makes the risi* k 
of the sensibly flexible part of the artli t'qiial to a certain tr.ictiou of 
the radius at the crown; say u so th.it the e(]uallbu referred to 
is reduced to the following:— 

0 -j;bs* * =0. 

Wq q h tt r 

But = ^; and w. -t- whieli exjiresses the ratio of the 
intensity of the external load to the weight of the areh itsell, may 
be replaced by U 4; k being the required depth of keystone, 
and // the depth of the same mateiial which is equivalent to the 
external load. The equation thus liecouies, 

0 -8:i8 ^ =0; <.r 

/r n r ' 

=:-8:18/W//•;. .(3.) 

that is to say, for equcdly intense ejdernal loaUsj and eqkwi angles oj 
rupturSf the square of the thiv/otebs of tfte keystone dwidd vary as 
the radium of thm irdrados; bc'iiig very nearly the rule deduced 
empirically from practical examples. The co-efficients ’12 and *17 
in equations 1 and 2 correspond to the factor *828 n U in equation 
3. It is probable tliat the necessity for a larger co-efficient in the 
case of an. arch which forms one of a series arises from the tact, 
that when one arch ^f a series is loaded oxtemuUy, and the 
a4joiumg arches unloaded, the piers yield slightly, so as to lower 
the position of the joints of ru])ture. 

391. An Abatmenl In Bndiatina Connew forms iu truth a OOU- 
tintiatiou of the arch, and is the strongest and most stable kind of 
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almtuient vliere the foundation is firm, and the from which 
the arch Bj>iings is moderate. One of the best .examples is the 
Orosvenor Bridge af Chester. Tli(‘ real face of such an abutmmit 
is a continuation of the intrados of tln‘ arch, and its liack L a con¬ 
tinuation of the extrados of the solid 8 ]«indril backing, which 
ought to be built ii. radj. ting courses also; but the cuSiom is, in 
violation of good taste, to d 7 sguis(‘ the r(‘al structure by means of a 
casing of masonry with vert]''.il and honrontal Joints. 

292. Teitirni AbntmcntKblejiend for tlu'iv stability on tlie same 
principles w'hieb rei»ulate lliai of buttressi's, and wIiIqIi have been 
Hilly exjiioined in AHieh's 2d3 and* 2G4, pp. 396 to *401. The 
points to be ebiefly ajbtendt'd to are, tliat if there is any hoiizontal 
thrust thi*ough the spandril, the paiT of the abutment above the 
springing of the arcli slmll have snfficiiuit w^eight to resist by 
irictioii the tendency to sliding prodiic<*d by that thrust; that 
alxive the bed-joint next Isdow the spiiuging of the arch, the 
weigbi of mateiial, including that of the half-arch itself with its 
load, shall produce fiir'tiou enough to resist the whole thrust of 
the aivli, whether exert<‘d through the spandrils or at the spring¬ 
ing; and iliat the centre o,* rcnistauee at the base of the abutment 
sliall not dt'viate fiom the centre of the bast* by more than the 
proper traction, 9 , of tlu' thickness of that base. (See Artido 
263, p. 39r), and Article 179, jip 291, 29o.) 

It is highly advantageous, iii]>oint both of stability and economy, 
to build ubulmeiits with huUows in them, or with narrow arch¬ 
ways passing tlii'ough them, per])(‘ndicnlar to the main archways 
which the abutments su|)}M)rt. These archways should have in¬ 
verted arches at the bottom, to distribute the load over as large a 
Iwise as ])osMble. The liollow^ 01 archways may occupy about one- 
tliird of the whole volume oi the abutment 

When an arch, as in lig. 179, p. 421, has a joint of rupture such 
as (’, the [mrt of the arch below that joint, together with its 
spandnl backing and the load directly resting on it, may be 
considered as forming jiart of the abutment 

In some of the best examples of bridges, tlic thickness of the 
abutments ranges from one-third to one-fi^i of the »adius of 
cuivature of the arch at its crown. 

293. Pirn of Archrii.— ^Each pier of a ssiies of arehos ought to 
have sufficient stability to resist the thrust which acts upon it 
when one only of the arches which spring from it is loaded with 
a travelling load. That thrust may be ^-oughly computed by 
mnltil'ilying the travelling load per lineal foot by the radius of 
curvature of the intrados at its crown in feet 

Each pier should always give sufficient space on its top for tho 
two arches to sprmg from. 
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Either of these rules gives in geneml a less thickness than those 
adopted for piets in practice, which range fi-om one-tenth to (wte- 
fov/r^ of the span of the arclics; the latter* thickness, and those 
‘ approaching to it, being suitable for ^^abut/nent-piers.'* ITie most 
common ’thic^mef^, for ordinary piers, is from one-sixth to one- 
seventh^of th^pan of the arches. ^ ^ • 

Piers, like ^abiitnients, are advantageously ligliteiied, esj>ecially 
when very lofty, as in viaActs. by bfing built hollow, or by hav¬ 
ing archways traversing them, with niv^rted arches at the base. 

294. nibbed ArcfaeM* Abulmcnt»» nnd Piern. —Al'chcs and Aeir 
abutments •'and piei s in.iy •be made at once light siud stiff, by 
buildiTiig lihcm in j)a],ill(l deep ribs, with lhnuw*i‘ poitions of 
masonry bt'tw^fcn them; but this of courflb involvcM additional 
workman&hii>. 

290. Mkcw Arrhm are of figui'cs derived from those of symmetri¬ 
cal arclies by distortion in a 
liorizontal ]daiie. Th<> ele\A- 
tiou of the face of a shew arch, 
and eveiy vertical section par¬ 
allel to its face, being .siunLir 
to the corres])onding elevation 
and v<‘rtical section of h syni- 
metrieal arch, the forces wliieli 
act in a veitical layer oi rih 
of a skew arch Muth its ibutr 
monts, are the same with those 
which act in an equally thnk 
verticsil layer of a symmetrical 
arch with its abutments, of the 
same dimensions and figni o, and 
similarly and equally loaded. 

Fig. 181 represents a 2>lan of R skew arch, with eounterforted 
abatpientB. The angle ()f ekew^ or obliquity, is the angle which tlie 
axis of the archway, A A, makes with a perpciidicuLir to the face 
of the arch, BOAR I’he span of the archway, “ on the squa/re,^* 
as it is polled (that is, the perpendicular distance between the abut¬ 
ments), 18 less than the span on Uts skew, or parallel to the face of 
the ax^i in the ratio oi the cosine of the obliquity to unity. It 
is the span on tiie skew which is equal to that of the corresponding 
^mmotrical arch. 

The best position for the bed-joints of the arch-stones is perpen¬ 
dicular to the thrust along the arcL If, therefore, there be* drawn 
on the 8O0it of a skew arch, a scries of parallel curves, made by the 
interseotions of the soffit with vertical planes parallel to the ffice 
oC the aroh, the best forms for the bed-joints will be a seriee of 
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curves drawn on the soiiit of the arch so as to out the whole of the 
fomer series of curves at right angles, such as 0 C In figs. 131 and 
182. Joints of the .best form being difficult to execute, spiral 
joints are u.sod in pmctice as an approximation. 

Preparatoiy to the execution of a skew ai’ch, a 'dr&wing of 
the soffit mu'it be prepared, allowing the exact figUi'e and nosition 
of every areh-stone. fhat chawing represents t<he curved surface 
of the soffit as if it won* sprei cl is cafh‘d*the 

menV* of that cuiwed surfaej^. "In general it is suffieient to diaw 
one-jialf of the wffit, the ocher half being sfinilar. The following 
arp the proqpsses by which that <h awing is prepared:—" 

1. To dram 6!ie deodopnufut of the sojjity a/nd of its vertickd 8i.iUoii8 
oil die sJeew. Fig. 183, No. 2, represents a ])lan of (..le half of^the 
arch, H A K being the crown of the soffit, and L B L the fiice of 



one of the abutments. The |ine A 0 B represents the position of 
a vertical section on the shew, and A E D, perpendicular to H K, 
that of a vertical section on the square: ..s:: B A D being the angle 
of obliquity. 

Assume any comenicul nunibor of points in H I, through which 
draw a sot of lines (such as K C E G) |i TI K, and also a set of 
lines -h B[ I, Draw O B |I H 1, cutting these lines; and on O B 
as lialf-spau, construct the vertical section of the arch on the skeWf 
repi’osenced by No I, in which A 0 B is the line on the soffit cor¬ 
responding to A C B in No. 2. 

Construct the vertical section on the sqmre, No. 3, by drawing 
0 D ii A D to represent the half-span on the square, and trans¬ 
ferring the ordinate.s of No. 1 to the corresponding points'in No. 
3; for example, F (J to G E. 

" Tlien construct the development No. 4 in the followring manner; 
—Produce the centre line of the soffit, 11 A K A O TT A IT. 
From any convenient point A, No. 4, draw A E D -L H K, in 
which take distances A E, A D, (be., equal {jfi length to the arcs 
A E, A D, (fee., which are cut off on the curve A E D, No. 3, by 
its several ordinates. Then will the straight line A E D, No. 4, 
be the development of the section on (ha squarOf A E D, Nos. 2 and 
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3 . TIiix>ugb the points of division of A E D, No. 4, dmw lines 
parallel to H K, such as E 0, I D B L, «Src., on which lay off 
onliiiiates, such as E C, D B, <fec., e<mal re)i^)cctively to the corre¬ 
sponding ordinate's, E C, D B, <kc., iii the plan. No. 2, and through 
the ends of ^Jiose ordinal (*s dmw a curve A 0 B, No. 4; this will 
be th? develojiment of the vertical,aectign on the^skew, A C B, 
Noa 1 and % * • 

Dmw also the curves*ll I, X ^ j»arjilh*l, similar, and equal to 
A C B, and at diMtaiicea. from it oin^lthcr aide, U A- A K, of 
half the A'ligth of the aichway. Tl^n t IT K L will b? the 
dcveJo])Hient of half the atlflit Piuw 7 M and 1^ N peri>endicu]ar 
to I L; thei%]M T L N will be tlie dev*, lopmtiil oi*part of the face 
of an abutment. Drsiw also an^ oonv**ni€iit number of intermedi¬ 
ate curves, su<h as those sliown by dots, jiarallel, similar, and 
equal to A (J B, to represent the devehquneid W'veral juuallcl 
skew vertical sections of the aoflit, and to indicate, at tlie same 
time, the direction of the thrust at eacli point winch they ti’a\erse. 
These may be called “rwiTes of prenHure' 

II, To draw on the dwelopment of the 6oJfif\he bt'if-jointH and 

side-joints of tirvs courses, Tlie bed-joinls are drawn by .sketching 
with the free hand .senes oi curies, cutting .dl the ciuves of 
pressure at riglit angles, and called the orfhotjoyud 
trajectories oftlw curves oj pi essure. The side-,joint s, 
being per|>endieular to the l»ed-joints, ar<“ parts ol 
cuives of preshim* theniselves. (Sis* tig. 1 hi.) Tlie 
courses become ibinner towaids the acute angle 
of the abutment, and iliieker towards the obtuse 
angle, so that it may Ik* sometimes udvisabh* tei 
inti*oduce iiitennediate bed-joiuls near tin* obtuse 
angle, a.s shown near L in tig. 184. In the illusttations, the 
aixih Kjinngs vertic<iUy from the abutments, so that none of the 
bed-joints intersect the line of springing, IL, to which the^ are 
all asymptotes. Had the areli been segmental, some of tlie l)cd- 
joints would have mt<*rsected that lim oblujuel^, making necessary 
the use of skew-backs of tlie kind shown in tlie m‘xt figure, but 
not oblique. ^ 

III. To draw,, on the dcceioptnent of the sojft, ths bedjoiuts and 
side-jovnts of spiral courses. (See fig. 185.) On the developiuei|t 
of the soflit, diuw a series of iiarallel equidist.iiit straight lines, 
jierpendicular to the diiection of the thrust at the crown of the 
arch; these will vepi’esent the bed-joints, and the side-joints will 
be perpendicular to them. Between J and L are shown the shew- 
hacks^ or stones wliicli connect the slanting courses of the arch with 
the horizontal courses of the abutment. 

tipiral courses are pei'peudiculur to the thrust at the crown ol 

2 p 
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the arch only, and become more and more oblique to it the nearer 
tiiey are to the springing. 

296. Bibbed Skew Arch.—substitute for an ordinary sken 
aroh is sometimes composed or a twTics of ribs pla^ side by side^ 





Fig 186 tig. 1K(>. 


as in fig This mode of construction contracts the span (m thi 

square as compared with that of an ordinary skew arch having 
the same span on f/w* sAm, by the following quantity:— 

Let a denote tljt projection of each rib of the abutment beyond 
the preceding rib, 

6, the bieadth of a nb; then 


contraction of span on the squai'e = 


a b 

Ja^ -TP 


( 1 .) 


If the span on tfie square has already been fixed, the span on the 
skew for a ribbed arch is to 'be made greater than that for a 
common skew aich, simply by the projection a of a rib of the 
abutment 

297. klrengUi of Stone nud Brick Arckea* —A WCll-dcsigned stono 
or bnek arch of sufficient stubility has usually a great surplus of 
strength. In the case, however, of a proposed arch of unusnal 
dimensions or figure, especially if the material is comparatively 
weak, it is advisable, after tlie figure and dimensions have been 
planned with a view to stabilit;^, to test whether the strength 
IB likely to be sufficient Tiiis may bo done with a sufficiently 
dose approximation, by the aid of equations. 30, 36, and 37 of 
Article 180, p. 307, by making the following substitutions :—* 

Care I. In a t/ransfornted Catenary Arch, '''• a circular s^pmni of 
Uss than a quadrant; make 

h' s= depth of arch-stones at springing X cos inclination of arch 
at that point; 

q =: q’, m = = span, k = nse; 


and consequently, B = J; .(1.) 




•TBdKOIIS OF ABOHES—XniDISItaBOtm^ ABCHWATB iB$ 

: >•* = ^(l+B)(l-f^);.(1) 

also, considering a rib of a foot in bfcadtb, make = A'; for 
put the dead load in lbs. per square foot of platform at ihe^ivwn oj 
ths tuMh, ana for w the rolling load iy lbs. jpcr square foot of plat 
form. . • ^ 

Case II. In hydrostatic, dfipticf and mnidrcular arches, and 
drcfula/r segmoids gr&iter^ than a qua(jkcmt, make I ss the span, and 
k = the jjise, of the part of' the arch\ring between tlie two*joints 
which piake angles of with the horizon. In li^ydrostatic.and 
diMjttic arches, make A'= thickness of arch-iing; k*mcnlar arches, 
moke h' =z ftnekness at the joints lir'^t nffeniioned X *707. Then 
proceed in other respects as in Case I. 

U) 

In all cases omit the term „ . ^ uv and substitute for 

o “t" A? 

it H -e- A', H being the horizontal thrust as found by the methods 
of Articles 132 to 138, pp. 202 to 218, Article 286, pp. 423, 424, 
and Article 288, p. 425, for a rib one foot m brelWth. 

Equation 37, giving the greatest intensity of thrust, j»j, in lbs, on 
the square foot, thus bj>comes 

=“+21'* {r+V 2 ’■•+1 ’^)} • w 

When // -i- h, and consequently* 6, are small fractions, so that 
2 

Vi s=z ^ neaily, the following foimula may be used:— * 

Pi = ^ + 2 A'2 I B «?<, + 0 207 I.(3 a.) 

When, on the other hand, (1 + B) -f (l — is equal to or 
greater than so that r^ = 1, the following formula is to be used:— 

• ft=*“ + 2A4l+“’B + 0-28«”’}. 


In transformed catenarian and circular segmental ai'ches, an a]^ 
pi*oximatiou to uniformity of strength may be obtained by making 
the depth of each voussoir proportional to the secant of the in* 
clination of its be<Vto the vortical 

297 A. VBdersrmiiid Arrhwaya — TiiBiiela—C^nlTerta.— If the depth 
of a buried archway, such as a tunnel or culvei't, beneath the suidkce 
of the ground, is great compared with the height of the archway, 
the proper form for ilie line of preraures, which must lie within the 
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middle third of the thickness of tlie arch^ is the elliptic linear arch 
of Article 134, p. 202, in which the ratio of the horizontal to the 
vertical semi-axis is the sqiiaiqt vrynt of the ratio of the horiamtHl 
to the vertical pressure of the earth; tliat is to say,^ 

horizontal senii-a\ls_ \ / 

vertical semi axiN V 

0 being the angle of repose. 

If the eaitli is linn, and li^Ho liable to 1 e diiturhed, the jiropor- 
tioii of the half-s]»an, or hoiazontal seini-axis, t«> tlie rise, vertical 
semi-axis, may he made greater tliaii is^giveii by the preceding 
equation, and the eartl’ >^ill still resist tht‘ ailditionaj horiz/intal 
thrust; but that prujiortioii should never he made lees than the 
value given hy the equation, or the sides of the archway will be in 
danger of being for<‘ed inwards. 

In a dminage tunnel or euUeit the entire ellipse maybe used as 
the figure of the arch; hut in a railway tunnel, wlieiv it is neces¬ 
sary have a flat^loor, the sides and rot»f ot tlie tunnel comprise 
in heiglit the njiiiKT t wo tlii’vls, or three-fondhs, of the ellipse, 
which IS closc'd below hy a ciicular segmental inverlisl airli of 
slight curAuture, its ih'pre.ssion htung one eighth of its span, or 
thcieabouts. By this mode of coustrnetion the vertical pressure 
of the sides of tlu‘ tunmd is cf»iu*ouliated u])on foundation coursoi 
directly below them, from which tliey spriun. q'Jio ratio which 
the oiitiiv width of the tunnel, measui’cil outside the masonry or 
bilckwork, hears U) the joint widlli of ihat |mir of foundations, 
must not exceed the limit of the latio of the wt'ight of a building 
to the weight of earth disjdiuvd hy it, as gi\eii hy Article 237, 
equatifui I, p. 37it. Tlie in>ei'ted aieh s('r\es to pn*vcnt the 
foundations of the sides of the tunnel from being forced inwards by 
the horizontal pressure of the earth. 

Tlie eo^uct form for the line of pressures in the sides and roof of 
a tunnel is the geosfatia areJt of Article 1.37, pp. 212, 213. This 
pTiuciidti requires aitiMition when the roof of the tunnel is near the 
surface. Let iTq he the d(*])th of the crown of the tunnel, and ojj 
tliat of its greatest hori/ontal diameter, b(*i)eat)i the surface. Troin 
those ordinates as data, design a In/drostalic w <™/i, by the aid of the 
Ibrmulai (12) of Aidiiclo 130, ]>. 211; coutiiict the horizontal 
ordinates of that arch in the ratio c : I (see (equation 1, above); and 
the i*esu]t will be the tigure of the geostatic arch required. 

The grt'atest intensity of pressure in a biin.'d archway occum 
usually in its sides, at the ends of the 8hortt*r diameter of the oval 
intrados; and that intensity i.s given appnixiinately by the Ibllow- 
ing equation. Let scj be the depth of the shorter diameter below 
the surface of the ground, b' the half-span of the archway, a' its 


\/(l + si:: 
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rise, t the thibkness q{ its side, t%the weight of a cubic foot of the 
earth; thenilie gi^teet iiressiuv,^ Ibg. or^the square fooi^ is 

• • • 

A • * • 

and this slicuhUnot excotd^ihe res^^nce of tiie inatenal to crush¬ 
ing, divided by a projiei^faelor of swety. 

It apijears that in tlie brickwoi^t o^various existing tunnels, the 
factor of^fely is as*low* as four. Tli\ is sufficient, because*of the 
steadiiifSs of the load; hut in buned archways exjKjsed to sbocki| 
like those of culveits ujuler l\igb eiubankmeuts, tile factor of safety 
should l>e gfe.iter; say li'oui i'Ujld to tea. * 

How small sitcver tlie load may be, tbci'e is a ct'rtain minimum 
thickness for an undcrgiound aivhway, for determining which 
the following oinjuiieal rule, exactly similar to that for find¬ 
ing the dc))tb of the keystone of an aix’h, has Iwt'n deduced from 
piuctical examph's. I’lu' rise and lialf-span being denoted as 
before by «' aiul 6', compute a])})H)ximHtely tli^ongest radius of 
curvattu'e of the lutrados by the formula 



tliim 


y 



least tbi'kuess t iii.f(*et ^ O'lli /•.(4,) 


This is aj)])liejible wliere the grouml is of the firmest and safSt 
kind. In soft and slipiieiy materials, the thickness ranges from ones 
ctW a-half to double that given by equation 4; that is to say, 


from J ()‘27 r to J 0 48 . ..*....(1 a.) 


The thickness of an underground aieh at thecif)\\ii jnay(^ie made 
less than at the sides in the ratio h' : but the more common 

practice is to make it uniform. 

As to the precautions tt) la* observed in embanking over and 
near Archways, see Article 201, p .‘H!, 

298 Viibic of C/'o^rdinatm aud Mlopm of Caieaarjan Carve**-— 


(See Article 131, p]). 20b, 201, and Article 282, p. 418.) • 

Let m denote the modulus, or pamrneter; 

»/q, the ordinate from tlie directrix to the crown; 
sc, any abscissa, meaHure<l liorizoutally from the crown; 
y, the corresp(»nding oi’dinati* from the dii'ecirix ; 
d k 

y the tangent of the .slojie of the curve at the end of that 
n sc 

ordinate. 
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y© 

jfoiw 

o 

I -oooo 

\ 

1-6 

2*5774 

«a765 

0-3 

, 1-0200 

•^013 

► 

1-8 

310/4 

2-9421; 

0*4 

i*o8ro 

•4107 

1 

2-0 

3'7622»' 

3-6?6|^ 

0-6 

1-1854 

•6366 < 



4-56,79 . 

4-4571 

0-8 

I •3.37.'! 

•8880 


2*4 

5‘5.569 

5-4662 

I'O 

1*543^ 

1^753 


2 '6 

6-7690 

6-6947 

1-2'* 

T 8106 

I-5094/I 


'»2‘8 

*^8*2526 

8*1918 

^‘4 

2*1509 

1 9043 


3*0 

10-0676 

'10*0178 

mi^at 

make 

iterjMdate the ordinate y 

=1= 

0 corresponding to an inte 

e abscissa x dt: when 

?/( 

- corresponds to — in 

j 

the tabli 

f 

y 

V y 1 

k ^ 3 ^ 2^24 


m d y . 

y^d X \m~^ 



This computation is to bo (»erfolm^^l by addition to the tininb 
next below in the table, oi by subtrciction from the number ne: 
above, according as the intermediat<' abscissa'lies nearer to the oi 
next below it or to that next above it. 

When veiy great precision i«» not required, the terms in u® as 
u* may be neglected; but those in u and should always be con 
p^ted. The greatest possible firor within the limits of iiie tab! 
by using equation 1 as it .stands, is about -00005; by iieglectlu^ i 
wd M*, that limit of en-oi is inci eased, for the gieatest intermedia 
irdinate in the table, to about 0015. 

298 A. liiat of AnihoriiUs on maMonrj.—(Stoncs, JLimes, au 
Cements)—Berthier, Traits dea Jib'>ais la Voie slchs, Vica 
Trait% dis Afortiers, Pasley on Cenmits and Afortars. (Masonry ; 
general)^Rondelet, Traits de VArt de Bdfir, Gauthey, TralU < 
la Construction des Fonts, Tredgold on Masonry {Eneyc. Rrtfc] 
Reid’s Pordand Cctnentf and Practical Treatise on Concre 
Mcddng; Paija, Po7 tland Cement; Gilmore, Limes^ Hydraad' 
Cements^ a7id Mor'tars ; Redgrave, Calcareous Cements (189p), 


• Addendum to Article 230, p. 374. 

* 

XvoK Coaevote (Introduced by Mr. Leslie) is composed of 17 par 
by weight of gravel, and 1 pait o'^' iron turnings spread in altemai 
layers. It is used in sea-works The iron becomes oxidated 1 
^ degrees, and in the course of two or three ]Ka<mthB cements ti 
^I^Vel into a hard mass. ^ 








